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PREFACE 


This textbook is intended primarily for students who have eom- 
j)leted at least a course in j*;eneral physics and in calculus. It 
includes the princii)les of geometrical optics and physical optics, 
as well as experiments in optics and sp(‘ctrosco))y. I have found 
such a combination t.o be of more practical usefulness to the 
student of physics than a })ur(dy tbeoretical treatise or the usual 
type of laboratory manual. Tlu' mathi'inatical tr(\'itment is gen- 
erally of an elementary natur(» (‘xcept where higher mathematics 
is distinctly advantageous or indispensable. An attempt has been 
made to discuss th(' various topics in a manner which will be most 
understandable and usc^ful to an undergraduate at the advanced 
physics level and to the first-yc^ar gracluate studcuit. In general, 
graduate students in physics should find much rnat.erial here which 
they may study with profit, sinei* some of this is often omitted 
from advanced (courses in theoretical physics. 

This l)ook may be used as a manual in a course which consists 
primarily of laboratory work. In this case, the student will find 
in tlie theoreti(;al portion a justification of the experimental pro- 
cedures and derivations of the formulas used. It seems desirable 
to have this material available for convenient reference even in a 
laboratory (H)urse. Furthermore, supplementary or alternative 
experiments may l)e d(' vised mon^ readily since the theonitical 
background may be found in the text. 

It is also intended that many parts of the text may serve as an 
introduction to applied optics or to optical engineering. This field 
is still relatively unrecognized as a specialty as compared with 
those branches of engineering which deal with the applications of 
mechanics, heat, electricity, and acoustics. Nevertheless, there are 
so many applications of optics in industry and in the research lab- 
oratory that an engineer, physicist, or resear(*h scientist in general 
will often find a foundation in this subject extremely useful. Even 
in such indirectly related fields as electron optics, microwaves, and 
television, the principles of optics find many practical applications. 
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PREFACE 


I have been teaching courses in the various branches of optics 
at elementary and advanced levels during the past twenty-nine 
years and, at one time or other, have used most of the standard 
textbooks and many references to supplementary material. This 
book is written primarily for the purpose of presenting in a single 
volume what appears to be the most effective treatment of the 
various optical topics on an intermediate level. Tn a course which 
follows directly after the usual type of course in general physics, 
some of the mathematical developments may have to be omitted. 
This may be accomplished by simply summarizing and discussing 
the results without formal proof. Although most of the material 
presented here is classical, there is frequent discussion of modern 
developments, as far as seems suitable in a book of this scoi)e. 
The theory is usually developed from first principles with the 
exception of the optical applications of electrodynamics and quan- 
tum mechanics. In the first case. Maxwell’s equations are taken 
as the foundation for the development of a theory of (‘.rystal 
optics, Fresnel’s equations for reflection, and the optical properties 
of metalli(5 media. On the other hand, quantum-theoretical results 
are generally quoted without proof. Since I am particularly inter- 
ested in x-rays, photographic optics, and ophthalmic lenses, these 
subjects are treated in somewhat greater detail than is customary 
in texts dealing with optics. 

Specialists in the various subdivisions of optics will no doubt 
find their specialties treated too briefly or on too elementary a 
plane. This can hardly be avoided in a book of this size which 
aims to serve as an introduction to many brandies of optics. 
Those who require a more extensive treatment of particular sub- 
jects are referred to the bibliography for supplementary material. 

Portions of the material on crystal optics and interference in 
polarized light first appeared in an article by the author in the 
Journal of Applied Physics^ 10, pages 209-221 (1939), I take this 
opportunity to thank Dean Elmer Hutchisson, the editor, for per- 
mission to use this material here. I also wish to acknowledge the 
assistance of my wife, Leila E. Valasek, who read the proof and 
checked many of the formulas. 

Joseph Valasek 

University of Minnesota 
September 16, 1949 



CONTENTS 


I. GEOMETRICAL 01»TICS 

CHAPTER 1. FUNDAMENTAL PRINCIPLES 

Postulates and Basic Laws . . . Perinat’s Principle . . . Reflection 
and Refraction . . . Absorption 

CHAPTER 2. IDEAL OPTICAL SYSTEMS 
Images . . . Collinear Transformation . . . Principal Foci and Prin- 
cipal Planes . . . Angular Magnification and Nodal Points . . . Classi- 
fication of Optical Systems 

CHAPTER 3. COMPUTATION OF CONSTANTS 
Trigonometrical Ray Tracing . . . First Order Tlu'ory . . . Combina- 
tion of Optical Systems . . . The Simple Lens in Air . . . Dioptric 
Powei* of a Dins . . . Alt(jrnative Computation of Focal Dmgth . . . 
Telescojnc System 

CHAPTER 4. PHYSICAL LIMITATIONS OF OPTICAL 
IMAGES 

General Considerations . . . Abbe’s Sine Condition . . . Alx^rrations 
. . . Spluirica! Aberration . . . Coma . . . Distortion . . . Astigmatism 
. . . Curvature of Image . ^ . Chromatic Abcirration 

CHAPTER 5. APERTURES OF OPTICAL SYSTEMS 
Diaphragms or Stops , . . Entrance Pupil and Exit Pupil . . . Field of 
View . . . Depth of Field and Focus . . . Perspective 

CHAPTER 6. PHOTOMETRY AND IMAGE BRIGHTNP^SS 
Photometric Quantities . . . Brightness of Images . . . Illuminance of 
Images . . . Normal Brightness . . . Normal Magnification 

CHAPTER 7. OPTICAL INSTRUMENTS 
The Eye . . . Spectacle I^enses . . . The Simple Magnifier . . . Eye- 
pi(^ces . . . The Compound Microscoj.>e . . . Telescopes . . . Reflecting 
Telescop(}s . . . Prism Spectroscopes and Spectrographs 

CHAPTER 8. STEREOSCOPY 

Binocular Vision . . . Stereoscopic Camera and Viewer . . . Vecto- 
graphs 



viii 


CONTENTS 


II. PHYSICAL OPTICS 


CHAPTER 9. WAVE PROPAGATION 106 

Nature of Light . . . Wave Theory . . . Wave and Group Velocity . . . 
Measurement of the Si)eed of Light 

^APTP:R 10. INTERFKRENCE OF LIGHT 115 

Young’s Exp(*riment . . . Addition of Waves . . . Fresnel’s Mirrors 
and Biprism . . . Michclson Stellar Interferometer . . . Rayleigh Gas 
Interferometer . . . Interference in Films and Plates . . . Localization 
of Fringes . . . Applications of Fringes of Constant Thickness . . . 
Interference with Large Path DifTerenc(i . . . The Michelson-Morley 
Experiment . . . Visibility of the Fringes . . . Widths of Sfajctral 
Lines . . . Jamin Interferometer . . . The Fabry-Perot Interferometer 


CHAPTER 11. DIFFRACTION 

y. Diffraction Phenomena . . . Single Slit in Parallel Light . . . Circular 
/ Aperture . . . Resolving Power . . . The Double Slit . . . Diffraction 
Grating . . . Rtisolving Power of a Grating . . . Fresnel Diffraction 
Phenomena . . . Kirchhoff’s Formulation of Fresnel’s Theory . . . 
Diffraction of Microwaves . . . Diffraction of X-rays by Crystals 


156 


CHAPTER 12. POLARIZATION AND DOUBLE REFRACTION 193 
Polarized Light . . . Electromagnetic Theory . . . Reflection and 
Refraction . . . Doubly Rt'iracting Media . . . Crystal Optics . . . 

Ray Velocity Surface . . . Index Surface . . . Velocities inside Aniso- 
tropic Media . . . Double Refraction . . . Plane Polariscope . . . 
Elliptically and Circularly Polarized light . . . Babinet ComfHuisator 
. . . Interference in Circularly Polarized Tight 


CHAPTER 13. OPTICAL ACTIVITY 227 

Optically Active Matc^rials . . . Polarimetry 


CHAPTER 14. REFRACTION AND DISPERSION 232 

Theory of Refraction . . . Refractivity . . . Dispersion , . . Quantum 
Theory of Di8pc?rsion . . . X-ray Dispersion 


CHAPTER 15. OPTICAL CONSTANTS OF METALLIC 

ABSORBERS 242 

Metallic Media . . . Optical Constants . . . Normal Reflection . . . 
Reflection and Conductivity . . , Oblique Reflection . . . Comparison 
with Insulators . . . Total Reflection 


II. RADIATION AND SPECTRA 

CHAPTER 16, THERMAL RADIATION 259 

Emissivity and Specific Intensity . . . Black-body Radiation . . . 
Selective Thermal Radiation . . . Color Temperature 



CONTENTS 


IX 


^HAPTER 17. LINE AND BAND SPECTRA 270 

" Discontinuous Spectra . . . Spectral Series . . . Wav(i Mechanics . . . 
Spect.rocheinical Analysis . . . Band Spt^ctra . . . Rotational Bands 
. . . Vibration-rotation Bands . . . Electronic Bands . . . Microwave 
Absorption 

CHAPTER 18. X-RAY SPECTOA 290 

Characteristic X-ray Ii^inission and Absorption . . . X-ray Energy 
Levels . . . Non-diagratn Lines . . . (General Radiation 

CHAPTER 19. MAGNETO- AND ELECTRO-OPTICS 312 

Faraday Effect . . . Kerr Magnetics Effc^ct . . . Magnetic Double Re- 
fraction . . . Zeeman Effect . . . Stark Effect . . . Kerr Electro-optic 
Effect. . . . Photoelectric Effects 

CHAPTER 20. MEASUREMENT OF COLOR 325 

Trichromatic Colorimetry . . . Chromaticity . . . Color Mixture 

CHAPTER 21. THJO SCATTERING OF LIGHT 331 

Tyndall Effect . . . Raykngh Scattering Formula . . . The Raman 
Effect 


IV. EXPERIMENTAL OPIICS 


EXPERIMENT 1. CARDINAL POINTS OF A THICK LENS 338 

2. ABERRATIONS OF LENSES 340 

3. PHOTOMETRY AND ILLUMINOMETRY 344 

4. COLORIMETRY^ 348 

5. POLARIMETRY 349 

6. SURFACE TESTING BY INTERFERENCE 353 

7. DISPERSION AND THE PRISM SPECTRO- 

SCOPE 356 

8. INDEX OF REFRACTION BY CRITICAL 

ANGLE 362 

9. WAVE LENGTHS BY THE PLANE 

GRATING 365 

-^0. MICHELSON INTERFEROMETER 368 

-n. FABRY-PEROT INTERFEROMETER 373 

12. SPECTROPHOTOMETRY 377 

13. INFRARED SPECTROMETER 380 

14. CONCAVE GRATING 383 

15. CHANNELLED SPECTRUM 388 

It;. EMISSION AND ABSORPTION IN THE 

ULTRAVIOLET 391 

17. WAVE LENGTHS BY INTERPOLATION 393 

18. QUANTITATIVE SPECTROCHEMICAI. 

ANALYSIS 398 

19. TRANSMISSIVITY BY THE SECTOR 

PHOTOMETER 401 



X 


CONTENTS 


EXPERIMENT 20. REFLECTION OF POLARIZED LIGHT 404 

21. ELLIPTICALLY POLARIZED LIGHT 406 

22. xMP^ASriiEMENT OF X-RAY WAVE 

LENGTHS 409 

23. WAVE LENirj'HS OF SOFT X-RAYS 415 

24. CRYSTAL STRlTriTIRE BY THE POWDER 

METHOD 417 

THE PHOTOGRAPHIC PR0(T:SS 421 

APPENDIX 431 

Table 1. Fundamental Physical Constants 431 

2. Some Ust^ful Wave Lengths 432 

3. Spectrum of the Meniury Arc in tlu^ Lltra violet 433 

4. Reflectivity 434 

5. Indices of Refraction 434 

6. Standard Visibility Function 436 

ANSWERS TO PROBLEMS 437 

BIBLIOGRAPHY 441 

a. Geometrical Optics 441 

b. Physical Optics 441 

c. Radiation and Spectra 442 

d. Exf)erimental Optics 442 

e. Laboratory Arts 442 


INDEX 


445 



I. GEOMETRICAL OPTICS 


Chapter 1. Fundamental Principles 


(a) 


1,1 Postulates and Basic Laws 

(jeoinetric.al optics is primarily a theory of image formation by 
mirrors, prisms, and lenses, either singly or in various combinations. 
As such, it has an important place in all applications of optics, 
for example, in the use, selection, design, and manufacture of op- 
ticial instruments. Its mathematical structure, which is largely 
geometrical or trigonometrical, is developed from a few funda- 
mental principles, or postulates, that are generalizations drawn 
from experimental observation. They J^re (1) the rectilinear propa- 
gation of light, (2) the laws of reflec- 

tion, (3) the laws of refraction, and (4) 
the assumption of the independence 
of light rays. 

That light travels in straight lines 
in a homogeneous medium is assumed 
whenever one aims a gun, uses a sur- 
ve.ying instrument, or makes predic- 
tions of eclipses. The accuracy obtain- 
able in such cases is ample justification^ 
of the usefulness of this simplifying 
assumption. It is found convenient 
to describe rectilinear propagation of 
light by the use of light rays, which 
are lines drawn from a light source 
in the .direction 'of propagation of the light. These lines are 
straight if the medium is uniform. Each point of the source may 
be regarded as an origin of such rays, and it is common to dif- 
ferentiate among rays, ray pencils, and beams, as in Fig. LI (a), 
(6), and (c), respectively. 

When a light ray meets an interface between two media, it 
generally separates into a reflected and a refracted ray as shown 



(c) 

Fig. 1.1. The distinction be- 
tween (a) a ray of light, (6) a 
pencil of rays, and (c) a beam 
of light. 
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in Fig. 1.2. Sometimes a high absorption coefficient makes it 
impossible to follow the refracted ray an appreciable distance into 
the refracting medium, as in the case of metals. If both media are 
isotropic, i.e., their physical properties are independent of direc- 
tion, the laws of reflection and refraction are readily stated. The 
laws for anisotropic media will be discussed in the section dealing 
with crystal optics. The angles of the three rays in Fig. 1.2 are 
defined with respect to the nonnal to the interface. Thus a 0° 
angle of incidence means incidence along the normal. There are 



Fig. 1.2. Roflection and refraction at a plane interface between two media. 

two laws of reflection: (1) the angle of reflection is equal to the 
angle of incidence, and (2) the reflected ray lies in the plane of in- 
cidence, this being the plane defined by the incident ray and the 
normal at the point of contact. 

The laws of refraction for isotropic media are: (1) the ratio of 
the sine of the angle of incidence to the sine of the angle of re- 
fraction is constant, and (2) the refracted ray lies in the plane of 
incidence. The law of refracting angles is known as SnelFs law 

sin i 

= n 

sin r 

after Willebrord Snell, who first stated its equivalent in 1620. 
The constant n is called the index of refraction of the second 
medium with respect to the first. If the first medium is a vacuum, 
the value of n is called the absolute index of refraction of the re- 
fracting medium. 

The fourth postulate, of the independence of light rays, over- 
looks all interference and diffraction effects. This is allowable in 
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most practical cases where the light waves possess a high degree 
of phase variability or “non-coherence"’ and where they are not 
restricted by small apertures. Although the fundamental prin- 
ciples of geometrical optics are drawn from experiment, one can 
easily set up conditions demonstrating the falseness of the first 
and the fourth postulates. The subject of physical optics abounds 
with illustrations of this fact. Nevertheless, circumstances are 
oft;en such that one may safely use the principles of geometrical 
optics. They provide an effective, simplified method for solving 
many optical problems, and they form the basis of much of optical 
engineering. Geometrical optics may be considered to be an 
asymptotic form of wave optics with the wave length approaching 
zero. Newtonian mechanics bears an analogous relationship to 
wave mechanics. The usefulness of such asymptotic theories is 
well known; however, one must know the conditions under whicrh 
they may be used without incurring large errors. This will be 
better understood after a study of physical optics. At this point 
it may suffice to state that it is safe to use the laws of geometri(;al 
optics to compute the lo(;ation and size of any opti(;al image of ap- 
preciable size with systems of usual apertures and, with additional 
information, to determine image brightness and field of view. It 
is also possible to compute defects of images, a matter of the ut- 
most importance in the practical design of optical instruments. 

1.2 Fermat’s Principle 

It is interesting to note that the four basic principles of geo- 
metrical optics are united in the principle of Fermat. Defining the 
optical lengtli or optical path of a ray by the summation of the 
product of the index of refraction n and distance / along a light 
ray, Fermat’s principle states that, when light passes from one 
point to another, it follows paths or “rays” which are lines con- 
necting the two points in such a way that the optical path has a 
maximum or minimum value. In other words, the rays are de- 
fined by the condition that the variation in optical path is zero, 
i.e., 

= 0 

for any infinitesimal deviation from the actual path. Recti- 
linear propagation in homogeneous media obviously follows from 
this principle, since a straight line is the shortest distance between 
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any two points. Since Fermat’s principle is powerless to include 
any interference or diffraction effects, the principle of independence 
of light rays is automatically satisfied. 

To demonstrate the derivation of the laws of reflection from 
Fermat’s principle, consider S and Q and a reflecting plane P, Fig. 
1.3. It is required to show that the shortest distance from S to 
Q by way of P satisfies the laws of rt^flection. In a plane through 
S and Q and perpendicular to the plane P, one constructs the nor- 
mal N through S, On this normal a point S' is found which is 


N N' 



Fig. 1.3. principle applu'd to reflection at a plane surface. 

equally distant from P as the point S but lies on the other side as 
shown. The straight line S'pQ is drawn, and then Sp. Since Sp = 
S'p by the theorem referring to perpendicular bisectors, it follows 
that SpQ = S'pQ. Now, SpQ represents one possible path from 
S to Q by way of the reflecting surface. If any other path Sp'Q is 
drawn, it is easy to show that this is equal to S'p'Q, and that this 
is greater than S'pQ^ since the latter is a straight line joining the 
same two points. Therefore the light follows the path SpQ^ which 
is the shoi’test. By erecting a normal N' at the point of reflection 
p and defining the angles of incidence i and of reflection i' as shown 
in Fig. 1.3, one can readily show, by comparing angles made at the 
parallel lines N and N' by the transversals Sp and S'Qy that i' = 
t. It is also quite evident that any path from S to Q by way of a 
point p" on the plane P but outside the plane of the paper will be 
greater than the straight line S'pQ. Hence the reflected ray lies 
in the plane of incidence, this being the plane containing the in- 
cident ray Sp and the normal to the reflecting plane at P. 

If the reflecting surface is any ellipsoid of revolution having S 
and Q as its foci, all paths SpQ will be equal to each other. Such 
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a surface is called an aplanatic surface. Any or all paths from S 
to Q by way of any point p on the surface may be taken by the 
light, which is then said to be focussed at Q. 

If the reflecting surface has any general sliape, it may be pos- 
sible to find some aplanatic surface, a spheroid, with S and Q as 
foci, which is also tangent to the reflecting surface at some point 
p, as shown in Fig. 1.4. Now', if the given surface has a greater 
curvature at p than the aplanatic surface, the path from S to Q by 
w^ay of any other point on it will be less than SpQ. In such a case, 



Fig. 1.4. The optical path SpQ is a maximum when reflection occurs at a 
surface liaving a greater curvature tlian an ai)lanatic surface which is tangent 

to it at p, 

the only ray from S to Q by way of the reflecting surface is the one 
which takes the longest path SpQ. However, if the given surface 
is flatter than the aplanatic surface at the point of tangcncy p, the 
path followed will be the shortest. Hence one should think of 
Fermat^s princiiple as one of extreme path, not necessarily of 
shortest path. 

Analogous deductions can be made for refracting surfaces. 
Aplanatic refrac^ting surfaces are discussed by Farwell in the 
American Journal of Physics for October 1941. They may be pro- 
duced most practically by the molding of transparent plastics. 

To derive the laws of refraction from Fermat^s principle, con- 
sider the points S and Q, Fig. 1.5. on opposite sides of an interface 
between media whose indices of refraction are respectively ni and 
n 2 . To define a convenient coordinate system, first pass a plane 
through S and Q which is perpendicular to the interface. This 
plane is the plane of incidence, and its intersection w ith the inter- 
face is taken-as the y axis. At some point along the y axis at which 
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a tentative light ray SOQ intersects it, erect the z axis normal to 
the interface, and take the x axis perpendicular to both y and 2 . 
Hie angles of incidence and refraction, i and r respectively, are 
defined as shown in Fig. 1.5. The relationship between these 
angles is determined by Fermat’s requirement that 


h^nl = 0 


The path is varied by displacing the point at which the ray pierces 
the interface by amounts 6x and 8y. The resulting variation dL 


z 



Fig. 1.0. Application of Fermat’s principle to refraction at a plane interface. 

in the optical path must be zero as far as infinitesimals of the first 
order are concerned. The variation in optical path is 

dL = 'fiiih "b dll) '^^2(^2 “b 5/2) — ('^1^1 "f" ^^2^2) 

By the usual expressions for distances in terms of Cartesian co- 
ordinates, this becomes 

SL = niVzi® + (j/i — SyY^ + + (yz — + *** 

- 4 . yi _ n^-s/ 


KEFLECTION AND REFRACTION 
Neglecting terms of the second order in Sx and Sy, 

nm 


i(2i 


TJ' + 


’ (z2 

= (ni sin i — 112 sin r) by 
since yi is negative. The variation is zero if 


^^ 2//2 1 


6i/ 


or 


rii sin i — no sin r 
sin i n2 
sinr rii' 


which is Snell’s law. Moreover, since the variation in optical path 
depends only on second orders of the differentials 6 .r, the extreme 
path will also lie in the plane of incidence. Thus all the laws of 
geometrical optics are contained in Fermat’s principle. 

It should be noted that, if the reflected or refracted ray is re- 
versed in direction, the path followed after meeting the interface 
coincides with the original incident ray. This principle of rever- 
sibility is evident from Fermat’s principle, whi(;h makes no dis- 
tinction between directions of propagation. It is very useful in 
the solution of problems which may be more readily attacked 
from the reverse end. 


1.3 Reflection and Refraction 

When light meets a surface, it is divided into reflected and re- 
fracted rays. The relative amounts of energy in the two parts 
depend on the indices of refraction, the absorption coefficient, the 
angle of incidence, and the nature of polarization of the light. 
This topic will be discussed in detail later. At this point it will be 
noted that polished metals make excellent reflectors and that the 
small amount of refracted light is very rapidly absorbed. A metal- 
lic film must usually be very thin indeed to transmit any light. 
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Some metals, however, have wave-length bands of relatively high 
transparency. This is true of silver at about 3100 A and of the 
alkali metals in the shorter ultraviolet. In these bands of trans- 
parency the reflectivity is low. C-esium has such a band near the 
visible region. 

In optical applications of the laws of reflection, a metallic re- 
flector may be used, or tlie surface of a non-metallic substance may 
be coated with a metallic film. I'he conditions for internal total 
reflection without the use of a metallic coating are discussed in 
Art. 15.7. Although aluminum does not reflect as well as polished 
silver, it is easily applied by evaporation in vacuo and is much more 
durable. Some substances, such as magnesium oxide or carbonate, 
are very eflficient diftuse reflectors. 'Ihis property is due to a 
combination of low absorption and a haphazard distribution of 
submicroscopie reflecting surfaces. 

In optical applications of th(‘ laws of refraction, a transparent, 
homogeneous medium such as glass is used. If the angle of in- 
cidence is small, the fraction of the light, ft, which is reflected at 
an interface between two media is given by rresnel's formula. Art. 

\n + 1/ 

where n is the index of refraction of the second medium relative to 
the first. For glass, whose index of refraction is about 1.5 relative 
to air, the reflection coefficient for light passing from air to glass 
is 0.04. Thus 90 per cent of the incident light is transmitted and 
refracted at each glass-air interface. The fraction of the light 
transmitted through a number N of such interfaces amounts to 

T = (1 - ft)^ 

In a complicated instrument it is not unusual to find that T ap- 
proaches 50 per cent. Methods for overcoming such large losses 
of light by the use of thin films on the surfaces will be discussed in 
Art. 10.6 after the basic principles have been established. 

1«4 Absorption 

When light of any homogeneous color passes through an ab- 
sorbing medium, the intensity decreases according to Bouguer^s 
law, more commonly known as Lambert^s law: 
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In this formula x is the distance of propagation in the absorbing 
medium, a is the absorption coefficient, e is the base of natural 
logarithms, and Iq is the intensity at a: = 0. The transmissivity 
T for a thickness x is accordingly 



For a unit thickness, x = 1, 7\ = so that 

T = 

This formula is convenient for computing the transmissivity for 
any thickness x when the unit transmissivity is known. (\)nsider- 
ing simultaneous reflc'ction losses at N surfa(‘es, each having a 
reflectivity and in a thickness x of al)sorber having a unit trans- 
missivity !Z\, the combined transmissivity is 

r = (1 - RflY 


PROBLEMS 

1. The glass window on a tank of water is 1 cm thick and has an index of 

refraction of 1.52. {a) If the angle of incidemee in air is 60 what, is tlu* angle 

of refraction in the wattT? (h) Wliat is tli(* angle' of deviation? 

2. Let the x, y plane coincide with the interfaces lH*twt*en air and water. 
If a light ray passi's from a point who.se Carte.sian coordinate's x, //, z an' 6, 1, 5 
to a point whose coordinate's are —8, 2, —6, where will it. pi(ire;e‘ thei surfacii? 

3. A gun is to Ix^ aimed at an object submerged in water 30 ft away he)ri- 
zemtally, and apparently (image') on a line making an angle' e)f 10“ denvnward 
from the^ horizemtal. (a) If the muzzle of the^ gun is 4 ft above the surfaces of 
the wate^r, at what anglei must it be aime^d to point directly at the object? 
(h) How far is the obje^ct bede)w the surface of the water? 

4. What fraction of the light is transmitte*el by an optical instrument con- 
taining twelve glass-air interfaces (n == 1.5) and a total path in glass of 10 cm, 
the absorption in the body of the glass being 1 per cent ymr centimeter? 



Chapter 2, Ideal Optical Systems 


2.1 Images 

When light passes from a point P to a point Q l^y way of one or 
more reflecting or refrat^ting surfaces, Fermat’s principh' in gen- 
eral gives a uni(|ue din^clion for the ray arriving at Q. Sometimes, 
however, a pencil of rays may focus at some particular point Q, as 
in the case of any portion of a surface whi(;h is aplanatic with re- 
spect to P and Q. If the rays actually meet at Q so as to produce 
there a concentration of light which may be received on a screen, 
the point Q is said to be a real focus or a real image of the point 
P. If the point Q is merely the intersection of a backward extension 
of diverging light rays, it is termed a virtual focus or a virtual 
image of P. 

Because of the principle of reversibility, the light rays may be 
traced in the reverse direction with the result that P is the image 
of Q. Hence P and Q are said to be conjugate points or con- 
jugate foci. 

The reader is familiar with the applic^ation of these ideas to the 
mirror and to the thin lens. In either case, one may express the 
relation between the conjugate distances s and s' measured from 
the mirror or the thin lens by the equation 

1 1 1 

where / is the focal length or distance from the mirror or thin 
lens to the point at which the image of a very distant object is 
found, i.e., 

/ = lim s' 

S — ♦ ao 

For a spherical mirror / = i?/2, while for a thin lens 
i = (n ~ 1) L") 

/ \IU R2/ 

where n is the relative index of refraction of the material of the 

10 
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lens with respect to the surrounding medium, and the /?’s are the 
radii of curvature of its two faces. The sign of R for a mirror is 
positive if the surface is concave, while the signs of Rx and R 2 are 
positive for surfaces which arc convex toward the incident light. 
The conjugate distances s and .s' are positive for a real focus and 
negative for a virtual focus. The size of the image is ordinarily 
found by multiplying the size of the object at P by the transverse 
magnifying power /3, where 

.s' 

- 

s 

In order to associate a positive magnification with an erect image 
and a negative magnification with an inverted image, one writes 

.s' 

/ 3 = -- 
s 

Other sign rules are used by some writers, but the formulas given 
above require, the sign rules just stated. If a contrary sign rule is 
adopted for any (juantity, its sign in each formula is reversed. 

2.2 Collincar Transformation 

The above equations are derived in every elementary textbook 
on light by the use of the laws of reflection and refraction, with the 
assumption that all angles are small enough so that one may write 
sin 0 = 0 and cos 6=1. Abbe was the first to show that these 
equations may be derived without the use of any physical laws 
such as the laws of reflection and refraction, but in a very general 
manner by the use of pure algebra, lliis fact makes it not at all 
surprising that images formed by any combination of reflecting 
and refracting surfaces, and even by electron lens systems, can be 
computed by the formulas to be derived. Thus Abbe's theory 
provides the best analytical approach to the theory of all kinds of 
optical systems, particularly actual thick lenses. It indicates the 
general properties of such systems and defines the significant con- 
stants. 

For Abbe's method of analysis of an optical problem, one adopts 
two systems of Cartesian coordinates: x, y, z for object points or 
points in an ‘‘object space,” and x', y\ z’ for the corresponding 
points in an “image space.” These spaces overlap everywhere, 
since objects and images may be virtual as well as real. An ideal 
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optica] sysl€‘m is defined as one which will produce respectively 
one point, straight line, or plane in the image space for any one 
point, straight line, or plane in the object space. In such a system 
the relations between coordinates in the two spaces can be expressed 
mathematically by tiie collinear transformation: 

ci\x + hxy + ciz + di 
ax + by + cz d 
aox 4 - h2y + r2Z + ^2 
ax + by + cz + d 
(iiiX + b^y + c^z + dz 
ax + by + cz d 

It is not difficult to prove that this transformation is of the point- 
to-point, line-to-line, and plane-to-plane type by api)lying it suc- 
cessively to the equations of a point, plane, or line (two inter- 
secting planes). 

An optical system is usually simpler than the above eejuations 
indicate, since it generally has an axis of symmetry. If this is so, 
the axis of symmetry may be taken as the x and x' axis, and any 
plane through this axis may be taken as the j, y plane. In this 
plane 2 = 2' = 0, and the above eejuations reduce to 

^ a-ix + biv + di 

ax 4 by 4- d 

^ ^ a^x 4- ^2?/ 4- d 2 

ax 4- by 4" d 

Furthermore, the value of x' must be independent of y since the 
location of an image in an ideal system does not depend on the size 
of the object; and y' must simply reverse its sign with no change 
in magnitude when y reverses in sign. These requirements make 
bi = b = 0 and a2 = ^2 = 0, respectively. The resulting trans- 
formation then has the simple form: 

aix 4- di 

X = 

ax + d 

, hy 

V = 

ax + d 
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Solving these for x and y in terms of a*' and y\ one finds that 

di — dx' 
ax' — ai 


y\adi — aid) 

62 (aa:' — Oi) 

These equations give the relation between the coordinates of con- 
jugate points in an ideal optical system \v hich has an axis of sym- 
metry. 'l"he^ values of the constants depend on the nature of the 
system as well as on the choice of the origins of the two systems of 
coordinates. ICxcept for the condition that the origins be located 
on the axis of the optical system, their position has so far been 
unspecified. On investigating the properties of the ideal system, 
certain cardinal points will be discovered which make more suit- 
able origins for the systems of coordinates. 

2.3 Principal Foci and Principal Planes 

It is evident that/, when x = —d/a, the values of x' and y' be- 
come infinite. The equation ao: + d = 0 then defines a plane in 
the object space which is per- 
pendicular to the X axis, each 
point in this plane having its 
conjugate at infinity. This is 
the principal focal plane in 
the object space, and its inter- 
section with the X axis defines 
the principal focus in this 
space. This point is also called 
the first principal focus. Sim- 
ilarly ax' — ai — 0 defines the 
principal focal plane in the 
image space, and its intersection with the x' axis at F' is called 
the second principal focus. Note that the positive directions of 
the X and x' axes are conventionally taken in opposite directions, 
as shown in Fig. 2.1. 

The general equations reduce to a simpler form if these principal 
foci are taken as the respective origins in the object space and in 


F F' 



y 

_P^x,y) 

‘ 1 

1 

j 1 

Q(x\yl 

^ 1 

1 

1 

1-^ 

y' 


d 
■” a 

X 

x' 

r- 0 -n 



Fi(J . 2. 1 . Cart.(\sian coordinates of ob- 
ject space and image space, showing 
location of principal focal planes at 
F and F\ 
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the image space, 
the substitutions 


and 


The transformation is accomplished by making 


d 


H 

II 

c 

1 

i 

V = Vo 

a 




:r' = ao' + ~ ; 

V' = Vo' 


After algebraic reduction, one finds that 


and 


(1\Ci — (i\d 
^O-To' = ^ 


?y' _ .Vo' _ ^>2 

V Vo axQ 


These equations can be simplified in form by introducing two new 
constants / and /' defined by the equations 


h2 

-“ = / and 
a 


did — d\d 


a 


2 


= //' 


Since the former origin of coordinates will not be used again, the 
subscripts of and xq can be dropped without ambiguity, so that 


xx' = //' 

and 

y X f' 

In these equations x and x/ refer to distances measured from the 
principal foci in the object and image space, respectively. The 
equations suffice to determine the location, x', and the transverse 
size, y\ of the image of any object once the constants / and /' are 
known. These may be determined in the laboratory by fitting 
experimental data to the above equations, or they may be com- 
puted by formulas derived by the use of the physical laws of re- 
flection and refraction or their equivalent, as shown in Chapter 3. 

The significance of / and /' can best be appreciated by defining 
the unit planes of an optical system as those conjugate planes for 
which the transverse linear magnification vVv = +1- i® readily 
seen that this yields a; =* / as the defining equation of the first 
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principal plane and x' = /' as the equation of the second 
principal plane. Their intersections with the axis of symmetry 
are the principal points. The distances between the principal 
points and the associated principal foci are the focal lengths of the 
optical system. These relations are shown in Fig. 2.2. 

The conjugate object and image locations are often given by the 
respective distances s and s' from the principal planes. According 
to the usual rule of signs, s and 6*' are measured as positive in op- 
posite directions to x and x' as shown in Fig. 2.3, where all quan- 


F P P* F* 



Fig. 2.2. Lexjation of firincipal Fig. 2.3. Priniipal pianos used as 

pianos P and P\ showing Ihiur origins for mc^asuromont of con- 

property of unit transverse mag- jugate distance's s and s', 

nification. 


tities are positive. It is evident from this figure that x ^ f -- s 
and x' = /' — s', so that 

xx' =fr -sf' -fs' + ss' 


from which it follows that 


/ /' 
l + L = i 

s s 


In addition, it can be shown that the transverse magnification 

^ _ _ s' / 

y ~ 


If / = these equations reduce to the familiar lens equations 


1 1 1 



and 
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When the equations for / and /' are derived from physical laws, it 
will be proved that they are in the ratio of the indices of refraction 
in the object and ima^^e spaces; thus 

f~n 

Therefore any optical system in air, or with identical media on its 
entrance and exit sides, will obey the elementary lens ecpiations, 
with the requirement, however, that the distances .s and s' l>e 
measured from the respective principal planes. The locations of 

F P P F' 



Fig. 2.4. Tra(!iug of tlio conjugate of ray AB by the use of the properties of 
the principal planes and the focal plane F'. 


these planes must also be derived by the use of physical laws or by 
experiment. 

The properties of the principal planes and focal planes may be 
used to trace rays through an optical system. 1luis in Fig. 2.4, 
let AB represent any ray in the object space. Its conjugate is 
fixed by locating the conjugates of any two points on it. One of 
these is /T, the conjugate of R, which must be at the same; height 
h' = h above the axis in the second principal plane. Another point 
is found by tracing an auxiliary ray parallel to AB and passing 
through the first principal focus. This ray will emerge parallel to 
the axis in the image space. It intersects the F' plane at the point 
C'. This point must also lie on the conjugate ray to AB, since 
parallel rays in the object space must intersect in the focal plane 
F'. Thus B'CA defines the emergent ray which is conjugate to AB, 

2.4 Angular Magnification and the Nodal Points 

The angle that a ray makes with the principal axis is called its 
slope angle. The ratio of the tangents of conjugate slope angles 
is called the angular magnification. The signs of the slope angles 
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II and u' are considered positive when the rays slope as shown in 
Fig. 2.4, in which x and x' are negative. I’hns, referring to the 
figure, the angular magnification is found to be 

_ tan u' h'(f — x) f x 

~ tan u ~ J' 

The nodal points of an optical system are ilefined as those con- 
jugate points on the axis through which conjugate rays are parallel 
1 o each other. In view of our rule of signs, this means that the 
angular magnification 7 = — 1 . Hence the locations of the nodal 
points relative to the piincipal foci are gi^'en by the equations 

X = /' and a'' = / 

When the indices of refraction of the media in the o])je(*t and image 
spaces are the same,/' == /, and the nodal points coincide with the 
principal points. In any case, the distance between the nodal 
points is eciual to the distance between the principal points. 

The two principal fo(a, the two principal points, and the two 
nodal points are called the cardinal points or the Gauss points 
of an optical system. They are extremely useful in dis(*ussing the 
properties of optical systems and in making computations, but it 
should not be overlooked that they were derived for an ideal op- 
tical system, and that actual systems will deviate more or less 
from the exact form of this theory. However, the first order theory 
of actual systems, in which one deals with small angles and may 
freely approximate sin 6 = 6 and cos 6 = agrees in form with 
the theory of the ideal optical system just given. 

2.5 Classification of Optical Systems 

Optical systems are classified according to the signs of / and /', 
these being determined by the sequence of the cardinal points 
FPP'F' as one proceeds along the principal axis in the general 
direction of the incident light. If P follows F, the value of / is 
positive and the system is said to be convergent, regardless of 
the sign of /'. If F' follows P', then /' is also positive and the 
system is dioptric convergent, whereas if P' follows F\ then /' 
is negative and the system is katoptric convergent. If / is 
negative, the system is divergent; if /' is also negative, it is 
dioptric divergent, whereas if /' is positive, it is katoptric. 
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Thus, like signs of / and /' refer to a dioptric system and unlike 
signs refer to a katoptric system. The former is also said to be a 
concurrent system since any longitudinal displacement dx of the 
object results in a displacement dx' of the image which is in the 
same direction along the axis. This is readily seen by deriving an 
expression for the longitudinal magnification a 

dx ^ X- ^ //' 

Because of the squared term in x or x'j this magnification along the 
axis is always negative if / and /' have the same sign. Because 
positive X and x' are in opposite directions, this means that the 
changes in :r and x' are concairrent in space when a is negative. 
Similarly, one sees that focal lengths of opposite sign refer to a 
contracurrent system. 

The three magnifications a, jS, and y are obviously not inde- 
pendent. The following relations between them are readily de- 
rived from the equations for these quantities: 

^ 1 o / 

a = - and P7 = ; 

y y 

An important practical case of the optical system, the telescopic 
system, has its principal phines and focal planes at infinity. More- 
over, the focal lengths are also infinite (Art. 3.7). Many of the 
equations derived for the ideal optical system will give indeter- 
minate results when applied to this special case. These results 
may, however, often be evaluated by starting with a large / and 
y and passing to the limit. Thus, for example, the last equation 
above reduces to 

0y = 

when the object space and the image space are filled with a medium 
of the same index of refraction, which is often the case. Other 
properties of the telescopic system will be discussed in Art. 3.7* 


PROBLEMS 

1. (o) Prove that a magnification M is obtained when the image is pro- 
jected on a screen at a distance of M -1- 1 focal lengths from the second prin- 
cipal plane of the lens. (6) What is the corresponding object distance? 
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By Sneirs law, Art. 1.2, 


sin — sin <t> 
n' 


( 2 ) 


From tlie computed values of and 0', one obtains the slope angle 

u' = <i> — u — 0' (3) 

The conjugate distance s' is then found by applying the sine law 
to the triangle RCQ' 


giving for s' 


s' = r + 


sin u' 

(4) 

r sin 0' 

sin u' 

(4') 


This secpience of formulas enables one to fix a ray after refraction 
at the first of a series of spherical surfaces when the incident ray is 
lixed by its s and ti. The same procedure may then be applied at 
the second surface, and so on, through the entire optical system. 
A neatly tabulated system of computation will facilitate increased 
speed and ac^curacy. The signs of all the quantities must be care- 
fully observed, as failure to notice these signs is a frequent source 
of error. For certain special cases, such as that of a plane re- 
fracting surface, or in tracing a ray parallel to the axis, the for- 
mulas for u' and s' become indeterminate. They must accord- 
ingly be replaced by other formulas which, however, are easily 
derived, and are left to the student as an exercise. Note that a 
ray parallel to the axis is completely defined by just its distance 
h above the axis instead of the usual two quantities s and u. 

Trigonometrical ray tracing is an extremely important and 
common operation in the design of optical systems; hence the 
student should obtain some practice with it. For further dis- 
cussion of this subject, consult Conrady's Applied Optics, or see 
Hardy and Perrin's The Principles of Optics, Note that equations 
(1) and (4) may be combined to give 

s -f r n' sin u' 

s' — r n sin w 

which may be used as a computational check. 


( 5 ) 



22 


COMPUTATION OF CONSTANTS 


3.2 First Order Theory 

So far, no approximations have been made, and the results of 
the computations would, in general, indicate considerable deviation 
from an ideal optical system. However, the ideal system will be 
closely approximated if the angles u and u' and 0 and </>' are small. 
In that event, the rays are said to be paraxial, and one finds that 

sin PR .s s 

sin u $' PR s' 

and (5) bec.omes 

&' + r n ' s 
s' — r n s' 

This is easily converted into the form 

n n' n' — n 


or 

f /' 

. + -L = , (7) 

S S 

where / = nr/(n' — n) and/' = n'r/(n' — n). 

Thus in (7) we obtain the same formula as for an ideal optical 
system in which the constants/ and /' may be identified as the two 
focal lengths, provided that s and s' may be shown to be measured 
from the principal planes. One may locate P' by the condition 
that it must always pass through a point on the refracted ray 
which is at the same height h' as the height of its conjugate point 
h on the incident ray. Taking an incident ray which is parallel to 
the axis so that h is the same everywhere, one finds that the con- 
dition h ^ h' shows that P' must be on the spherical refracting 
surface. For the paraxial region of this surface P' approaches the 
vertex F, so that the principal plane P' is tangent to the surface 
at V. By reversing this procedure one may show that P is also at 
y. Moreover, (0) indicates that, when s = oo, s' = n'r/ (n' — n) 
locates the principal focus F' at that distance to the right of the 
vertex V. Similarly, F is located at the disttoce nrf{n' — n) to 
the left of the vertex. These distances are accordingly the focal 
lengths /' and / respectively. The nodal points N' and N may be 
shown to coincide with each other at the center of curvature C 
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either by the use of the condition 0 = 0' or by the use of a: = /' 
and x' = /. 

The formula for reflection of paraxial rays at a spherical mirror 
may be obtained from the above by using the artifice that n = 
— n'. This makes / = —r/2 and/' = +r/2 for a convex surface, 
the conventions for the signs of s, .s', and r bt^ing un(;hangod. It 
is customary, however, to reverse the sign convention for s' and 
r when the formula is applied to mirrors, so that the formula be- 
comes 

1 1 _ 2 

S s' T 

To obtain the formula for the transverse magnification by a 
single refracting surfac^e, one may substitute the values for / and 
/' in the general formula for an ideal optical system. Thus 

y « /' 6* n' 

For reflectors, this becomes 


using the altered sign convention for 

Again, in the case of a single refracting surface. Fig. 3.1, it is 
seen that the angular magnification is 

tan w' s 
tan u s' 

Combining this with the above formula for p, one finds, using the 
original sign convention, that 


or 


y' tan u n 

y tan u' n' 


ny tan u = —n'y' tan u' 


which is Lagrange's law. The negative sign disappears if the slope 
angles are defined as positive when the rays travel at acute angles 
measured counterclockwise from the principal axis in the direction 
of the light. The quantity ny tan u is a useful optical invariant 
which reduces to nyu when the slope angle is small. 



24 


COMPUTATION OF CONSTANTS 


It is evident that if ny tan u is invariant for refraction at one 
spherical surface, it will be invariant at the next, and so on, 
through any number of coaxial spherical surface's. This leads to a 
useful general relation between the linear and angular magnifica- 
tion, namely, 

n'/y' tan ?/' a' 

= -1 

ny tan u n 


or 


n 



using the original sign conventions. Since it was proved that for 
an ideal optical system 




/ 

/' 


it follows that the focal lengths are directly proportional to the 
indices of n^frac-tion on the two sides of any opticnxl system, lliis 
is, of course, evident for a single refracting surface from the 
formulas for / and /', but this discussion using Lagrange’s law 
shows that it also applies to any number of surfaces, hence to any 
optical system. 


3.3 Combination of Optical Systems 

A simple lens consists of two spherical refracting surfaces. 
Its cardinal points may be derived from those of the two surfaces. 
As a foundation for this derivation, a general combination of any 
two optical systems will be first considered. The problem is to 
locate the cardinal points F, P, P', F' of the combination when 
those of each system F\, Pi, Pi, Fi and 7^2? P2y P2\ P2 are given. 
Let A represent the separation F1F21 whi(?h is considered to be 
positive if the order of these points with respect to the general 
direction of the light is as shown in Fig. 3.2. To locate the prin- 
cipal focus of the combination, one needs only to trace any in- 
coming ray parallel to the axis as shown, and to locate the inter- 
section F' of its conjugate after passing through both systems. 
The second principal plane P' is found by extending this ray and 
the original incident ray until they cross at a height A' = A above 
the axis. The axial distance F'P' is the focal length /' of the 
system and is negative in this example. A reverse of this pro- 
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cedure locates F and P and defines the first focal length /. From 
this graphical solution of the problem one may derive formulas for 
the computation of / and /' and for the location of the principal 
planes. The latter can be measured from any convenient point or 
points, but usually are fixed by the distances p and p' defined in 



P'lG. 3.2. Coinhination of two optical systems. 


Fig. 3 . 2 . These distances are to be considered positive when the 
terminal points are in the order shown in the figure. 

To derive the necessary formulas, the points F and F' will first 
be located by the use of the conjugate focal relation 


so that 


Similarly 


0*2' = — - 
^2 



FiF 


fifi^ 

A 


In the substitution for X2 and 0*2' it should be observed that both 
quantities are negative and therefore the algebraic sign cancels. 
The distances of the principal points P and P' from the principal 
foci F and P', respectively, are determined by solving for the focal 
lengths / and /'. Thus 


tan u' 
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where /' and u' are both negative in Fig. 3.2. Since 
tan w' = tan U 2 


tan u <2 = 72 tan U 2 = ~72 tan Ui 


it follows that 


Hence 


and similarly 


tan w' 


:r2 h' __ h'A 
~ ~ fi%' 

A 

,.j^ 


Formulas in whi(^h the separation of the two systems is given by 
d = P\P 2 generally more convenient to use. Referring to 
Fig. 3.2, it is seen that 

Thus 

Sik' 


/' = - 


d-fi'-f2 


d-fi' -f2 

Note that, if the medium on both sides of the lenses is the same, 
formulas (8) and (9) may be written in the common form 

1 __ 1 1 d 

f~7l'^72~fj2 

This formula by itself has a very restricted usefulness unless the 
principal planes are known. Referring again to Fig. 3.2, it is seen 
that 

P'-/2' + F2F'-/' 

SO that 

, . /2/2'+/l'/2' 

P' = /2 ^ ;; 

A 

and 

, f2d 

p = 

d-h'-S2 


( 10 ) 



THE SIMPLE LENS IN AIR 


27 


Similarly, it can be shown that 


fid 

d-fi'-f2 


( 11 ) 


The set of formulas (8), (9), (10), and (11), which apply to the 
combination of any two optical systems, will now be applied to 
the problem of a simple lens in air. 


3.4 The Simple Lens in Air 

Consider two spherical surfaces with an intervening medium of 
index /i, and take the line through their centers of curvature as the 



Fig. 3.3. Simple thick lens as a combination of two refracting spherical 

surfaces. 


principal axis of the simple lens obtained in this way. The radii of 
curvature of the two surfaces, and r 2 , are both positive when 
convex toward the light, as in Fig. 3.3. The principal planes and 
foci of each single surfa(*.e and of the combination are indicated by 
the usual symbols. The focal lengths of the components are 


fi = 


/2 = 


ri 


n — 1 
nr2 


/i' = 


; /2' = - 


nri 

n — 1 

r2 


n — 1 n — 1 

All the general equations contain the same denominator: 

n(ri — r 2 ) (n — l)d — n(ri — r 2 ) 




n 


n — 1 
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Substitution into the general equations gives the results: 


nr 1^2 

(n — l)[nO’i ~ ^2) “ ”■ 

ryd 

n(ri — roj — {n — l)d 
rod 

n(ri — ro) — in — \.)d 


( )nc may write the expression lor the power of a simple lens in the 
form 2 1 

1) 


/' f 


1 1 (n-i>/ 

ri r 2 nr 1/2 


For a lens whieh is thin enough so that (n — l)r/ « n(ri — r 2 ), an 
(ixamination of the foregoing equations shows that they may b(^ 
approximated by 



rp/ 

ti{ro — I'l) 




n{r2 - ri) 

For (example, a thin equieonvcx lens, whose n = 1.5 and r 2 = 
— ri, has its principal planes located at approximately p = — r//3 
and p' = as shown in Fig. 3.4(a). A plano-convex lens 

with r 2 = cc and a = 1.5 has its principal planes at p = 0 and 
p' = ~-2rf/3, as shown in Fig. 3.4(6). It is instructive to examine 
other cases. The fact that the formulas hold only for rather thin 
lenses should be kept in mind. The location of the principal planes 
for paraxial rays passing through a sphere, using the exact for- 
mulas, will emphasize the magnitude of the approximation result- 
ing from the dropping of (a — \)d when the lens is not thin. 

The following convenient formulas for the location of the prin- 
cipal planes may be readily obtained from the preceding exact 
forms without approximation : 
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These may be applied to a comihnation of optical systems as well 
as to a simple thick lens. 


pp, 



Fig. 3.4. Relative locations of principal plaiuvs in six common lenses of small 
tliic.kness: (a) equiconvex, (/>) i»lano-convex, (c) convex nu'nisciis, (</) e(ini- 
(joncave, (c) plano-concave, (/) concave meniscus. 


3.5 Dioptric Power of a Lens 

Instead of focal k'ngths, one may use the powers of the liuises or 
lens surfaces in diopters, this being the reciprocal of the focal 
length in meters multiplied by the index of refract ion of the medium 
in whi(!h that focal length is measured. For the surfaccjs of a thick 
lens, one has the powers 


1 n 

/).= — = — and Do 
/i fi' 


1 n 


The power of the lens is then 


D = + Z)2 - />iZ>2 ” 

n 


and the principal planes are at 


d Do 

p = and p' = 

n D 


dDi 
n D 



30 


COMPUTATION OF CONSTANTS 


In dealing with ophthalmic lenses, it is important to know the 
vertex focal length and the vertex power. The vertex focal 
length /y is the distance of the principal focus measured from the 
rear vertex of the lens. Hence 

The vertex power 1)^, is the reciprocal of the vertex focal length. 
Therefore 



where D is the ordinary or optical power. When linear distances 
in these formulas are in meters, I) and Z)„ are in units called 
diopters. It is evident that differs appreciably from 1) when- 
ever /i' is not many times greater than d; otherwise the difference 
is slight. 

The powers of the surfaces Di and D 2 may be measured by a 
Geneva lens gauge or other form of spherometer. In the Geneva 
gauge there are three projecting pins which make contact with the 
lens surface. The outer two are fixed, while the inner one is con- 
nected to a pointer and scale by means of a mechanical lever 

system. The scale usually reads diopters corre- 


sponding to an index of refraction of 1 .530. If the glass has a dif- 
ferent index of refraction, one must multiply the gauge reading by 
the ratio of (n — 1) to 0.530. If the lens thickness is negligible, 
the lens power is simply the algebraic sum of the corrected read- 
ings for the two faces. 


3.6 Alternative Computation of Focal I^ength 

The focal length of an optical system consisting of any number 
of spherical surfaces with their centers of curvature on a common 
axis may be readily computed from the conjugate distances s and 
s' for the separate surfaces. These are obtained by a step-by-step 
application of the conjugate distance equation to the consecutive 
surfaces. For the first of the surfaces, the transverse magnification 

n Si 

ni Si 
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and similarly for the others. The overall magnification 


m = mim2ms 



n Si 

7ll Si 



71 1 .S"2 

712 »S‘2 


!lV- 

.S2 / \ no ss / 


n s 
n' s 


As Si, and therefore s, approaches infinity, s' approaches /', and 
Si approaches fi. Then 


/'=/i 



3.7 Telescopic System 

By a telescope, one usually means any combination of lenses 
used for viewing an object which is at least several fo(;al lengths 
from the first lens. However, in this section, a telescopic system 



will be defined as a combination of two systems with a separation 
A == 0. Such a telescopic system is illustrated in Fig. 3.5. The 
subscript 1 refers to the objective system, and 2 to the eyepiece. 
Both of these are usually compound lenses for reasons to be ex- 
plained in the next chapter. 

Since A == 0 in the telescopic case, the values of /, /', p, and p' 
obtained from the formulas in Art. 3.3 are all infinite, and the 
cardinal points F, F', F, P' are at infinity. Nevertheless, it will 
be shown that the longitudinal, lateral, and angular magnifica- 
tions are all finite. It is on account of this property that the 
telescopic system is so useful and deserves further discussion. 
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lleferring to Fig. 3.5, it is seen that the transverse magnification 
is, l)y similar triangles, 



/y 


f2 


// 


The parallel incident and (‘inergent rays traced in P"ig. 3.5 define 
the height of any ohjc'ct and its image, siru'c tlu^ conjugate points 
must be somewhere on the conjugate' rays. Hen(*e the transverse 
magnification is irulependent of the conjugate distaiKtes. 

Sinc(^, in general. 


it follows that the angular magnifieaition 


1 n // n 
ti n' fo n' 


This is also (Hmstant, regardless (jf conjugate distances. More- 
over, since the longitudinal magnification is 


a 


ff' 



n 


this is also constant. The indices of refraction may be eliminated 
from these equations by making use of 


Thus one obtains 


and 


/ _ /1/2 _ ^ 
7' ~ /i 72' " n' 


7 


/2' 


If there is air on both sides of the telescopic system, the for- 
mulas reduce to 
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These are not only finite, but are independemt of the object dis- 
tance X or s. The magnifying power y is the commonly designated 
power of the telescope. It is the ratio of the tangents of the visual 
angles which are subtended by the image seen from the position 
of the eye, and by the object as seen from the (!enter of the ob- 
jective, the latter angle being nearly equal to that subtended at 
the unaided eye. 

PROBLEMS 

1. A biconvex lens having radii of (curvature of 150 mm and —75 mm, a 
thickm'ss of 5 mm, and a diam(‘t(‘r of 30 mm is made of crown glass having the 
indic(vs of n'fraction given in Table 5(d) in the ApfKmdix. DeUinnine by 
trigonometrical ray tracing th(‘ foci and slope angh^s of a rim ray, a rim 
ray, and a paraxial ray for th(‘ principal Fraunhofer lines, assuming that the 
incid(‘nt rays are parallel to th(^ axis of th(^ lens. (Sivee a great deal of comyu- 
tation is required for a complete soLuiimi^ it is a/ivisahle. to assign parts of this 
problem to various members of the class.) 

2. A real image is forriKMl by a concaves mirror 00 cm away from the imag(\ 
If the image is five ttm(;s as large as th(‘ obj(»ct, (a) how far is t he object from 
th(* mirror, and {h) what is the radius of (curvature of the mirror? 

3. In ordtT to find th<^ radius of curvature of a convex mirror, a small light 
source is placed 10 cm in front of it, and the light is refl(‘cted into a concave 
mirror of 10-(^m focal h'ngth which forms a n^al image 20 cm away from it. 
If the two mirrors are 15 cm apart, what is tht? radius of curvatures of the con- 
vex mirror? 

4. What is the focal length of a thin hsns with one convesx surface of 25- 
cm radius of curvature and a concave surfac(‘ of 50-cm radius, the; indcix of 
refraction of the material b(Mng 1.50? 

5. Compute tlie focal length and thti location of the cardinal points of the 
lens of problem 4 if tlw^ thickness of the lens is 2 cm. Indicate the locations 
of th(^ principal points on a diagram. 

6. What are the object and image locations for a converging lens of 25 
diopters power, the magnification b(‘ing 20 diametc^rs? 

7. A prescription calls for a +4.00 vertex diopter sp(^ctacle lens, and the 
lens blank, whosc^ indt^x is 1.523, has one finished surface of +50-mm radius. 
If th(^ thickness of the lens is 4 mm, what should be thij radius of the concave 
surface? 

8. A prescription calls for a —4.00 vertex diopter sfK'ctacle lens, and the 
lens blank, whose index is 1.523, has one finished surface of +117-mm radius. 
If the thickness is 1 mm at the cent<;r, w+at should l)e the radius of the con- 
cave surface? 

9. A thin positive lens of 30-cm focal length is combined with a thin nega- 
tive lens of 50-cm focal length 20 cm behind it. If the object is 40 cm in 
front of the first lens, what is the location of the final imago and what is its 
magnification? 

10. Solve problem 9 if the lense‘s are both 1 cm thick, arc eejui convex and 
equiconcave, respectively, and are made of glass having an index of refraction 
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of 1.52. The separation of 20 cm is measured bt^ tween the sticond vcjrtex of 
th(^ first lens and the first v(Tt(^x of the second lens, and the 40-cm object dis- 
tance is measured from the first vc^rtex. 

11. Lo(!ate the cardinal jjoints and determine the focal length of the lens 
combination descriVK'd in problem 10. 

12. A lens is mad(^ of glass having an indcix of nifraction of 1.5171 for sodium 
light. Its thickn(‘ss is 5 mm, and its radii are respectively 150 mm and 75 
mm, both surfa(;(js being convex. 

(a) Locate the cardinal poinis and determine the focal length. 

(b) Check the focal length by / = /' = /i'( -~»2'/»2)- 

(r) Compute tlu? optical power and the vertex power. 

id) Compute the magnification and location of the image of an object 20 
cm from the first vctU'x, using; 

(1) the step-by-step method, 

(2) the cardinal points of the thick lens. 

13. Two thin convtjrging k^nst^s of 4 diopters each an^ pilaced 10 cm apart 
on a common axis. What, an^ the location and the size of the image of an 
object 5 cm tall at a distance', of 15 cm from the first lens? 

14. A camera lens has a focal length of 10 in. What is the elevation at 
which it will just photograph 1 sciuare mile of tlu^ c^arth’s surface on a 5 x 5 
in. plate? 

15. A biconvex lens of index 1.54 has a focal length of 40 cm in air. What 
will Ikj its focal length in water, n = 1.33? 

16. What is the shortc^st. piossible distance bcjtween an object and its real 
image in tlu; case of a converging lens? Show that, if the distance is greater 
than this amount, two positions of the^ lens may be found Ixd/WCH'n the object, 
and its image;, anel that, if /i anel 1 2 are the sizes of the image; in these two 
cases, the size; of the object may lx* found by 0 ~ V/ 1 / 2 . 

17. An obje;e;t 5 cm high is located 30 cm from the conve;x vertex of a con- 
cavo-convex (ce)nverging) lens e>f index 1.50 whose raelii of curvature are re- 
sjxctively 5 cm and 10 cm, the vertice;s being 10 cm apart. Determine the 
location, nature, and size of the image. 

1 8. Locate; the e!ardinal points of the lens specifie;el in problem 1 7. Indicate 
their location on a diagram. 

19. An object is located 20 cm from the surface of a sphere of glass whose 
index of refraction is 1.50 and who.se; radius of curvature is 6 cm. Det(;rmine 
the location, nature, and magnification of the image formed by paraxial rays. 

20. A telep)hoto lens combination is made of a thin converging lens whose 
focal length is 4 cm and a thin diverging lens whose focal length is —2.5 cm 
mounted 2.5 cm behind the first on a common axis. Determine the focal 
l(;ngth of this lens, and locate its cardinal points. 

21. A converging meniscus lens is made of material whose index of n;frac- 
tion is 1.50, the radii of curvature being 100 mm and 50 mm with an axial 
thickness of 10 ram. What are the location and the size of the image of an 
object 5 cm high and 20 cm from the convex surface? 

22. A positive meniscus spectacle lens is made of glass having an index of 
refraction of 1.523. If the surfaces have pxjwers of -f 12.00 and —5.00 diop)- 
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ters, respectively, and the vertex tWckness is 4 mm, (a) what an^ the locations 
of the cardinal points? (6) What is the vertex powcjr of the lens? (r) What 
are the radii of curvatun; of the two surfaces? 

23. Derive a formula for the focal length of a cemented achromat in U^rms 
of th(^ radii ri = ~r 2 = — rs =* r, and = oo, the; thicknesses ti and < 2 , and 
the indices of refraction rii and n 2 . 

24. What must be tin*, thickness and the radius of (uirvature of the convex 
surface of a plano-conv(‘x lens whos(^ optical pow(^rs and vertex powers are, 
resjxictively, ecjual to thos(^ of a biconvex lens for which ri = ~r 2 = 100 mm 
and < = 10 mm? L(*t n — 1.50 for both lenses. 

25. Locate th<‘ cardinal points of a lens combination made up of a converg- 
ing lens of 12.5-cin focal length and 0-mm thi(^kn(\ss and a diverging lens of 
K).5-cm focal length and 3-mm thickness, the vertices Ixiing 3 cm apart. 



Chapter 4. Physical Limitations of Optical 
Images 


4.1 General Gonsicleralions 

Thus far the physical prol)lem of image formation has been lim- 
ited to rays in the vi(unity of the principal axis and to ray pencils 
of very small aperture. In this chapter we will consider the con- 
ditions under whic^h it may be possible to produce images of object! 
points far removed from the principal axis, and the conditions 
under which the system may have a large apertiire. A discaission 
of (1) field of view, (2) aperture, and (3) definition will show that 
it is physi<!ally impossible to extend all three simultaneously to 
any great d(5gre(^. (\)mpromises must be made according to the 
purpose of the optical system. 

A plane mirror is unique in that it imposes no insuperable i*estri(v 
tions on field, ap(n’t.ure, and definition. Aplanatic surfaces do not 
restrict (2) and (3), but the us(^ful field of view is limited to in- 
finitesimal ar*eas around the aplanatic points unless Abbe’s sine 
condition is satisfied. This condition is important in the design of 
microscope and telescope objectives. The picturing of large areas 
by narrow beams is (^xc^mplified by the eyepieces of optical in- 
struments and by conventional photographic objectives. In the 
latter it is possil)le to obtain large aperture with some sacrifice of 
definition or field of viaw or both. Because of the grainy nature of 
the photographic emulsion, it is in practice not necessary to strive 
for the highest possible resolution. 

4.2 Abbe’s Sine Condition 

The sine condition of Abbe shows clearly the limitations of 
actual optical systems as compared \\ith the ideal. The formula 
may be derived in various ways. Helmholtz and Clausius deduced 
it by using the principle of conservation of energy in the theoiy of 
radiation. The method used here is a simplified derivation first 
given by Hockin. In Fig. 4.1 761 and represent the first 
and last surfaces of an aplanatic system. Optical paths from 
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object points to image points will be represented by quantities in 
parentheses. Thus, sin(‘,e the system is aplanalict, we have by 
Fermat^s principle: 

( 7 ^ 7 "') = (PSS'P') 

Let Pi be an object point a small distance al)ove P, and hi Pi be 
its conjugate. For the paraxial ray paths 

(PVP') = {PiAF'Pi') 

Assume that the system is aplanatic with respet^t to Pi and Pi' so 
that 

iPiAF'Pi') = {PiSiSi'Pi') 

It is desired to find the condition under which this is possible, so 
that an ojjtic^al system may image p(jints off the axis as well as 



Fig. 4.1. Hockin’s proof of Abb(*’s sino mndilion. ^ 


points on the axis. If the above three eciuations ai'e true, it must 
follow that 

iPiSiSi'Pi') - iPSS'P') 


By using the normals PN and P'N', this may be put into the form 
-(NPi) + (XPxSiSi'N') + (.V7^') = (/^SVS'y>') 

Now, 

{NPiSiSi'N') = (PSS'P') 

so that 

(iVPi).= (N'Pi') 

By introducing the distances y — PPx and y' = P'Pi\ and the 
slope angles u and this becomes 
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which is Abbe's sine condition in its most general form. All good 
physical lens systems satisfy this condition with more or less ac;- 
curacy. Since it differs from Lagrange's law for ideal optical 
systems, it must be concluded that actual systems can at best only 
approximate ideal optical systems. 

4,3 Aberrations 

The deviations of actual systems from ideal optical systems are 
called aberrations. They are (a) spherical aberration, (6) coma, 
(c) astigmatism, (d) curvature of image, (c) distortion, (/) longi- 
tudinal chromatism, (ff) lateral chromatism, and (h) chromatic 
variation of spherical aberration. These will be defined and dis- 
cussed in turn. 

Spherical aberration is the change in location of the image of 
a point on the principal axis produced by rays through different 
annular zones of the lens system. Coma is a similar defect, except 
that the object point is off the axis and the image is a one-sided 
blur. Astigmatism is the formation of two mutually perpen- 
dicular line images of any object point. If the system is axially 
symmetrical, there will be no astigmatism unless the object is off 
the principal axis. Curvature of image means the formation of 
an image of a plane object on a curved surface in the image space. 
Distortion is the imaging of straight lines as curves. It is pri- 
marily d\ie to a variation of magnifying power with object distance 
from the principal axis. In longitudinal chromatism the images 
produced l)y light of different (‘.olors are at different distances along 
the axis, while in lateral chromatism the images have different 
magnifications. Since magnification depends primarily on focal 
length, assuming a distant object, lateral chromatism refers to a 
variation in focal length with wave length. Under similar con- 
ditions, longitudinal chromatism refers to a variation in the loca- 
tion of the principal focus with wave length. If the lens system is 
not thin, these are distinct aberrations, and the elimination of one 
does not eliminate the other. 

Logically, each of the first five ‘‘monochromatic" aberrations 
depends on wave length, but in all cases except the first, the vari- 
ation is practically always negligible. They are called mono- 
chromatic aberrations because they are present even if a single 
wave length is used. 
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Von Seidel, in 1855, defined all these aberrations quantitatively 
and derived formulas for them, using the first two terms of the 
series expansion of the sine function: 

sin u = u 

3! 

Consequently his formulas are said to give the magnitude of the 
aberrations of the '‘third order.’’ In the case of spherical aber- 
ration, formulas have been developed based on the expansion of 
the sine function to higher orders. However, tlie formulas become 
so complex, in general, that it is preferable to calculate ray paths 
trigonometrically when investigating this aberration. If the work 
sheet is properly laid out,* this is not a difficult task and has the 
advantage that no approximations are required. The rays which 
do not intersect the principal axis, called skew rays, are much more 
difficult to compute and are consequently often ignored. 

The third order aberrations are discussed below in order to il- 
lustrate their nature better and to show how they may be cor- 
rected. As a rule, derivations of the formulas will be omitted. 
They may be found in treatises on optical design. 


4.4 Spherical Aberration 

The change in image location s' with radius h of the lens zone is 
the longitudinal spherical aberration. However, the change 
in 1/s' gives a simpler formula, which has been expressed in a con- 
venient form by Ck)ddington by the use of simplifying factors de- 
fined as follows: 

(a) Shape factor 

R2 + 

u = 

R 2 - Ri 

so that _ 

Ri u — I 

1^2 " ^ThTT 



1 For one example, see Hakdy and Perrin, The Principles of Opiic^y 
McGraw-Hill, 1932, page 38. 
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For example, position factors of —1, 0, and +1 correspond re- 
spectively to object distances of infinity, 2/, and /. For positions 
on the axis, C'oddington finds for a simple thin lens that 


where 



f 


(Au^ + Buv + Cv^ + D) 


n + 2 


8n{n — 

D" 

n.+ 1 


2ri(n — 

1) 

3n + 2 


8n 


n2 



8(/i ~ 1)2 



The change in s', giving the longitudinal spherical aberration, may 
be found by the use of 



Since the above quadratic equation for A(l/s') has no real roots 
for n > 0.25, spherical aberration cannot be zero for any simple 
lens. It can, however, be minimized as is shown below. To 
eliminate it entirely, a combination of at least two lenses must be 
employed. 

The best shape for a simple thin lens is found by setting 


giving 




(2A u + Bv) = 0 


B 

w = V 

2A 


For a distant object, v — —1; hence u = B/2A or 
(n + l)8w(/i ~ 1)2 - 1 

^ 2n(n - l)2(7r+ 2) ~ \ + 2 
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which gives the condition for minimum spherical aberration in this 
special case. If, moreover, n = one finds that u ^ Yi and that 
R\/R 2 = — K, making R^ = — 6/?i. A converging and a diverg- 
ing lens having this relationship of their radii are shown in Fig. 

4.2. For other indices and object locations, the best shapes will 
vary decidedly from these illustrations. 

Distant images would call for a recip- 
rocal ratio of the radii. 

It should be noted that this discus- 
sion ignores all other aberrations and 
that the simple lens giving the least 
spherical aberration may be expected 
to have increased aberrations of other 
kinds. The menis(nis lens on cheap 
cam(iras is an excellent illustration of 
a hms that is deliberately shaped or 
turned ^‘incorrectly” as far as spherical 
aberration is concerned. This is done 
to obtain a flat image, which is more important than some S.A. 
in a photographic lens. The comparatively large S.A. is reduced 
by using the lens at relatively low apertureis of //1 1 or so. 

4.5 Coma 

This zonal aberration for oblique rays is diffiemlt to observe in 
practice because it is usually mixed with a relatively large amount 
of astigmatism. The nature of the aberration is illustrated in Fig. 

4.3, which shows a zone (a) of the lens L and the comatic circle (c) 
formed by rays passing through that zone. Rays through points 

1.5 of the zone focus at point 1 on the circle, rays through 3,7 focus 
at point 3 on the comatic circle, etc. A simultaneous displace- 
ment of the centers of the comatic circles, Fig. 4.3(6), gives rise 
to a comet-shaped appearance of the focus. The “coma” is said 
to be positive if the tail of the “comet” extends away from the 
axis, as in the figure. The diameter of eadi comatic circle is pro- 
portional to the image height and to the square of the radius of the 
lens zone. 

Abbess sine condition must be satisfied if an optical system is 
to be free of coma. This requires that the transverse magnifica- 
tion y*/y be constant for all zones. Thus the general formula 
n'y' sin u' = ny sin u is changed to sin w'/sin u = constant, for the 



Fu!. 4.2. Siniplo 1 (misi\s having 
iiiinimuin spJuTical al)(‘rration 
for a distant object at the left, 
the lense.s having an index of 
refraction of 1.5. (a) Con- 

v(‘rging. {h) Diverging. 
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usual case where n' = n. In many cases, e.g. telescope and camera 
lens, the object is very far away, so that sin u is proportional to fe. 
Then the sine condition reduces to 


= constant 

sin u* 

which is easily tested from the slope angles u' obtained by tracing 
rays trigonometrically through the optical system. 



Fig. 4.3. Formation of comatic circles by the zones of a lens, (a) Points on a 
zone of the lens. (6) A family of overlapping comat ic circles is produced by 
several zones, (r) Fo(!i of diametrically opposite rays form a comatic circle. 


Referring to Fig. 4.4, which shows conjugate rays, one observes 
that their intersection P' should be in the second principal plane, 
that V is the image location for a distant object, and that P'V = 

Vsin v! . If there is no spherical 
aberration, /' is at the same place 
for all values of h. Therefore the 
condition that /i/sin v! = constant 
defines a sphere about V as the 
locus of points P', instead of a 
plane as in the ideal system or in 
the first order theory. This re- 
quirement shows again that actual 
physical systems deviate from the 
ideal whenever it is not legitimate 
to approximate sin uhy u and sin w' by u*. 

If longitudinal spherical aberration of amount L.S.A. is present, 
the sine law /i/sin w' = constant does not indicate the absence of 



Fig. 4.4. The sine condition re- 
quires that P'/' be constant. The 
distance /'F' indicates the amount 
of longitudinal spherical aberra- 
tion, L.S.A. 
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coma. In this case, one must take /o' — L.S.A. as the distance 
from /' to the principal point Pq' on the axis, the subscripts in- 
dicating values of the usual quantities when h approaches zero. 
Thus should equal /?/sin u' if no coma is to be present when 
there is spherical aberration. C^onsequently, the difference 

(/o' ~ L.S.A.) ^ = (// - —7) - L.S.A. 

sm u \ sin u / 

is taken as a measure of the amount of coma, while the quantity 



sin u' 


is called the deviation from the sine condition. These quantities 
are readily obtained by trigonometrical computation. Typical 
results are plotted for a series of simple lenses in some very in- 
structive graphs in Hardy and Perrin’s The Principles of Optics, 
page 88. The study of the change of these aberrations as the 
shape of the lens is altered, while its focal length is kept constant, 
is called bending the lens, 

4.6 Distortion 

A pinhole image is not distorted, as one can readily prove 
geometrically. To obtain a similar geometrical construction in the 
case of a lens system, the aperture stop (Art. 5.1) is first replaced 



Fig. 4.5. Distortion related to slope angles of chief rays. 

by its images in the object space and in the image space. These 
are, respectively, called the entrance pupil and the exit pupil, 
and they serve to limit the apertures of the cones of rays entering 
and leaving the optical system. The rays passing through the 
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centers of these pupils are the chief rays which are drawn in Fig. 
4.5. Let p and p' denote the distances between the conjugate 
planes and the corresponding pupils E and S'. It is readily seen, 
Fig. 4.5, that the lateral magnification is given by 

A'B^ p'tan^i' 

P = = 

AB p tan 6i 

When is independent of there is no distortion. 

If it is true that p'/p is independent of 6, the condition for no 
distortion may be simplified to the statement 

tan 6' 

= constant 

tan 6 

The constancy of this ratio may be readily checked by trigono- 
metrical ray tracing. For a symmetrical doublet with the aperture 
stop centrally located between the two components, B = be- 
cause of symmetry, and the ratio 

tan B' ^ 
tan B 

Such a lens is usually called a rectilinear or orthoscopic lens. 
However, the ratio p'/p is generally not independent of B unless 
the lens components are free from spherical aberration with re- 
spect to the location of the aperture stop. If this is not the case, 
the change in the ratio p'/p must be taken into consideration by 
retaining this term in the original formula. 

Even when the components do not satisfy the condition of con- 
stant p'/p, a symmetrical doublet is still orthoscopic for a unit 
linear magnification, since the changes in p and p' with B are equal 
because of symmetry. Then p' = p and p'/p = 1, a constant, for 
all angles. 

It is evident that the location of the aperture stop and the 
residual spherical aberration are important in the correction of a 
lens system for distortion. It also follows that a lens giving no 
distortion in copying or photoengraving may give considerable 
distortion if used on distant objects as in aerial photography or 
surveying. 

Distortion is classified as positive if the magnification increases 
off the axis, so that a square object has a pincushion-shaped image. 
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The converse, leading to a barrel-shaped image of a square, is 
called negative distortion. With a single lens, positive distortion 
is accentuated by a stop placed behind the lens, while negative 
distortion is increased if the stop is in front. The amount of dis- 
tortion in per cent is given by 

zonal image height — paraxial image height 
paraxial image height 

In this equation, magnific^ations may be used instead of image 
heights. Distortion varies about as the cube of the image height, 
but is independent of apca’ture. 

4.7 Astigmatism 

When light from an object point passes obliquely through a lens 
or lens system, the image is usually found to (consist of two lines at 
right angles to each other and some distance apart. This is due to 
a different focussing power in different meridians. The emerging 
light wave (orthotomic? surface) may be thought to have a shape 
similar to a patch on an automobile tire, having different principal 
radii of curvature in two meridians at right angles to each other. 
The focussing of such a wave is illustrated in Fig. 4.(3. The rays in 



Fig. 4.6. An astigmatic pencil of rays, showing the two line foci at T and S. 

planes of least curvature focus in a line at a greater distance than 
the rays in planes of greatest curvature. The shape of the figure 
outlined by such rays from a circular base on the wave front is 
called a Sturm’s conoid. 

If, instead of a point, the object consists of a star-shaped figure, 
the image will be made up of superposed line elements correspond- 
ing to the various object points. As shown in Fig. 4.7, the line 
elements will overlap for some direction of the arm of the cross, 
giving a sharp image for this line. There will be another astig- 
matic focus at another location in which the arm at right angles to 
the first will be in sharp focus. One or both of these astigmatic 
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foci may be virtual. In testing lenses for astigmatism, one often 
uses an object made up of radial lines and circles with their centers 
on the principal axis of the lens. The astigmatic image of the 
circular arcs is called the primary or the tangential focus, while 
the image of the radial lines is (tailed the secondary or the sagittal 
focus. For a simple converging lens, the primary focus lies nearer 
the lens than the secondary, whereas for a simple diverging lens, 
the opposite is true. 


Fig. 4.7. Astigmatic image of a star-shaped object. One arm is in sharp focus. 




For a single refracting surface, the distances along the central 
rays from the surface to an astigmatic focus are given by the 
equations 

n cos^ i n' cos^ f' n' cos — n cos i 

1 ; 

s Si r 

for the primary focal distance Si', and 

n n' n' cos H — n cos i 
- H ; = 

s S2 r 

for the secondary focal distance S2, As usual, s is the object dis- 
tance, i is the angle of incidence, is the angle of refraction, n and 
n' are respectively the indices of the object and image space, and 
r is the radius of curvature of the refracting surface. 

For a spherical mirror, one may write n = — n', since this con- 
vention changes Snell’s law into the law of reflection. 

For a thin lens with a central stop of small aperture, Coddington 
has shown that 


s Si cos I Vi r2/ \ 


1 1 

- H = cos i 


n cos % 
cos i 

n cos 


cos i 


- 1 

~ 1 


) 
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and 
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where i and z' are respectively the angles of incidence and re- 
fra(*.tion at the first lens surface. Thus sin z = n sin z', where n is 
the index of the lens. 

One may readily prove that the astigmatic difference ^ 2 ' ~~ 
in the case of a thin lens, is 


/ ^ , t( ^ 1 \ /n cos \ 

S 2 — .sj = sj ,^2 ( ) I 1 ) sm z tan 1 

\ri r 2 / \ cos z / 


while for a mirror it is 


^f2 — 8x = 




For a single lens or doublet, the successive order, in the direction 
of the light propagation, of the tangential focus the sagittal 
focus >S, and the Petzval surface P (defined below) is T&P in the 
case of positive astigmatism, and PST in the case of negative 
astigmatism. The astigmatic difference of a two-lens combination 
may be altered by changing the curvatures As the astigmatism 
is thus reduced, the image approaches a parabolic surface, called 
the Petzval surface. Once the powers of the lenses and their 
indices of refraction arc determined, the form of the Petzval sur- 
face is fixed. If the combination is overcorrected, the order of 
TSP is reversed. 

The amount of astigmatism, as measured by the difference in 
focus, varies as the square of the image height. For compound 
lenses, the Petzval surface loses its parabolic form, and in many 
anastigmats lies between T and S, In all cases, the axial distance 
PT is three times the axial distance PS. 

As the thin-lens equations show, astigmatism varies only 
slightly with the shape of the lens, but it reverses sign with the 
power of the lens. It should be noted, however, that in spectacle 
lenses the passage of narrow pencils of rays through off-center 
portions of the lens introduces a so-called marginal astigmatism 
which varies decidedly with the shape of the lens. Modem me- 
niscus lenses are designed to reduce this marginal astigmatism to 
a minimum. Such lenses are discussed in Art. 7.2 in connection 
with ophthalmic optics. 

It is possible to design complex combinations of lenses having 
appropriate separations so that the resulting product is relatively 
free from astigmatism. These are widely used as photographic 
objectives, since astigmatism is particularly troublesome here in 
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connection with images projected some distance from the prin- 
cipal axis. The primary and secondary astigmatic fo(;i of such 
anastigmats generally intertwine as shown in Fig. 4.8, which ap- 
plies to a Zeiss Sonnar f/2 lens of 50-mm focal length. All high- 
grade photographic objectives are designed so that not only astig- 
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Fig. 4.8. Tangential and sagittal foci of a ZeisvS Sonnar Icnis, illustrating the 
residual astigmatism in a typie.al anastigmatic lens. Tlici ordinates are slope 
angles of chicif rays, and the vertical line at 0 represents the focal plane. 


matism, but all the aberrations discussed in this chapter, are re- 
duced below a tolerable value for a certain object distance and 
field of view. The latter restrictions and the magnitude of the 
tolerances depend on the purpose for whic^h the lens is designed. 
For general-purpose lenses, the object is assumed to be at ‘ in- 
finity, the field of view being about 52°. A resolving power of 
between 50 and 100 lines per millimeter is usually acceptable, 
since this exceeds the resolving power of most photographic 
emulsions. A classification of photographic objectives has been 
given by Kingslake in the Journal of the Optical Society of America , 
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12, 251, and in the Handbook of Photography edited by Henney 
and Dudley. 

4.8 Curvature of Image 

In the ease of an anastigmat, the locus of the circle of least con- 
fusion, or best stigmatic image, lies between the two astigmatic 
images at about one fourth the distance from the sagittal image to 
the tangential image. If the astigmatism is not too great, a fairly 
sharp image is found here. The locus of the image points corre- 
sponding to points on a distant plane perpendicular to the prin- 
cipal axis defines a surface which indicates the curvature of the 
image by its deviation from a plane. This is approximately the 
Petzval surface for this case. In properly designed objectives it 
must approximate a plane within the useful field of the lens. 

Petzval showed that the condition for a flat image by a doublet 
made of two thin lenses, separated or in contacjt, is 

1 1 

h = 0 

fifh 


4.9 Chromatic Aberration 

Be(;ause the index of refraction of any transparent material 
varies with wave length, the focal length and locations of the 
(cardinal points will also vary with the wave length. As usual, 
this aberration may be (H)rrectcd, at least for two or three wave 
lengths, by the use of a suitable combination of lenses. In the 
case of thick lenses, chromatic aberration is classified as longi- 
tudinal or lateral, dcx^ending on whether the location or the size 
of the image varies with wave length. In general, these aberra- 
tions require separate corrections. Elimination of the longitudinal 
aberration requires essentially that the location of the principal 
focus be the same for two or three wave lengths, while the cor- 
rection for the lateral aberration requires that the focal length be 
the same. In the case of a thin lens where the principal planes do 
not change their location appreciably with color, the correction of 
one chromatic aberration simultaneously eliminates the other. 

For a thin lens 1// = (ri — \)Ky where K represents a shape 
factor which is independent of wave length. The change in power 
due to a change An in index of refraction is given by 


A 



An-K = 
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If we select the usual C and F Fraunhofer lines as the wave 
lengths for which An is the change in index, we may write 




where w is the dispersive power 

np “ no 

(ji) = 

nn - 1 

Other pairs of lines or wave lengths may be chosen in special cases. 
The D line of sodium is, however, the customary standard wave 
length for the index n when its variation is not considered. 

The above equation shows that the change in power is de- 
pendent on the kind of glass and the power of the lens, and that it 
reverses in sign with the power. Thus one may compensate the 
change in power of one lens by a change in power of equal and op- 
posite amount in another lens combined with it. In general, one 
may write 

1^1 1 d 

Therefore, 




0)1 0)2 

fl f2 

0)i ^ 0)2 d(o)2 “1“ 0)i) 

fl f2 / 1/2 


The pair of lenses will be an achromatic combination if 


Q- 


Two special cases will be considered. If we have two thin lenses 
in contact, d = 0, the condition for achromatism is 

0)1 0)2 

This combined with the equation 
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enables one to calculate the focal lengths fi and /2 of the two com- 
ponent lenses for any given dispersive powers and W2 and for a 
given focal length /. Since the co^s are always positive, the focal 
lengths fi and /2 must be of opposite sign. Note that wi must not 
be equal to W2, for then the first equation requires that fi = — /2, 
and the second equation shows that / = oo. Hence a combination 
of two different materials, such as crown glass and flint glass, is 
chosen. For a converging doublet the diverging lens must have 
the longer focal length and therefore the greater dispersive power. 

It is possible to achromatize with respect to focal length, using 
two lenses of the same kind of glass, if the interval d is not zero. 
In this case, coi = 032 and the original equation for change in power 
becomes 



This e<iuation is satisfied if 

d = + /z) 

This principle is frequently employed in the construction of eye- 
pieces according to Huygens^ or Ramsden’s formula. The achro- 
matism obtained is valid only for the transverse aberration, not 
for the longitudinal. However, this is usually sufficient for an eye- 
piece. 

The condition for achromatism of a cemented doublet pre- 
viously given (d = 0) is inconsistent with PetzvaPs condition for 
flatness of field unless the glass of greater index has the smaller 
dispersive power. The barium glasses developed at Jena at the 
close of the last century were the first to satisfy this requirement. 

PROBLEMS 

1. Determine the longitudinal spherical aberration, the deviation from the 
sine condition, the coma, and the chromatic alx^rration of the lens specified 
in problem 1, Chapter 3. 

2. (a) What form of lens, as defined by the ratio of its radii, gives the least 

spherical aberration for an object distance of 50 cm and an image distance of 
30 cm? Let n « 1.50. (6) What is the magnitude of the longitudinal spheri- 

cal aberration of this lens for rays entering at a height of 20 cm? 

3. Compute the radii of curvature of a condensing lens which will give 
minimum spherical aberration for an object located 10 cm from its first prin- 
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cipal plane with the image at 15 cm from the second principal plane. Ijet 
n * 1.50, 

4. Derive a formula for the magnitude of the sphcirical aberration (o) for 
an etjuiconvex lens with the object and image at equal distances on opposites 
sides of the lens, and (5) for a plano-convex lens with the object at infinity 
and the convex side toward the object. 

5. A converging meniscus lens has a diameter of 5 cm, a negligible thick- 
ness, and an index of refraction of 1.50 with radii of curvature of 100 mm and 
50 mm. If an object point is 20 cm away on a line making an angle of 30° 
with the principal axis, what are (a) the astigmatic difference? (b) the length 
of the primary astigmatic line image? 

6. A thin achromatic doublet of 20-cm focal length is to be made of crown 
glass and flint glass whose dispersive powers are 0.0141 and 0.0232, respec- 
tively. What are the required focal lengths of the compoiumts? 

7. When a lens is acliromatized only for its focal l(‘ngth, the magnification 
is practically the same for all colors. Explain, pointing out restrictions. 



Chapter 5. Apertures of Optical Systems 


5.1 Diaphragms or Stops 

Diaphragms or lens rims have one or more of three principal ef- 
fects in optical systems: (1) restricting the solid angle filled by 
cones of rays, (2) restricting the range of locations of objects and 
images to the useful field of the system, and (3) reducing internal 
reflection. Restrictions (1) and (2) arc usually effected with the 
idea of obtaining an economical design and construction, con- 
sistent with tolerable or desired performance. In the case of a 
camera lens one wishes to vary the aperture to obtain the desired 
depth of focus and perhaps to reduce the aberrations of a faulty 
lens. 

The actual diaphragm or lens rim which limits the angular 
spread of the cones of rays is called the aperture stop. The ex- 
treme angle between incoming rays is called the angular aperture, 
while that between emerging rays is (tailed the angle of pro- 
jection. These angles are designated as 2U and 2[/' respectively 
in Fig. 5.1, in which the diaphragm S is the aperture stop. A stop 
like that in Fig. 5.1(a), which is in the object space, is called a 
front stop. The stop shown in Fig. 5.1(5) is called a back stop. 

5.2 Entrance Pupil and Exit Pupil 

If the aperture stop is not in the object space, the size and loca- 
tion of its conjugate in object space may be found by the general 
formulas for optical systems. This conjugate then acts as a 
virtual stop which limits the aperture of the entering rays. That 
virtual or real stop in the object space which functions in this 
manner is called the entrance pupil. It is usually foimd by first 
transferring all diaphragms and lens rims into the object space 
by means of the conjugate focal equations. The stop or image of 
stop in the object space which is found to subtend the smallest 
angle at the object location is the entrance pupil, for example, E 
in Fig. 6.1. The entrance pupil may be different for different 
object locations, but in a well-designed system it is usually the 
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same. The angle subtended at the object by the entrance pupil 
is called the angular aperture of the system, for example, 2 [7 in 
Fig. 5.1. The ratio of the diameter of the entrance pupil to the 
focal length of the system is called the relative aperture; its 



Fig. 5.1. (a) Ijocations of entrance and exit pupils of a lens with a front stop. 
(b) Similar diagram for a lens with a back stop. 

reciprocal is the /-number. These quantities will be used later 
in discussing the light flux per unit area of image. 

Similar considerations may be applied to the stops and images 
of stops in the image space. That one which subtends the smallest 
angle at the image is called the exit pupil, for example, E' in Fig. 
5.1. The exit pupil is always an image of the entrance pupil with 
respect to the entire optical system, for it is the image of the 
aperture stop in the elements which follow the aperture stop, 
whereas the entrance pupil is the image of the same stop formed 
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by the elements which precede it. An application of the discussion 
in the preceding paragraphs to a problem such as number 4 at the 
end of this chapter will do much to fix these ideas in mind. Figure 
5.2 shows how the entrance pupil may be found by transferring 
the lens rims of Li and L 2 and the stop S into the object space. 



Fig. 5.2. Dctenniiiation of the entrance pupil for a pair of lenses having a 
stop located between the components. The image S' of is the entrance pupil, 
since it subtends the smallest angle at the object. 

The smallest of the angles U determines which of the images is the 
entrance pupil. 

5.3 Field of View 

Any ray passing through the center of the entrance pupil, and 
therefore also through the center of the exit pupil, is called a chief 
ray. Such rays are axes of cones of rays which may enter the 
optical system. When the cones are made increasingly oblique, 
they will be cut off partially and finally completely by the other 
stops. This causes a restriction of the field of view of the optical 
system. That diaphragm or image of diaphragm in the object 
space which subtends the smallest angle from the center of the 
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entrance pupil is called the entrance port. The angle it subtends 
is called the angle of the field of view. The field of view will not 
be sharply bounded unless the entrance port is coincident with the 
object, since the entrance port cuts the entering cones of rays to 
their axes, thus limiting the entering light flux to about half the 
maximum. The image will be vignetted correspondingly unless 
the cones are cut at their apex, which is the case only if the en- 
trance port lies on the object. The entrance pupil can never be 
the entrance port, since it subtends the largest possible angle, 
180°, at its own center. 

5.4 Depth of Field and Focus 

Another important function of a diaphragm is the control of the 
depth of field and the depth of focus. These are, respectively, the 
variations in obje(;t distance and in image distance which can be 
tolerated without incurring an objectionable lack of sharpness in 
focus. If an optical system whose entrance and exit pupils are at 
E and Fig. 5.3, forms an image P' of an object at P, another 



Fig. 5.3. Determination of the depth of field of a lens system. 

object point at Pi will be out of focus, prtxlucing a circle of con- 
fusion of radius 2 ' at P'. If the object in critical focus is at a dis- 
tance p from the entrance pupil, the problem is to find the distance 
Pi at which objects will be out of focus by just the maximum 
tolerable amount as specified by a permissible radius of the circle 
of confusion 2 '. From the geometry of Fig. 5.3, it follows that 

V\- V ^ n 
z o 

where z is the conjugate of 2 ' in the object space, and p is the radius 
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of the entrance pupil. Usinp; the formula for transverse magnifica- 
tion 



X 


to eliminate 2, one readily finds that 


V 



fp 


The quantity fp/z' is called the hyperfocal distance, and may 
be designated by the symbol 0:0. The formula then becomes 

V 

Pi 

X 

1 

Similarly one may show that objects closer than P are in tolerably 
good focus down to a distance 

V 

V2 

X 

1 +~ 

^0 

As to the physical significance of the hyperfocal distance, it should 
be noted that, if x = Xo, then pi = 00, and p2 = Thus for 

the special case of objects in critical focus at a distance equal to 
the hyperfocal distance, the depth of field extends from to 
infinity. Since the value of p is very nearly equal to / + x, the 
value of X for distant objects does not differ greatly from p, es- 
pecially for a lens of short focal length. 

The magnitude of the hyperfocal distance, and therefore the 
depth of field, depends on the permissible value of z' as well as on 
/ and p. In photography, one usually sets z' = 0.002 in., while p 
is obtained from the relative aperture 2 p// of the objective and its 
focal length /. It should be noted, however, that the computed 
results Pi and p2 are meaningless if a z' is assumed which is smaller 
than the lens is capable of giving because of its aberrations, be- 
cause of diffraction, or because of graininess of the emulsion. If 
the lens is imperfect, for example, one must use an appropriately 
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larger z* which leads to a greater depth of field, as it would with 
any lens. The only difference is that the quality of the focus with 
the poorer lens will be more uniformly poor over the entire range 
from Pi to p 2 - 

5.5 Perspective 

A three-dimensional object whose vertical section is ABCD, 
Fig. 5.4, will be imaged as a three-dimensional image like A'B'CD^, 
the points N and A' in the figure being the nodal points of the lens 
system. Because of depth of focus, the image may be projected 



Fig. 5.4. Projection of an image onto an image plane at P. 


on some plane such as P, Fig. 5.4, and observed or photographed 
there as a two-dimensional image. If one is to obtain the same 
perspective as with a monocular view of the object from iY, one 
must view the image from AT', for in that case all angles a' will be 
the same as the conjugate object space angles a. Hence the image 
on the retina will be like that obtained by direct viewing of the 
object from A', and the perspective will then be the same. At 
greater viewing distances of the image than A'P, the angles a' are 
equal to those for a longer object, as one can see by considering B 
to be moved backward. In this case the perspective is increased. 
The proper viewing distance p' is approximately equal to the focal 
length of the lens used in forming the image. Since this focal 
length is often less than the reading distance of 25 cm or 10 in., 
especially when a miniature camera is used, one cannot obtain 
correct perspective without some optical aid or by enlargement of 
the image. If the image at P, Fig. 5.4, is enlarged M diameters, 
the proper viewing distance will be M times as great as p', since 
this will preserve the original angle relationships. One reason for 
the advisability of enlarging most negatives, especially those ob- 


PROBLEMS 


59 


tained with a miniature camera, is the rectification of perspective 
when the print is viewed from a convenient distance. Equally 
important is the choice of a suitable “taking^' distance which gives 
a pleasing perspective in the first place. 


PROBLEMS 

1. How long should a vcTtioal mirror be in order that a person 5 ft 10 in. 
tall may just be able to s(ie his full-length image in it? How high should it 
be placed if the eyes an* 5 ft 4 in. from the floor? 

2. How far above a magnifying lens of 5-cm focal length and 6-cm diam- 
ettir should the (^ye be plaexid so that, the observer may se(j the whole of an 
object 10 cm in diamettT, the image btdng at infinity? 

3. A camera lens consists of two thin lenses whose focal lengths are 20 
cm and diameters are 4 cm. The Itmses are mounted 4 cm apart with a stop 
of 3-e.m diameter placed half-way Ixd.wcHin them. What are the / number 
and the relative apc^rture of this system? 

4. Two conv(;rging lenses whosti focal lengths an; 12 cm and 24 cm re- 
siLWctively and whose diameters are 3 cm and 2 cm resp(;ctively are plac(;d 8 
cm apart on a common axis. A diaphragm whose ?iiamt;ter is 2.5 cm is plac(;d 
midway b(‘tween the lens(*s. (a) D(;termine the entrame and exit pupils of 
this combination for an obj(;ct distance of 30 cm from the first lens, (h) What 
is the r(;lative aperture? (c) Determine the location and size of the entrance 
port and of the exit port.. 

5. A telescope has for its objective a thin positive lens of 20-cm focal length 
and 5-cm aperture, and for its ocular a thin negative l(;ns of 4-cm focal length 
and 2-cm aperture, (a) Det(;rmin(; the locations and siz(;s of th(; entran(;o 
and exit pupils, shomiig these on a diagram, (h) Determine the angular 
field of view in the object space and in the image space. 

6. A tt;l(;scope is constructed of tw^o thin converging lenses whose focal 
lengths are 180 mm and 15 mm respectively. They are 105 mm apart, and 
a 7-mm diaphragm is placed in the focal plane of the first l(;ns. Th(; diam- 
eters of the objective and ocular are respectively 20 mm and 8 mm, and the 
entrance pupil of the observer’s eye is 4 mm in diameter and is located at the 
exit pupil of the telescope, (a) What are the location and size of the entrance 
pupil for a distant object? (h) What are the location and size of the exit 
pupil of the telescope? (c) What is the field stop? (d) What is the angular 
field of view in the object space? 

7. In the Galilean telescope (opera glass) the locations and sizes of the 
entrance and exit ports are dependent on the relative sizes of the exit and eye 
pupils. Show by diagram how the field of view is affected thereby. Refer 
to problem 5. 

8. A portrait is taken with a camera focussed on a subject 3.5 ft from the 
entrance pupil of th(5 objective, (a) If the objective has a focal length of 2 
in., how much must the picture be enlarged to show true ptu-spective when it 
is viewed from the normal reading distance of 10 in.? (5) What degree of en- 
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largoment of the same negative is mu^ded if th(^ p(Tspective3 is to correspond 
approximately to that obtained v^dth an original taking distance of 7 ft? 
Why is it impossibhj to obtain exactly the same persptictive in th(i two cases? 

0. Comput(3 the depth of field for a phot.ograidiic objectivt^ of 5-cm focal 
length at//4 ndative aperture if the tolerable^ circl(‘ of confusion has a radius 
of 0.02 mm and the camera is focussed criti(;ally for an obj(^ct distance of 0 
m(3ters? 



Chapter 6. Photometry and Image Brightness 

6.1 Photometric Quantities 

Radiant flux may be expressed in ergs per second, watts, or 
microwatts emitted by a source of rafliation. The radiation is 
usually not homogeneous, but distributed throughout the spectrum 
in accordance with some distribution curve as shown in Fig. G.l. 
The ordinates are watts per unit wave length interval, Px> so that 
the energy radiated per second between any two wave lengths Xi 
and X 2 is expressed by an integral 

P = \ Pxd\ 

JXi 

At a wave length of 5550 A eac^h watt of radiation corresponds to 
a light flux of 685 lumens (defined below). At other wave lengths 
the number of lumens per watt is proportional to the visibility 



Fig. 0.1. Energy distribution as a function of wave length for a typical 
incandtiscent light source. 

function Fx, given in the Appendix, Table 6. Thus the total light 
flux in lumens is given by 

F = 685 r FxPx d\ 

Jo 

The lumen was formerly defined as the light flux from a uniform 
point source of one candle power into a unit solid angle, or into 
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one square foot at one-foot distance. The integral formula now 
relates this term to the concepts of spectro-radiometry instead of 
to a non-existent source of indefinite spectral distribution. 

The intensity of a source will be defined as equal to the 
number of lumens radiated into a unit of solid angle, or better, 
lumens per unit solid angle. The magnitude of a solid angle 
is equal to the area intercepted by a cone on a unit sphere with its 
center at the vertex of the cone. Thus 


I 


dF 


do) 


The units of I are candle power, as may be inferred from the old 
definition of the lumen. In fact, the factor 685 was originally 
derived from experiments comparing the two ideas of light flux, 
the physical and the psycho-physical. The flux in all directions 
from a source of intensity / is 


F - rvdco 

•^0 

If the source radiates uniformly in all directions 
F = I ^ do) == 47r/ 

If the source is not uniform, one may define a mean spherical 
candle power, m.s.c.p., as 

F 


*■ m.s.c.p. 


47r 


Illuminance is defined as the incident light flux per unit area 



da 


If the element of area da is illuminated by a relatively small, or 
“point,’* source at a distance r and if the angle of incidence is the 
light flux dF reaching the area will be contained in a solid angle 

da cos $ 

do ss 

y.2 


as can be seen in Fig. 6.2. 
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By the definition of 7, the light flux 


dF = I do) 


da cos 6 



Therefore, the illuminance of da is given by 


dF I cos 6 
da 


This is the well-known inverse square law with the cosine factor 
included. If I is in candle power and r is in feet, E is in foot- 



Fig. 6.2. Pcmcil of rays, from an element of area ds of the light source, which 
is obliquely incident on an element of area da. The cone subtends a solid 

angle dUa, 


candles, one foot-candle being identical with one lumen of in- 
cident light flux per square foot. If r is in meters, E is in meter- 
candles, or lux; while if r is in centimeters, E is in phots. 

Although one may consider any light source as practically a point 
source at distances of many diameters, it is more accurate to treat 
the source as a luminous surface. In this case, its brightness or 
luminance is defined as the candle power per unit projected area. 
By projected area is meant the area of the source as seen from the 
illuminated element of area da. If the line joining da with the 
element of emitting surface ds makes an angle a with the normal to 
ds, the candle power of ds is 

dl ^ B ds cos a 

where B is the luminance by definition. 
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For perfectly diffusing surfaces, B is independent of the direction 
of emitted or diffusely reflected light, so that the candle power 
varies as the cosine of the angle a. In such a case, Lambert^s 
cosine law is said to hold. However, this is true only for ideal, not 
for actual, surfaces. Usually B falls off rapidly at angles of emis- 
sion approaching 90°. In a few cases, notably that of glowing 
tungsten, the luminance B increases at first before falling rapidly 
as grazing emission is approached. It may be proved that, when 
Lambert's law is obeyed, a glowing sphere, or uniformly illuminated 
sphere, will have the appearance of a uniformly illuminated disk. 
Conversely, Lambert's cosine law is sometimes derived by assum- 
ing this identical appc^arance to be an experimental fact. 

6.2 Brightness of Images 

The photometric principles discussed above may be readily ap- 
plied to determine the luminance and illuminance of optical images. 
Let ds be an element of area of the object, and let Ej Fig. 0.3, be 



Fig. 6.3. Light flux from ds into the entrance pupil E of an optical system. 


the entrance pupil of the optical system. The flux into the ele- 
ment of solid angle dco defined by the double cone of aperture a. to 

a + is in 7 7 

dF ^ B ds cos a do) 


Since the solid angle do) is equal to the area of a unit sphere con- 
tained between the two cones 
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Therefore 


doi = 2x sin a da 
dF = 2TrB ds da cos a sin a 


The total light flux into the optical instrument is given by the 
integral 

Fu = 2TrB ds I sin a cos ada = ttB ds sin^ U 
Similar considerations hold for the flux Fi/ passing through the 



Fig. 6.4. Liglit flux emerging from the exit pupil E' of an optical system and 
passing through an element of ar(;a ds' of the image. 

element of area ds' of the image which is conjugate to ds, Fig. 6.4. 
Hence 

Fu' - wB' ds' sin^ U' 

where B' is the luminance of the image, and 2U' is the angle of 
projection. In an ideal system in which there are no light losses 
Fu^ = Fijf so that 

B' ds' sin^ U' = B ds sin^ U 
Now, Abbe’s sine condition riKpiires that 

ny sin U = n'y' sin U' 
in a coma-free system. Then 


ds sin^ V = n'^ ds' sin^ U' 
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and therefore 



This gives the greatest image luminance that can be obtained with 
an optical instniment of any possible design. Frequently n' = 
n; in that case the image luminance is at best just equal to the 
object luminance. 


6.3 Illuminance of Images 

In many applications, the light flux density or illuminance of the 
image is of greater importance than the luminance. Note that 
these are distinctly different quantities. If a given light flux is 
projected on a smaller area, the illuminance is definitely greater, 
but if at the same time the light flux is contained in a solid angle 
which is proportionately greater as the area is smaller, the lu- 
minance will be the same. In exposing a photographic plate, for 
example, the illuminance of the plate area is of prime importance, 
since the size of the angle of projection is immaterial. On the other 
hand, in illuminating a second optical system of fixed aperture, for 
example, the eye, the image luminance will determine the light flux 
into the optical system. 

Image illuminance is given by the expression 

dF' 

E' ^ — = wB' sin^ [/' 
ds' 


According to Abbe’s sine condition. 


sin^ U' = 


(n sin U)^ 


where n sin U is called the numerical aperture of the optical 
system. Substituting the second expression into the first yields 
the result 


E' = 


TB'(n sin U)^ 


In most cases w' = 1, since the final image is in air. In the case 
of an image created by a photomicrographic system with an im- 
mersion lens, the luminance of the image ideally equals the lu- 
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minance B of the condenser diaphragm which is in air, as is the 
final image. Hence, for systems like the microscope, 

, wBin sin U)^ 

J?' = — ^ — 

The illuminance is consequently proportional to the square of the 
numerical aperture and inversely proportional to the square of the 
linear magnification. Over a limited range, an increase in one can 
be compensated by an increase in the other. 



Fig. 6.5. Quantities pertaining to the flux density or illuminance of the image. 


In systems like photographic lenses and telescopes, n = n' = 1. 
Moreover, the numerical aperture may be replaced by a simpler 
expression, as follows. From Fig. G.5, it is apparent that 


P 

tan U = - 

V 

If the object is so far away that the angle U is quite small, it is 
permissible to replace the tangent by the approximation 


sin U = - = 
V 


P 

X 


where p is the radius of the entrance pupil, and x is the extrafocal 
distance of the object. Since the linear magnification is nu- 
merically equal to//a;, the image illuminance is expressible by the 


formula 


E' = tB 


2 2 
,2 }2 


X^f 


7rB/2py^ tB 

T\7/ ~ 4i^ 


where N denotes the /-number of the lens system and is equal to 
the focal length divided by the diameter of the entrance pupil. 
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The relative aperture of the lens or stop opening is generally 
written as f/N. In so far as the reciprocity law of photography 
holds, the time of exposure reciuired for a given photographic 
density is proportional to the square of the /-number, TV, a familiar 
photographic rule. In any actual optical system, the illuminance 
of the image area is also proportional to the transmissivity of the 
system. 

It is easy to show, by omitting the approximation p = r, that, 
in close-up photography or copying, the formula just given for the 
illuminance should also be multiplied by the factor x^lp^. Thus, 
for 1:1 copying, x = / and p = 2/, so that the illumination is one 
fourth as large as for distant objects and the time of exposure must 
accordingly be four times as great. 

6.4 Normal Brightness 

The natural or subjective brightness of an object or image seen 
by the eye depends on the illuminance Ho of the retina. This is 
given by the expression 

Ho = ttB sin^ V 

B being the luminance of the external object or instmment image, 
n being the index of refraction of the “vitreous humor, and V 

being the angle of projection in 
the eye, as shown in Fig. 6.6. 
The formula shows that the sub- 
jective brightness is independent 
of the distance of the object in 
accordance with experience, the 
angle V being relatively constant. 

If an optical instrument is 
used in front of the eye, the 
subjective brightness is affected 
by a possible reduction in 7 if 
the exit pupil of the instrument 
is smaller than the entrance 
pupil of the eye. The eye is usually placed at the exit pupil E' of the 
instrument for the purpose of obtaining the maximum field of view. 
Let p' be the radius of this exit pupil, and let h be the radius of the 
pupil of the eye. If d = — p' is the distance of the final image in 
the instrument, d > 25 cm, it is apparent. Fig. 6.7, that 



Fig. 6.6. The flux density at the 
image on the retina depends on the 
angle V subtended by the radius of 
the exit pupil of the eye, Ee- 
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p' = d tan U' = d sin U' 
since the angle U' is small. 

Two cases must be considered. (1) If p' > A, the latter becomes 
the exit pupil of the instrument and eye combination, and the 
pupil is filled with light. In this case, the image illuminance on 
the retina is unchanged and one obtains normal brightness. 
However, (2) if the exit pupil is smaller than the eye pupil, p' < /i, 


Fig. 6.7. 



Rcilation Iw tween the size of the exit pupil E' of an instrument, 
the angle of projection 2(7', and the image distance d. 


the illuminance Hq is reduced to a smaller illuminance //' because 
of the reduced angle of projection in the eye, F', so that 

//' sin^ V' area of exit pupil V 
Ho sin^ V area of eye pupil \h/ 

This formula holds only if p' < A and H' /Ho ^ 1, for H' /Ho can in 
no case be greater than unity as pointed out under case (1). 


6.5 Normal Magnification 

The above formula can be applied to investigate the conditions 
under which a microscope may give normal brightness. The 
maximum magnification giving = Ho is called the normal 
magnification. Since p' ^ d sin C/', it is found that 

//' d^ sin^ f/' d^ {n sin Uf 

JTo ^ ^ 

Thus, for any given numerical aperture, there is a maximum 
magnification for which there is no reduction in brightness. To 
find its value, set HWHq = 1 and let n' = 1 for reasons given pre- 
viously. The normal magnification is then 

d 

iSn = 7 sm U) 
h 
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Now d is the distance of the final virtual image and should be 
taken equal to 250 mm, the normal reading distance, while h is on 
the average equal to 2 mm. Hence 

fin = 125 {n sin U) 

Since a numerical aperture of 1.5 can scarcely be exceeded, we 
have an upper limit of about 200 diameters for the normal mag- 
nification. No microscope can magnify more than that without a 
reduction in image brightness which is thereafter proportional to 
the inverse square of the magnification. The importance of a 



Fia. 6.8. Determination of the radius p' of the exit pupil of a telescopic 

system. 

large numerical aperture in obtaining bright images is also ap- 
parent from the formula. 

In telescopic systems, similar conditions apply, but they are 
expressed more simply in terms of linear apertures. In Fig, 6.8 
p and p' represent the radii of the entrance and exit pupils, and 
/i' and /2 are the focal lengths of the objective and eyepiece re- 
spectively. By similar triangles it is seen that 

lJjL 

p' h 

It was proved in Art. 3.7 that this ratio of the focal lengths is equal 
to the angular magnification. Therefore 

p = 7p' 

In the expression H^/Hq — p'^/A^, the exit-pupil radius may be 
eliminated by the preceding formula, showing that 

p2 
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If p > yhj the full aperture of the telescope is not utilized, since 
the eye pupil becomes the exit pupil of the entire system. One 
then obtains normal brightness in an ideal telescope having no in- 
ternal light losses. However, when p < yh^ the brightness is less 
than normal, in accordance with the above formula. This formula 
shows that one may compensate for higher magnifying power y 
by a corresponding increase in the radius p of the entrance pupil. 
The most efficient combination of eye and telescope, which still 
gives normal brightness, is one in which the exit pupil of the 
telescope has the same radius as the pupil of the eye. Since 
H'/Ho = 1 for this case, the normal magnification is found to be 



The radius of the pupil of the eye varies from about 1 mm in 
bright light to about 3.5 mm at low intensities. Thus the diameter 
of objective giving normal brightness of image is 


and 


2p = 2hy = 2y mm in bright light 
2p = 7y mm in dim light, as at night 


Therefore a 7-power telescope, for example, should have an ob- 
jective of at least 14 mm for daytime use, and at least 49 mm for 
night-time use. The popular 7 x 50 binocular fulfills both re- 
quirements. However, if used exclusively for daytime observa- 
tions, the aperture may just as well be smaller, and the instrument 
less expensive, without impairing its optical performance. 

One might summarize the requirements for normal magnifica- 
tion by stating that, as the area of the retinal image is increased as 
7^, the area of the entrance pupil must be correspondingly in- 
creased as 7^ to keep the flux density constant. However, if the 
object is a point source, its retinal image will be a diffraction disk 
whose area is independent of 7. In this case, an increase in en- 
trance pupil will increase the brightness above the normal value 
so that H'/Ho = p^/h^ may exceed unity. It is for this reason that 
stars can readily be seen in daytime if a large enough telescope is 
used. The star brightness is then greater than with the unaided 
eye, while that of the background is at best the same as with the 
unaided eye. Thus it becomes clear that the new 200-in. telescope 
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will enable fainter celestial objects to be seen or photographed 
than is possible with the 100 in. using a photographic emulsion 
which is four times as fast. 


PROBLEMS 

1. What is th(* illuminanp(' on a workbonoh midway between two lamps of 
150 cp 4 ft above the bench and 6 ft apart, assuming that twice as much light 
comcis to the surfaces indirectly from the walls and ceiling as dirc^ctly from the 
lamps? 

2. The parabolic reflector of a s(‘archlight reflects 50 per cent of the light 
flux from a 5000-cp lamp placed at its focus. What is the illuminance pro- 
duced by th(^ S(‘archlight at 500 ft if the reflected beam illuminates an area 
20 ft in diamet(?r at this distance? 

3. A 200-cp lamp illuminat<!S a photoelectric cdl of 2 sq in. area at a dis- 
tance of 36 in. {a) What is th(^ illuminance at thii cell in foot-candles? (/>) 
What is the light flux to the cell in lumens? 

4. W’hat is the illuminance on the ground half-w’ay betwcMin two lamps of 
2000 cp each, the distance between lamps being 30 ft and thiiir height above 
the ground 15 ft? 

5. What is the luminous emittancx'. of a diffusely n^flt^cting surface whose 
reflectance is 0.65 and illuminance is 25 foot-candles? (a) Give the result in 
millilamberts. A surface has a luminous emittance of 1 lambert if it reflects 
diffusely 1 lumen of light flux pt^r square centimeter. (6) Give the luminance 
in candle power per s(|uare cx^ntimeter. 

6. With a lamp 20 cm from an object, an exposure of 1 sec is necxled to 
photograph it, using a relative aptirturc of //4. What time of exposure is 
needed if the lamp distance is changexi to 40 cm and the aperture is changed 
to //16? 

7. A catie«?ra having an //4 lens is used to copy black-and-white line draw- 
ings at a distance of 4 ft with a magnification of 1/3. What is the maximum 
illuminance on the film in foot-candles if the luminous (?mittance of the white 
areas is 100 millilamberts and there is a 20 per cent light loss in the lens? 

8. A motion-pi cturtj projector contains a high-intensity arc of 85,000 
candles pov sq cm and projects a 9 x 12-ft picture at a distance of 80 ft. The 
exit pupil of the projection lens is 2 in. in diametcir. What is the maximum 
illuminance at the center of the screen if the optical system is 60 per cent 
efficient? 

9. An absorbing screen 4 cm thick transmits 50 per cent of a certain radi- 
ation. (a) What percentage would be transmitted by a thickness of 2 mm, 
neglecting surface reflection? (5) What would be the answer if there were a 
reflection loss of 4 per cent at each surface? 
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7.1 The Eye 

The eye is not solely an optical insti’ument, for it is nourished 
and controlled by a living organism, and the images in it are con- 
verted into nerve impulses travelling along the optic nerve to the 
brain, where their interpretation involves a great deal of psy- 
chology. Here we will concern ourselves with only that portion 
of the subject that is necessary for the understanding of optical 
aids to vision. For other aspects of vision, reference is made to 
other sources, for example, Walsh’s Photometry and Mueller- 
Pouillet’s Lehrbuch der Physik. The cardinal points of the eye as 
an optical system are shown in Fig. 7.1. The center of the trans- 
parent window of the eye, the cornea, is at F, and the principal 
foci with relaxed accommodation are at Fq and Fo'. Of the two 
focal lengths, / and /', the latter is the greater because of the 
greater index of refraction of the medium on the image side of the 



Fig. 7.1. Cardinal points and focal lengths of a normal human eye. The 
anterior vertex of the cornea is at V. 

optical system. The nodal points are at No and No and are located 
at a distance / from Fo and at /' from Fo respectively. The op- 
tical system consists essentially of the cornea and a so-called 
crystalline lens, the front surface of which is 3.1 mm behind the 
front surface of the cornea. The greater part of the focussing of 
light rays takes place at the cornea because of the relatively large 
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change in index of refraction combined with the small radius of 
curvature. The crystalline lens is not entirely homogeneous but 
has an average index of refraction of 1.42 and a thickness of 3.6 
mm. The index of refraction of the aqueous humor between it 
and the cornea is 1.337, and the index of the vitreous humor be- 
hind it is also about 1.336, the power of the lens being +19.11 
diopters when accommodation is relaxed. The power of the cornea 
is about 43.05 diopters, that of the cornea and lens together being 
58.64 diopters. In a normal or emmetropic eye, the retina is at 
the second principal focus Fo^ so that distant objects are in focus 
on it when there is no accommodation. 

Accommodation takes place through the contraction of a ring 
of muscle around the lens which causes its power to increase. A 
study of the images reflected by the various surfaces shows that 
the front surface of the lens increases in curvature much more than 
the back surface, and that the cornea remains unchanged. For a 
normal or average eye, the process of accommodation shifts the 
principal foci to the points F and F', Fig. 7.1, without changing 
the locations of the principal planes and nodal points by more 
than half a millimeter. In the state of maximum accommo- 
dation, images of objects at about 25 cm are projected on the 
retina. 

The retina is covered with nerve endings of two distinct types, 
called rods and cones after their appearance. There are about 
120,000,000 nerve endings, and they are most closely packed at the 
fovea, which is a small spot slightly off the optical axis of the lens 
system. There are no rods, only cones, at the fovea. The detail 
in that part of the image projected on the fovea can be best re- 
solved, the maximum resolution corresponding to a visual angle of 
slightly less than one minute of arc in bright light. The resolution 
falls off as the intensity of the light is diminished because of an ef- 
fective increase in the coarseness of the retina, which is due to the 
fact that some of the cones require a relatively high threshold 
energy for stimulation. The fovea measures only 0.25 mm across 
and subtends an image angle of 0.70°, which corresponds to an 
object angle of about 0.87°. Around it is a region called the 
macula of about 7° in extent, in which the resolution is only 
slightly inferior to that in the fovea. The rest of the retina is of 
increasing coarseness and serves more for the detection of the 
presence of objects than for their close examination. 
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The amplitude of accommodation may be represented by 
the interval between the object point in focus when the accom- 
modation is relaxed, called the far point, and the object point in 
focus when the maximum accommodation is exerted, called the 
near point. For an emmetropic, or normal, eye, these points are 
respectively at infinity and at 25 cm from the eye. The locations 
of the far point and of the near point vary with age as the crystal- 
line lens loses its elasticity. The distance of the near point in- 
creases steadily with age from about 10 cm at birth to about 33 cm 
at an age of 80 years. The far point remains practically unchanged 
until an age of 50 years and then gradually diminishes to about 
33 cm at 80 years, after which there is practically no range of ac- 
commodation. This change in far point and loss of accommodation 
is called presbyopia. 

7.2 Spectacle Lenses 

The widespread use of spectacle lenses shows that eyes fre- 
quently suffer from defective accommodation, a condition known 
as ametropia. The principal forms of ametrOpia are myopia, 



Fig. 7.2. Myopia, (a) Incident parallel rays focus in front of the retina. 
(b) With zero accommotlation, rays from the far point come to a focus on 
the retina, (c) A diverging lens whose principal focus F' is at the far point 
provides ray pencils which focus on the retina with zero accommodation, the 
object being at infinity. 


or nearsightedness, hyperopia, or farsightedness, astigmatism, 
and perhaps heterophoria, or muscular imbalance. 

Myopia is often due to an abnormally long eyeball which places 
the retina beyond the principal focus, Fig. 7.2(a). In this case, 
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objects must be moved closer to the eye until their image falls on 
the retina. When accommodation is relaxed, this point is called 
the far point, and when maximum accommodation is exerted, it is 
called the near point. These are therefore the optical conjugates 
of points on the retina in the respective cases. A consideration 
of Fig. 7.2 shows that in order to focus the parallel rays from a 
distant object when the accommodation is relaxed, a negative lens 
having its principal focus at the far point must be used. The back 
surface of this lens is usually placed at 13 to 15 mm from the vertex 
of the cornea in order to clear the lashes and to keep the magnifica- 
tion unchanged, as will be explained later. Thus the proper 
vertex focal length is equal to the distance from the cornea to the 
far point minus the distance from the cornea to the rear vertex of 
the spectacle lens. In elementary discussions, the latter distance 
is often neglected, and so is the distinction between vertex power 
and optical power, but these refinements become important if the 
lens is strong. 

As an example of myopia, suppose that the far point is at a dis- 
tance of 200 mm from the cornea. The vertex focjal length of the 
spectacle lens re(pnred is then —185 mm, the vertex power being 
—5.4 diopters. The near point with the spectacle lens may be 
found by applying the thin-lens formula 

1^1 1 

s f s' 

where / is the focal length of the spectacle lens, and s' is the image 
distance. In this case s' is negative, since the spectacle-lens image 
is virtual, and the magnitude of s' is equal to the distance from the 
second principal plane of the lens to the near point of the unaided 
eye. Let this be 100 mm, i.e., about 115 mm from the cornea* 
Then, assuming that the optical focal length is 5 mm greater than 
the vertex focal length, 

11 1 9 

5 ““ -190 ” ~1 00 ~ 1^ 

from which one finds that s' = 211 mm or 21.1 cm. With the 
object at this distance from the first principal plane of the lens, 
the rays enter the eye coming from an image at the location for 
which the eye can focus by accommodation. 
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It may be more convenient to use the vertex focal length in the 
spectacle-lens formula instead of the optical focal length, but one 
must then measure the distance s' from the rear vertex, and s from 
the conjugate of the rear vertex, which is approximately one third 
the thickness of the lens toward the object. 

C'ompact, direct-reading instruments have been devised for 
determining vertex diopters over a wide range of positive and 


(a) 



Fig. 7.3. Hyperopia. Zero accommodation in all three diagrams, (a) Incident 
parallel rays are intercepted by the retina before coming to a focus, (b) Ray 
pencils converging toward the far point come to a focus on the retina, (r) A 
converging lens with its principal focus F' at the far point provides ray pencils 
which focus on the retina with zero accommodation, the object being at 

infinity. 



negative powers. These employ an illuminated target, a strong 
positive auxiliary lens, and an eyepiece. They are called Diop- 
trometers, Vertometers, Focometers, or Lensomelers, de- 
pending on the manufacturer. The optical system of one standard 
form of instrument is described in Hardy and Perrin^s The Prin-' 
ciples of Optics^ page 371 . 

A hyperopic eye generally has a flattened eyeball so that the 
retina lies forward of Fq. Thus, when relaxed, it can focus on the 
retina rays converging toward some point behind the eye, as 
shown in Fig. 7.3(6). To focus even parallel rays requires some 
accommodation. As before, to focus parallel rays without ac- 
commodation, a lens must be used whose principal focus lies at the 
far point. Consequently, its power is the reciprocal of the dis- 
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tance of the far point behind the eye, increased by the distance 
from the eye to the lens. The lens is obviously converging or 
positive. 

The new near point of the eye with the lens in place may be 
found by applying the lens equation to the spectacle lens, as be- 
fore, using the distance to the near point of the unaided eye as a 
virtual (negative) image distance. 

Astigmatism is generally due to a non-spherical cornea, al- 
though sometimes the crystalline lens is astigmatic. If the ciliary 
muscles do not act equally around the periphery of the lens, the 
amount of astigmatism will change with accommodation. 'J'his 
effect is often overlooked. Astigmatism causes the image of a 
point to consist of two lines at right angles to each other, as shown 
in Fig. 4.6, although if the lens is aspherical, the effect will be ob- 
served even when the object points are on the principal axis. The 
presence of astigmatism is detected by the use of a cross or a star- 
shaped object, the images being out of focus unless an arm of the 
object is in the same direction as one or the other of the two line 
images of a point. The lens system has a maximum power in a 
direction at right angles to the line focus which is closest to the lens. 
To correct for astigmatism, a non-spherical lens having appro- 
priately different powers in the two principal meridians is required. 

The far-point (and similar near-point) diagrams of Figs. 7.2 and 
7.3 can be generalized to include astigmatism if one introduces two 
far points (and two near points) corresponding to the principal 
meridians of maximum and minimum power. The required lens 
powers can then be found for each meridian. For example, if the 
far point for lines in the vertical meridian (axis 90°) is at 2 meters 
and for lines in the horizontal meridian (axis 0°) is at 1 meter, 
the required lens must have a power of —0.5 in the 0° meridian 
and —1.0 diopter in the 90° meridian. Note that the power of a 
cylinder acts in a meridian at right angles to its axis. Hence the 
required powers may be obtained by a sphero-cylindrical combina- 
tion of either —0.6 D Sph — 0.5 D Cyl axis 0° or by — 1.0 D Sph -1- 
0.5 D Cyl axis 90°. The change from minus to plus cylinders or 
vice versa in a prescription is called transposition* 

It is sometimes necessary to combine a prism with an ophthalmic 
lens. If the prism is not too strong, it may be obtained by de- 
centering the lens. If the center of the lens is displaced by a dis- 
tance X from its optical center, which is on a line joining the two 
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centers of curvature, the angle of deviation is seen to be tan""^ 
xD, Fig. 7.4. Since the prism strength in prism diopters A is 
measured by the centimeters of displacement of the transmitted 
ray at a distance of 1 meter, we have, by similar triangles, 


A 

100 


X 

or A == lOOxD 
VD 


X being in meters, or simply A = xD if x is in centimeters. This 
formula is known as Prentice’s rule. An image seen through a 
prism is displaced in a direction away from the base. Thus a 



Fig. 7.4. Relation between the amount of prism A and the amount of de- 
centering X of the lens. Prentice’s rule. 

base-down prism causes an image to be seen higher than without 
the prism. Obviously, decentering a negative lens induces a 
prism with the base in the opposite direction to that induced by 
the same decentering of a positive lens. 

As the eye rotates behind a spectacle lens, the utilized rays pass 
more and more obliquely through the lens. This introduces an 
increasing amount of astigmatism, which impairs vision and limits 
the useful field of view. In the case of a symmetrical biconvex or 
biconcave lens, the useful field extends to only 8° from the prin- 
cipal axis. A plano-convex or plano-concave lens with the flat 
side toward the eye has a useful field of about =hl2°, and this is 
further increased by the use of meniscus lenses. 

The best shape of meniscus lens depends on its power in the 
manner sho^vn graphically by the Tscherning ellipse in Fig. 7.5. 
The abscissas are the powers of the lens, and the ordinates are the 
powers of the front surface i>i = (n — \)/Ri. In general, there 
are two shapes of meniscus lens that may be used, the shallow 
meniscus defined by the lower arc or the Ostwald branch of the 
ellipse, and the deep meniscus lens given by the upper or Wol- 
laston branch. The Ostwald branch is more commonly used 
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nowadays. As the ellipse shows, only lenses having powers be- 
tween —22.5 and +7.5 diopters can be completely corrected for 
astigmatism. Optical shops usually stock lens blanks with one 
surface finished. In order to surmount the impossibility of stock- 
ing an infinite variety of finished surfaces, the lower arc of the el- 
lipse is approximated by six or more short horizontal lines for the 
various powers. A completely corrected lens is obtained only for 
powers corresponding to the intersections of the lines with the el- 
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Fig. 7.5. Tscherning (illipse. Front surface powers l)\ of spr^ctacle lenses of 
total power D when corrected for astigmatism. 


lipse. Weaker or stronger lenses will show a small amount of 
astigmatism, but as this becomes too large, the next standard 
curvature is used. 

The magnification of the image on the retina is given by the 
formula x i 

M = 

X xD 


where D is the combined power of the eye and the spectacle lens. 
According to the standard formula for combinations of two optical 
systems, /) = — dDsDs, where De is the power of the 

eye and Ds is that of the spectacle lens. The ratio of the mag- 
nification with the lens to that of the unaided eye, assuming that 
X is so large that we may neglect variations in its value due to the 
displacement of the principal focus, is 

M De 11 

Me De + Ds{li — dDs) 1 + Dsifs “■ d) 1 — pDs 
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where p is the distance of the second principal plane of the spectacle 
lens in front of the first principal focus of the eye, Fig. 7.0. It is 
readily seen that, if p = 0, it follows that AI/Me = 1, and the 
size of the image with any power Ds is the same as for the unaided 
eye. In general, this defines the correct location of the spectacle 
lens. If the kmses for both eyes are of the same power, there is no 
harm in mounting the lens somewhat farther or nearer to the eye. 
If, however, this is not the case (a condition known as aniso- 
metropia) any shift in the distance of the lenses will induce a 
condition of unequal image size known 
as aniseikonia. Sometimes this is 
present without spectacle, lenses. The 
remedy is then to use kuises whose 
principal planes P' are at appropri- 
ately different distanc^es from the eye. 

Instead of changing the spectacle lens 
location, one may change its thick- 
ness or depth of curve to accomplish 

the same placement of the second 7.6. Magnification by 

, - . 1 1 Spectacle lenses depends on the 

principal plane of the lens. The pres- distance p. 

enc>e of astigmatism complicates the 

problem by requiring a simultaneous solution of the problem for 
the two principal meridians. Aniseikonia is not always due to an ac- 
tual difference in the sizes of the retinal images, but may be due to 
unequal densities of the rods and cones or of the perceptual centers 
in the brain. Thus images may appear unequal in size without 
actually being so. This defect may also be compensated by an ap- 
propriate displacement of P'. 

7.3 The Simple Magnifier 

The size of image on the retina is proportional to the visual 
angle a subtended by the object 0 at a distance d from the eye. 
Because of limited accommodation, the angle a will have a max- 
imum value when 0 is at the near point of the eye. The finest 
structural detail of the image can be resolved under this condition. 
If 0 is assumed to be a small object or a small portion of a large 
object, Fig. 7.7, the visual angle is given by a = 0/d. With the 
aid of a positive lens, a virtual image can be created within the 
range of accommodation of the eye when the object is slightly 
within the principal focus of the lens. The image subtends a larger 
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angle at the lens, = 0/s. The eye is assumed to be close to the 
lens, so that is practically the same as the visual angle for the 




Fig. 7.7. Magnifying power of a simple magnifier or simple microscope. 


enlarged image. The magnification ratio of the two retinal images 
is approximately equal to the ratio of the visual angles, or 

^ P tan 0/s d 

a tan a 0/d s 


The distance d is. usually taken to be 25 cm, the normal near-point 
distance for the emmetropic eye. The value of 1/s is given by the 
lens formula, so that 



The numerical value of s' lies between 25 cm and infinity. Taking 
the former value, one finds, since s' is negative, that 


25 

M = — + 1 

/ 

If the virtual image is at infinity, one has simply 



For the larger powers or shorter focal lengths there is little practical 
difference between these two results, so that the second is often 
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taken as giving the approximate magnification over the entire 
range of image locations. Moreover, the latter corresponds to the 
location of the image in the absence of accommodation, which is 
the condition of most comfortable vision. Note that M is quite 
different from s'/s, which increases to infinity as s approaches/, 
while M decreases by unity under the same condition. Although 
one may speak of magnification in terms of “diameters, visual 
magnification is fundamentally a ratio of visual angles. This 
angular ratio becomes equal to the transverse linear magnification 
only if the value of s' is 25 cm, which is rarely the case. 

The magnifier theory differs from that of spectacle-lens magni- 
fication, Art. 7.2, in that there is a great change in the object dis- 
tance X in the present case instead of a negligible one. In the dis- 
cussion of spectacle lenses, the sizes of images were compared for a 
given object location whether or not they were in focus on the 
retina. In the case of strong lenses, the magnifier theory must be 
applied, since the object distance must be materially reduced when 
the lens is used. 

7.4 Eyepieces 

Eyepieces are fundamentally magnifiers designed to provide a 
more perfect image than can be obtained by means of a single lens 
of the same power. The discussion of aberrations of lenses and 
their reduction is applicable here. In this connection it should be 
noted that an eyepiece must have a large angular field in order 
that the field of the objective is not unduly restricted. In any case 
this will be \/M times the field of the eyepiece, where M is the 
overall magnifying power of the instrument. 

The most common eyepiece on microscopes is the Huygens 
eyepiece, a cross-section of which is shown in Fig. 7.8(a). The 
first lens, or field lens, usually has a focal length three times as 
great as that of the eye lens. The separation is twice the focal 
length of the eye lens to satisfy the condition for partial lateral 
achromatization, Art. 4.9, 

/l +/2 

d = 

2 

The lens curvatures and glass types are computed to minimize 
spherical aberration, coma, and astigmatism. This type of eye- 
piece requires that the incoming rays be convergent, forming a 
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virtual object, in order that the final image be in the range of ac- 
commodation of a normal eye. Hence it cannot be used as a 
magnifier of real objects. If a scale or grid is to be used for meas- 
uring or counting, it must be placed at the location of the first real 
image between the field and eye lenses. This leads to some inac- 
curacy due to relative distortion, because the scale is magnified by 
only the eye lens, whereas the image projected on it is magnified 
by the entire lens system, the distortions in the two cases usually 
not being the same. 



Fia. 7.8. Types of ooulans: (a) Huygens eye^piece, (b) Raiiisden eyopieee, 
(c) Kellner eyepiece, (d) orthoscopic eyepiece. 

It is for this reason that measuring instruments generally employ 
a positive eyepiece of the Ramsden, Kellner, or similar type. The 
Ramsden eyepiece. Fig. 7.8(6), also employs two lenses, but 
these are often equal in focal length and separated by three fourths 
of the focal length of either. The separation thus differs from the 
optimum, which is half the sum of the focal lengths. Otherwise, the 
images of the surfaces of the field lens would be superimposed over 
the image of a distant object, and any dust or imperfection of sur- 
face would be very disturbing. Hence the principal focus is dis- 
placed to a point conveniently located in front of the field lens. 
The field stop, reticle, or cross-hairs are located here. 

The Kellner eyepiece, Fig. 7.8(c), offers a considerable increase 
in image quality and is widely used in higher-power telescopes, 
gun sights, and in fire-control instruments. It also serves as an 
excellent magnifier for examining spectrograms and fingerprints 
and for other general use. The symmetrical doublet, Fig. 7.8(d), 
is another example of a high-quality eyepiece or magnifier. 
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7.5 The Compound Microscope 

For obtaining magnifying powers of more than thirty or so di- 
ameters with a satisfactory quality of image, a more complex lens 
system is required. The compound microscope consists of two 
distinct lens systems: the objective, which creates a magnified 
real image of the object, and the eyepiece, which further magnifies 
this real image. Fig. 7.9. The overall magnifying power is the 
product of the magnifying powers of the objective and eyepiece. 
The former, disregarding its sign, is given by the usual formula 



If the focal length /o of the objective is quite small compared with 
the image distance or optical tube length L, one may write the ap- 
proximation that 



The overall magnifying power is then 

25L 

M = MoM, = — 

fofc 

It is evident that a high magnifying power may be obtained by the 
use of lenses of short focal length, of which the objective is gen- 
erally the shorter by perhaps a factor of ten or so. The length L 
is usually not over 16 cm for the sake of a convenient compactness 
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of the instrument. A high-power objective may have a focal 
length as small as 2 mm. The cross-sections of a few typical ob- 
jectives are shown in Fig. 7.10. 

The brightness of the image and the resolving power of the in- 
strument are dependent on the numerical aperture, this being the 
product of the index of the immersing medium and the sine of half 
the angular aperture, so that (see Fig. 7.10) 

N. A. == n sin A 

The smallest separation of points or lines that can be resolved is 
limited by the diffraction of light, Art. 11.4, and amounts to 

1.22X 

dmln - 

It is principally because of the short wave length of light, about 
0.5 micron, that a good microscope allows one to see fine structural 
detail. In order to utilize to the utmost the resolving power ob- 



Fig. 7.10. Types of microscope objectives. The angle A defines half the 

angular aperture. 

tainable with a given wave length, the numerical aperture must 
be as high as possible. This requires a medium of high index of 
refraction above and below the object and also a large angular 
aperture. The index of the immersing medium is, however, 
limited to that of the glass of which the front component of the 
objective is made. Because of this and the inability to use an 
angular aperture of quite 180°, the numerical aperture is never 
much more than 1.6. Thus the finest detail resolvable is limited 
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to about one third of the wave length of the light used. With 
microscopes for visual observation, this is about 0.18 fi. Micro- 
scopes employing ultraviolet light and photographic registration 
may have a resolving power of nearly twice that of the visual. 
The reader interested in practical microscopy is referred to Shil- 
laber^s Photomicrography, Incidentally, electron microscopes 
achieve their high resolving power because of the short effective 
wave length of an electron beam (about 5 X 10”^^ cm) in spite of 
their low numerical aperture of about 0.02. 

Whatever type of microscope or any other instrument one 
employs, its resolving power indicates merely the finest detail re- 
produced in the image. Since it is the image which is examined, 
not the object, the finest dc^tail contained in the image is the finest 
detail one can see, however much one may magnify the image. 
However, the magnifying power is also important because the eye 
can resolve only structures whi(*h subtend at least one minute of 
arc at the eye, or about 0.073 mm at a distance of 25 cm. Hence 
whatever detail is to be perceived must be magnified to at least 
this value. Thus the finest detail resolvable by an optical micro- 
scope, about 0.18 /X, must be magnified at least 400 times to be 
perceived directly. A somewhat higher magnification is often 
convenient, but it cannot bring out any new detail. Higher 
magnifications are said to be “empty.’' On the other hand, one 
may profitably use magnifications of 100,000 with an electron 
microscope if the “lenses” are properly designed. 

7.6 Telescopes 

A real image of a distant object is formed by the objective lens 
at a point which is slightly beyond its principal focus. This real 
image is magnified by one of the eyepieces described previously. 
The objective is corrected for (jhromatic aberration, spherical aber- 
ration, and coma. It is not necessary to consider very obliiiue 
rays, since the angular field is necessarily small, being 1/M times 
that of the eyepiece, M being the magnification. Thus, if the eye- 
piece has a useful field of 00° and the magnification is 15, the field 
of the telescope objective will be 4°. Figure 7.11 shows the cardinal 
points of the components of an astronomical telescope. The mag- 
nifying power is ^ 

M -- 

a 
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If we consider a small object, or some small detail of a larger object, 
the corresponding angles a and ^ may be represented approxi- 



Fig. 7.11. Optical system of an astronomical telescropc'. The arrow at Fi' 
indicates the size of the first image li. 


mately by li/fi and / 1//2 respectively. Thus 

M = 

h/fi h 

Since the magnifying power of the eyepiece is 25//2, the contribu- 
tion of the objective is /i/25. It is apparent that, if one is to divide 
a high overall magnifying power between the objective and the 
eyepiece, the focal length of the objective must be quite large. 
For hand-held telescopes, this need not be the case, since the 



Fig. 7.12. Galilean telescope. 


highest power that one may use is about eight, and most of this 
can be provided by the eyepiece. 

A telescope with only two positive lens systems, as shown in Fig. 
7.11, gives inverted images, since the rays enter the eye from the 
opposite direction with the telescope than without it. If a diverg- 
ing lens is used as an eyepiece, the image will be rectified, as shown 
in Fig. 7.12. This type is called a Galilean telescope and is in 
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common use in opera glasses and in lower-priced field glasses. A 
disadvantage of this system is that the field of view is strongly 
limited at the higher powers. Moreover, it is not so easy to design 
a good-quality diverging eyepiece as a positive one. Hence the 
usefulness of this optical system is restricted to the lower powers. 



If there is no objection to increasing the length of the telescope, 
a set of erecting lenses, as shown in Fig. 7.13, may be used between 
the objective and eyepiece. The trench periscope, for example, is 
equipped with this type of erecting system. It is also commonly 
used in semiportable or fixed ter- 
restrial telescopes which are 
mounted on stands. 

For maximum compactness a set 
of totally reflecting prisms is em- 
ployed, The operation of such a 
pair of Porro prisms is illustrated 
in Fig. 7.14. Figure 7.14(a) shows 
that the rays which would form 
the upper part of the image are 
caused to form the lower part. 

Figure 7.14(6) shows that no such 
rectifying effect takes place in the 
perpendicular direction. Since the 
image is not only inverted but also 
reversed, as is evident from the axis of symmetry of the objective 
lens, a second prism must be used at right angles to the first to 
obtain complete rectification. It will be noted that the use of prisms 
leads to a more compact form of instrument and that it naturally 
lends itself to an increase in the distance between the entrance 
pupils of a binocular instrument, thus enhancing the stereoscopic 
effect. Various other foftns of telescopes using prisms are described 
by Jacobs in Fundamentals of Optical Engineering, 



Fig. 7.14. Porro prism. 
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7.7 Reflecting Telescopes 

The largest telescopes employ parabolic mirrors as objectives. 
This construction has the advantage that only one surface need be 
carefully ground and polished, and that the glass blank need not 
be free of striae, ripples, and other flaws. The image produced by 
the parabolic objective is usually reflected to one side by a hy- 
perbolic mirror placed near the focus, or it may be reflected back 
through a hole in the center of the parabolic objective. Spherical 



Fig. 7.15. Reflecting tele.scopes: (a) Henschelian, (6) Newtonian, (r) Casse- 
grainian, {d) Schmidt type. 

mirrors are generally not used because of their large spherical 
aberration and coma. An exception is the Schmidt type of tele- 
scope, which employs a spherical mirror and a compensating plate 
in the form of an irregularly shaped diverging lens at the center of 
curvature of the reflector. This type of telescope is often made 
with a large relative aperture. The principal types of reflecting 
telescope, diagrammed in Fig. 7.16, are the (a) Herschelian, (b) 
Newtonian, (c) Cassegrainian, and (d) Schmidt type. The 
chief advantage of the reflecting telescope, besides its relative 
ease of construction, is that it has no chromatic and spherical 
aberration and can therefore be made with a large relative aperture 
of //5 or so. Schmidt telescopes of up to //0.9 have been con- 
structed. 
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7,8 Prism Spectroscopes and Spectrographs 

An aperture and prism were first used by Newton in 1()6() to 
analyze beams of light into their constituent colors or wave lengths. 
The resolving power was low, so that spectrum lines were not dis- 
covered until early in the nineteenth century by Wollaston with a 
slit, prism, and lens combination. In 1819 Fraunhofer used a nar- 
row slit, prism, and telescope in measuring the indices of refraction 



Fig. 7.16. Prism spectroscope. 

of glass for his lenses. With this arrangement he discovered many 
sharp lines in emission spectra and in absorption spectra. The 
addition of a collimating lens between the slit and the prism seems 
to be due to Babinet in 183&, This optical system, which is shown 
in Fig. 7.16, is still widely used 
in present-day spectroscopes and 
spectrometers. 

When the telescope is replaced 
by a camera, the instrument is 
called a spectrograph. Some- 
times the prism is replaced by a 

diffraction grating. The theory 7 17 Deviation of a light ray by 
of the grating, an invention of a prism. 

Fraunhofer^s, will be discussed 
in Art. 11.6. The theory of the prism follows. 

Figure 7.17 shows a light ray refracted at the two surfaces of a 
prism, the prism angle being A. The light is deviated through an 
angle 3, where 

5 = (ij — n) + {t2 — r2) 

Since the angle A of the prism is equal to the angle between the 
normals to the surfaces 



A = ri + r2 
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by the theorem that the exterior angle of a triangle equals the sum 
of the two opposite interior angles. It also follows that 

5 = fi + 2*2 — 

The angles i and r are related by SnelPs law 

sin i\ = n sin Vi and sin 2*2 = ^ sin r2 

where n is the index of refraction of the prism with respect to the 
external medium, usually air. 

These equations may be used to trace any ray through a prism. 
Two special cases are of interest. If A and i\ are small, one may 
write 

ii = nr\ and ^2 = nr2 

so that 

d = (n - 1 )A 


This result is quite independent of ii as long as this angle is not too 
large, making this a useful formula for the deviation by weak 


prisms. 

For larger angles one finds that, as t’l is varied, 6 passes through 
a minimum. The condition is readily found by the usual method, 

for then _ .. 

dd di 2 

- = 0 = 1 +-^ 
d'h\ d’Z'i 


Because = sin 


(n sin r2), it follows that 


di2 n cos r2 dr2 

dii \/l — sin^ r 2 dii 

Since sin ii = n sin {A — r2), and therefore 


dii cos ii = — n cos {A — r2) dr2 


one finds that 
dii 


cos r2 


cos 


y/l — sin^ r2 j 

1 sin^ ii 

1 * 




= ~ 1 


Multiplying out and squaring the second and last terms give 


2 2 • -I 2*2 sm ^1 ,0 • 2 • 

cos r2 COS'* ti = 1 — n'* sm'' r2 ; h sm"* r2 sm ti 


n 
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By the use of cos^ ti = 1 — sin^ and a similar equation for 
cos^ r 2 , one readily finds that this reduces to 

(n^ — 1) sin^ r2 = {rt — 1) sin^ ri 

or 

r2 = n 

Consequently, 12 = t'l, showing that the light passage is sym- 
metrical. In this case r 2 = ri = A/2 and 12 = H = + 6), 

so that 

sin }/iiA + 8) 

fi = 

sin l^A 

giving a useful laboratory formula for the determination of the 
index of refraction of a prism from the angle of minimum deviation. 

The variation of n with wave length is not represented exactly 
by any known formula. A useful approximation, containing only 
two constants, is the Cauchy formula 

B 

A 

This can be made more exact by adding an inverse fourth power 
term with a constant multiplier. However, a better approxima- 
tion, with three constants no, Xq, and C, is the modified Hartmann 
formula 

C 

n = no + ;; -- 

X — Xo 

Both of these are easily differentiated when it is desired to obtain 
a formula containing the rate of variation of n with wave length. 

A prism spectrograph has a maximum aperture and minimum 
astigmatism when the prism is in the position of minimum devi- 
ation. Obviously, this condition cannot be simultaneously satisfied 
for all wave lengths. In instruments using a fixed prism, one can 
at best set the prism at the proper angle for the central portion of 
the spectrum. 

In spectroscopes for visual observation it is common to use a 
combination of two refractions and one reflection to obtain a 
minimum deviation of usually 90® for all wave lengths in turn as 
the prism is rotated. The telescope may then be rigidly fixed at 
90® with the collimator, and, as the prism is rotated by means of a 



94 


OPTICAL INSTRUMENTS 


screw with a calibrated wave-length scale, each line in the center 
of the field has passed through the prism in a manner which satis- 
fies the condition of minimum deviation. The Pellin-Broca 
prism, Fig. 7.18, is a type commonly employed. Although made 
in one piece, this prism is equivalent to two 30° prisms and one 


A G B 



Fig. 7.18. Pellin-Broca constant deviation prism. 

45° totally reflecting prism AEB. The deviation is a minimum 
when the rays FG and GH in the prism are respectively parallel 
to the bases of the two 30° prism components ADE and BDC, 
Since these rays are at right angles to each other under this con- 
dition, the corresponding external rays are also at right angles, the 

internal angles ri and r 2 being 
equal, making the angles ii and 
12 also equal. 

Another constant deviation 
device, diagrammed in Fig. 
7.19, is a combination of a G0° 
prism and a mirror, known as a 
Wadsworth mirror. The an- 
gle of constant minimum de- 
viation is equal to 180° — 2/?, 
which is usually made equal to 
90°. The proof that this ar- 
rangement gives a constant 
deviation of this amount is left 
to the reader. The Wadsworth mirror is often Ifemployed with a 
rock-salt prism in one form of infrared spectrbmeter. The prism 
and mirror are rotated together by a calibrated screw, preferably 
about an axis passing through 0. 



Fig. 7.19. Wadsworth mirror arrange- 
ment for constant deviation. 
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Spectrum lines are naturally curved because of the greater devi- 
ation of skew rays than those travelling in a plane at right angles 
to the refracting edge. The curvature is approximately parabolic, 
the radius at the vertex being 


R 


n^f 


2(ri^ ~ 1 ) 


tan i 


where / is the focal length of the lens, and i is the angle of incidence. 
The curvature changes very slowly with wave length, so that it 
may be compensated by using a curved slit. This compensation, 
at either the exit slit or the entrance slit, is important in a mono- 
chromator or a spectroscope using a photocell or thermopile at 
the receiving end. 

A spectroscopic instrument has four important characteristics, 
its dispersion, its resolving power, its relative aperture, and 
the spectral range which it transmits. The dispersion of a 
spectroscope is defined as the rate of variation of deviation with 
wave length 

d8 di2 
d\ dX 


Sometimes linear dispersion is given in terms of centimeters per 
angstrom unit, and sometimes one states the inverse dispersion 
as so many angstrom units per centimeter or millimeter. The 
former is merely the angular dispersion D multiplied by the focal 
length of the objective lens and by the cosine of the angle of in- 
cidence on the receiving surface. The second is the reciprocal of 
this quantity. The magnitude of D is related to the angle of the 
prism and the variation of its index with wave length. The for- 
mula is readily derived by the following steps. Starting with 

12 = sin“^ (n sin r2) 


one finds that 
di2 


dK Vl 


1 / dr 2 dn\ 

— ( « cos re — + sin r^ — 
sin^ ro \ 


But 


r2 == A — ri = A - sin ^ 


dX “ dX/ 

sin ii 


n 
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therefore 


di2 1 ( ^ ^2 sill . \ 

d\ 's/l — sin^ r2 Va/i — sin^ ri ^ 


and 

di2 

Vi 

This reduces to 

since 


— siri^ To ( 


cos To sill ri \ dn 

h sin rg ) — 

r 2 \ cos ri 


d\ 


Vd\ 


D = 


di 2 sin A dn 
d\ cos ^2 cos ri d\ 


cos ^*2 = ^ i “* sin^ r 2 
At minimum deviation, ri = r 2 = A/2. Then 

2 sin A /2 dn 


Z>‘= 


\/i — sin^ A /2 dX 
If a 60® prism is used, sin A/2 = so that 


D = 


dn 


Vl - nV4 dX 


Using Hartmann^s dispersion formula for n, the expression for 
dispersion becomes 

^ C 

(X — Xo)^Vl — nV4 

The resolving power R of a spectroscope is defined as the ratio 
of the wave length X to the smallest change in wave length that 
can be resolved AX^. Thus 

X 

i? = 

If we let ABfn represent the smallest angle that can be resolved in 
the image space, one may write 

Ae„ 

AX„ = — 


R=‘ D 




so that 
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In practice, the value of Adm depends on slit width and residual 
aberrations as well as on diffraction, but the first two may be made 
so small that the resolving power of a properly designed spectroscope 


is finally limited by diffraction. 
In Art. 11.2 it will be proved 
that, for a rectangular aper- 
ture of width a, the value of 
= X/a. It follows then that 

,R = Da 

This general formula may be 
specialized for a prism spectro- 
scope by noting, Fig. 7.20, that 

a = L cos 12 



P’la. 7.20. The resolving power of a 
prism depends on the aperture width a. 


and by using the previously derived expression for 7). Thus it is 
found that 

L sin A dn 

R == 

cos fi d\ 

At minimum deviation ri = A/2, so that this reduces to 

A dn dn 

R = 2L sin == t — 

2 dk dX 


Hence the resolving power of a prism depends on the rate of 
variation of n with wave length, i.e., the material used, and on the 
thickness t of the prism at its base. If several prisms are used in 
series without reduction in aperture, one may add their thicknesses. 
If the full aperture of a prism is not used, one should replace t by 
the difference, <2 — between the lengths of the boundary rays 
in the prism. 

In order to obtain the theoretical resolving power, the slit width 
must be negligible or infinitesimal. In this case the amount of 
light 'ent^ng^tiK 3 ' SpectiX)SCope is infinitesimal. H«ice a 
compromise is obviously necessary. Sir Arthur Schuster was ‘the 
first to discuss the resolving power of spectroscopes having a finite 
slit width. His results are expressed in terms of a ^‘normal slit 
width^^ Wn, where 
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in which fc and Pc are respectively the focal length and exit-pupil 
radius of the collimator lens. In the case of the normal slit width, 
the optical paths from the various points on a line across the slit 
do not differ by more than X/4. This tolerance agrees with inter- 
ferometer tests of optical systems, which show that such changes 
in light path scarcely affect the quality of an image. The magni- 
tude of the maximum intensity across a spectral line is given in 
terms of unity for the normal slit width in column 3, Table 7.1, 
and in terms of unity for an ^^infinitely” wide slit which gives a 
broad, flat-topped Affine, in column 4. The purity factor, P, is 


TABLE 7.1 


Slit Width 
in Multiples 


Intensity 

Purity 

Unity for 

Unity for 

of Wn 

Factor 

Wn 

W == oo 

0.0 

1.000 

0.000 

0.000 

1.0 

0.986 

1.000 

0.246 

2.0 

0.943 

1.902 

0.467 

7.2 

0.495 

3.670 

0.902 

Infinity 

0.000 

4.069 

1.000 


the ratio of the practical resolving power with the finite slit width 
to the ultimate resolving power derived from diffraction theory for 
an infinitesimal slit. 

It is commonly recommended that one select a spectroscope 
giving at least twice the resolving power actually needed, so that 
the slit may be opened to 7.2 normal. This reduces the resolving 
power to half its maximum and gives an intensity which is 90 per 
cent of its maximum. However, when the light source has a high 
enough intensity, it may be better to use the normal slit width, ob- 
taining nearly (98.6 per cent) the theoretical resolving power with 
about one fourth of the maximum intensity. 

Schuster^s investigation has been extended by Van Cittert to 
include light sources which are small relative to their distance 
from the slit of the spectroscope. The results are summarized by 
Sawyer in Experimental Spectroscopy ^ pages 105-109. 

PROBLEMS 

1. The near and far points for an unaided eye are respectively at 15 cm 
and 60 cm. (o) What power spectacle lens should be prescribed? (b) What 
is the shortest distance of distinct vision with this lens? 
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2. If the near and far points of an unaid('d eye are resp(‘ctively at 15 cm 
and IK) cm, what will V)e the range of distinct vision with a — 1 .0-diopter spec- 
tacle lens? 

3. A farsight(^d person cannot see object.s clearly when th(*y are nearer 
than 1 mt^tcr. What is the lowest power of a l(;ns which will enable him to 
s(H> clearly at tlu^ normal reading distance*? 

4. A set of trial lenses having a combined vertex power of -f-lO.O diopters 
is found to give satisfactory vision to an aphakic eye (no crystalline lens) when 
th(* postiTior vert(‘x of the .set is 18 mm in front of tlu* cornea. What vertex 
pow'(T w'ill be re(|uired in the pre.scription lens if it is to be wwn at; a distance 
of 14 mm from the cornea? 

5. A supplementary lens of 4-2.0 diopters is placed directly in front of a 
canK'ra lens. If the obj(‘ct to be photographed is 40 cm away, for what dis- 
tance should one set the focussing scales of the cam(‘ra? 

0. A portrait attachnK^nt con.sists of a -|-2.0-diopter l(*ns just in front of 
th(^ camera objective. If th(^ focussing scale is set for a distance; of 3.5 ft, 
at what distance will obje‘cts lx; in sharp focus with the attachment in 
pla(;e? 

7. Two k'nses of 4-cm focal length are plact*d 3 cm apart on a (‘oinmon axis, 
forming a Ramsdeii (‘y(;pi(*c(‘. From w’hat point should incidemt rays diverge 
in ord(*r that the emerging rays be parallel? 

8. Tw o len.ses of a ITuyg(;ns eyepiece have focal lengths of 3 cm and 1 cm 
respectiv('ly and are 2 cm apart on a common axis. If the final imag(‘ form(;d 
by the S{;cond lens is at infinity, how far is the focus of the incoming rays from 
the first le*ns? 

9. A U;lephoto camera lens has a conv(*rging lens of 10-cm focal l(‘ngth, 
and 8 cm behind it is a div('rging lens of 3-cni focal length, (a) What is the 
distance behind th(; diverging lens of the image when the oV)ject is at infinity? 
(h) What is the (‘(luivalent focal length of the combination? 

10. The focal k'ngth of t he (*yepiece of a compound inicroscojx; is 1.5 cm, 
and the tube length is 16 cm. What focal length objective should be used to 
obtain a magnifying power of 1000 diameters? 

11. The f(jcal lengths of the objective and eyepiece of a compound micro- 
scope arc resp(;ctively 3 mm and 20 nun. The tube length is 160 mm. Com- 
pute the magnifying pow’(‘r of (o) the eyepiece, (b) the objective, and (c) the 
compound microscope. 

12. A motion-picture projector using a film with a picture; width of 24 mm 
throw’s an imag(' 20 ft wide on a screen 100 ft away from the projection lens. 
What is the focal length of the lens? 

13. An opera glass is to be constructed having a tube length of 8 cm and a 
magnifying power of four. What must be the focal lengths of the objective 
and eyepiece lenses? 

14. A telescope has an objective of 10-in. focal length and an eyepiece of 
1.5-in. focal length, (a) What is its magnifying power? (h) What is the ac- 
tual size of the final virtual image of an object 10 ft high at a distance of 1000 
ft if the final image is 20 in. from the eyepiece lens? 

15. A telescope has an objective of 50-cm focal length. How’ much motion 
must be allowed the eyepiece if the telescope is to focus on objects as close as 
5 meters as well as on objects very far away? 
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16. A microscope focussed on a mark must be raiscid 3.5 mm when a plate 
of glass 1 cm thick is placed over the mark and the microscope is rcjfocussed 
on the image of the mark. What is the index of n^fraction of the glass? 

17. Prove that the index of refraction of a prism of angle A is equal to 
sin (A 5) /sin A, where S is the deviation obtained when the incident light 
is travelling normal to the first face or, conversely, emerging normal to the 
second face. 

18. Find the largest angle of a prism made of material whose index of re- 
fraction is 1.65 which can transmit light at minimum deviation. 

19. A light Ixrnm passiis through a prism of crown glass, n = 1.53, having 
a 6° refracting angle, (a) What is the angular deviation? (b) Through what 
distance will the light be deflected transvtirsely at a distance of 1 meter 
from the prism? 

20. What is the angle of a flint-glass prism whose index of refraction is 
1.695 which must be combined with a 5° crown-glass prism whose index is 
1.523 in order that the angle of dt^viation may bc^ zero? 

21. It is desired to combine a flint-glass prism and a 10° crown-glass prism 
with basc^s in opposite directions so as to annul the dispersion between the 
C and F lines. If the following refractive indices are us(id, what angle should 
the flint-glass prism have? What will be the resulting deviation for the D 
lines? 

Index of Refraction C line D link F line 

Crown glass 1.5146 1.5171 1.5233 

Flint glass 1.6224 1.6273 1.6394 

22. If a ray of light is passing from glass into water, what is the grtiatest 
possible angle of incidence, the refractive indices of the glass and of water 
being 1.533 and 1.333 respectively? 

23. The mean separation of a group of spi^ctral lines at 2500 A is 0.25 A. 
Give the pertinent specifications that a prism spiictrograph must meet in 
order to be suitable for photographing the resolved pattern. 

24. A telescope is constructf^d of the following elements: 


Element 

Focal Length 

Diameter 

Separation 

Objective 

Air 

-f-300 mm 

25.0 mm 

302.4 mm 

Field lens 
Air 

-1-12 mm 

12 mm 

9 mm 

Eye lens 

-i-12 mm 

8 mm 



The telescope is focussed for infinity. Compute the 

(a) magnif 3 ring power of the telescope, 

(b) size and location of the exit pupil, 

(c) angular field of view in the object space, 

(d) resolving power in seconds of arc. (Refer to Art. 11.4.) 



Chapter 8. Stereoscopy 


8.1 Binocular Vision 

One may obtain a monocular sense of depth from perspective, 
shading, knowledge of absolute size, accommodation-convergence 
relation, and parallax. True stereoscopy, however, depends on a 
binocular sense arising from two slightly different images seen by 
the two eyes, Fig. 8.1. It arises from a mental interpretation of 
these two images which is based on 
experience. This true stereoscopic 
effect vanishes if the angle subtended 
by the eyes from the object point is 
less than about 30 seconds. Since the 
separation of the eyes is, on the average, 

62 mm, the radius of stereoscopic vision 
is about 422 meters. With binoculars, 
this radius is increased because of two 
factors. In the first place, if the mag- 
nification is Af , the radius is M times as 
large, since all parallax angles are in- 
creased in this ratio. For the same 
reason, if the entrance pupils of the 
binoculars have a greater separation d 
than the pupils of the eyes do> the 
radius of stereoscopic vision R is d/do times as great as with the 
unaided eyes. Thus we see that 

d 

R = RoM — 

do 

For example, if il/ = 6, and d/do == 2, as with ordinary prism 
binoculars, then R = 5000 meters. 



Binocular vision. 


8.2 Stereoscopic Camera and Viewer 

Since stereoscopic vision" is of great help in the examination of 
many objects, various visual instruments have been designed so 

101 


102 


STEREOSCOPY 


that each eye may see a suitably enlarged image from a different 
viewing point. Likewise, photographs taken by two lenses which 
are laterally displaced may be examined binocularly by means of a 
stereoscope to re-create the third dimension. In order to under- 
stand the principles on wdiich these instruments are based, the 
stereoscopic camera and view^er may be taken as examples. 



Fig. 8.2. Images formed in a stereo- Pig. 8.3. Relation of space image 
scopic camera. A'B'CV to the stereograms A\B\ and 

A2B2! which are vi(iWod binocularb?^ 
with a stereoscopic, viewer. 


Let Li and L2> Fig. 8 . 2 , represent the two lenses of a stereoscopic 
camera tvhich forms images of a pyramid ABC with A and B on 
the respective axes of Li and L2 for simplicity. Then 

A2B2 AiBi of 
AB AB a 

Consider the two enlargements AiBi and A2B2 of AiBi and 
A2B2 respectively, to be view^ed by means of a stereoscopic viewer 
as shown in Fig. 8 . 3 . The images on the retina will correspond to 
a pyramid A'B'C' and will be interpreted as a three-dimensional 
object having the proportions indicated. Let the magnification 
or degree of enlargement in the viewer be 
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= = m 

AiBi A2B2 

The distance D at which the base appears to be is 

A2'B2' A2'B2' A2B2 m {a'/a)d \m/ \a 7 \d ) 

To obtain the same spatial relation of C relative to A'i?' as for C 
relative to AB, the following relation must hold 

r' c 

Zb 


From the two figures one finds, however, that the two sides of the 
preceding equation are not equal in general, but have the ratio 

c'M'B' h/A2'B^ _ ^ ^ 

c/ AB a 7 A 2 B 2 a'm M 


where M is called the apparent magnification since it refers to the 
relative sizes of the (tangents of) angles subtended by objects at 
the lenses of the eye and the lenses of the camera. 

For orthostereoscopy the apparent depth and the apparent dis- 
tance must respectively equal the actual depth and the actual dis- 
tance, so that 

c' c 


and 


A 7 r AB 


D = a 


The first equation requires that 

M = 1 or b = a'm 


and the second requires that 

I b d' _ ^ 
m a ' d 

or, if 6 = a'm, that 

d' == d 

These conditions must be satisfied in the construction of stereo- 
scopic viewers if correct perspective is desired. 
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In measuring stereoscopic photographs, a ‘^floating spot^^ is often 
employed. This is created by the binocular fusion of the images of 
a spot in the two image planes AiBi and A 2 B 2 - By providing 
a micrometer control for one or both spots, one may make the 
fused image move forward or backward with respect to A'B\ The 
micrometer screw may be calibrated in terms of the distance c. 

8.3 Yectographs 

The central layer of a sheet of polaroid is a plastic containing 
colloidal dichroic crystals which are uniformly aligned so that 
every element of area produces an equally high degree of polariza- 
tion (Chapter 12). Dichroic crystals polarize light by their prop- 
erty of absorbing components of light vibrating in one direction 
to a much greater degree than components vibrating at right 
angles, the latter being transmitted. Crystals of iodosulphate of 
quinine are generally employed. If such a layer is coated over a 
gelatin film carrying a photographic image, it is possible, by chem- 
ical means, to destroy the dichroic crystals to a greater or lesser 
extent corresponding to the density of the photographic image, 
which is bleached in the process. This chemical action leaves a 
polarizing sheet having a varying degree of polarizability over its 
surface. A faint image remains because of the absorption in the 
remaining dichroic crystals. When this sheet is viewed through a 
completely polarizing sheet, called an analyzer, one can, by ro- 
tating it, vary the density of the image seen. The density of the 
image is practically zero when the analyzer is ^^paralleF' with re- 
spect to the polarized vibrations from the image, and at a maximum 
when the analyzer is ^^crossed’' with the sheet. In the latter 
orientation, the image can be seen with maximum clarity. Such 
a reproduction is called a vectograph.^ In other forms of vecto- 
graph, the direction of polarization varies over the surface, and in 
still another form, the degree of polarization varies with wave 
length in the visible range. Every vectograph is characterized 
by differences in polarization over its area. For maximum con- 
trast it must be viewed through a polarizing filter rotated to some 
optimum orientation. 

It is of interest in stereoscopy that one may superpose two 
vectographs with the planes of polarization of their dichroic crys- 

^ Land, Journal of the Optical Society of America, 30 , 230 (1940). 
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tals at right angles to each other. In this case, a rotation of a 
single analyzer causes one image to increase in contrast while the 
other disappears, and vice versa. If the images are stereoscopic 
views, one may construct a viewer by using two sheets of Polaroid 
with their polarizing directions at right angles and oriented so that 
one eye sees only one image, the other being faded out, while the 
other eye sees the other image. In this way one satisfies the con- 
ditions for a tnie binocular stereoscopic effect. Such stereo- 
vectographs have also been made in color. They may be pro- 
jected on a screen, but the screen must be coated with an alumi- 
num paint to avoid the depolarization which accompanies ordinary 
diffuse reflection. The two vectographs may also be supported on 
an aluminum-coated paper base and viewed directly through the 
analyzing viewer. 


PROBLEMS 

1. If the pupils of the eyes are 6.65 cm apart, how far away does a point 
appear whose stereoscopic images are 6.05 cm apart at a distance of 30 cm from 
the eyes? 

2. The axes of the two lenst^s of a stereoscopic camera are 10 cm apart, 
and the focal lengths of the lenses are 5 cm. If the images of moderatidy dis- 
tant objects are magnified 10 diameters and viewed from a disj^ance of 30 cm, 
what should be the focal lengths of the viewing lenses, and what will be the 
ratio of the apparent depth to the actual depth? What will be the ratio of 
the apparent distance to the actual distance? 

3. (a) What is the radius of stereoscopic vision of an obs(irver whose inter- 
pupillary distance is 65 mm and whose binocular 8ens(^ is 30 seconds of arc? 
(b) What will be the radius when a 6-power binocular is used with its entrance 
pupils 110 mm apart? 

4. Stereograms are made with a camera having a lens of 5-in. focal length. 
Specify a lens and prism combination for viewing such stereograms placed so 
that corresponding points on an infinitely distant object are 80 mm apart. 
Let d' ** 65 mm. 
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Chapter 9. Wave Propagation 

9.1 Nature of Light 

In the study of geometrical optics, it makes scarcely any dif- 
ference what theory of light is assumed, since the theory is based 
on four non-committal, fundamental principles which are drawn 
from experience. It was pointed out that these principles are not 
accurately true, so that they lead to an incomplete, idealized 
situation which, under some conditions, is far from the facts. 
Thus the experimenter or careful observer often encounters the 
phenomena of interference, diffraction, and polarization, which 
cannot be explained by the principles of geometrical optics. In 
order to explain them, one is forced to assume at least that light 
has many of the characteristics of transverse waves. For many 
purposes, the kind of transverse wave is immaterial, but a study of 
electromagnetic waves shows that light is a member of this family 
of radiations. Thus optics may be considered a branch of electro- 
magnetic theory. 

Phenomena which are basically exchanges of energy between 
radiation and matter require the application of the quantum 
theory for their explanation. The union of the quantum theory 
with the wave theory is by no means obvious, but is being ac- 
complished by means of quantum mechanics. The complete 
treatment of this unified theory is beyond the scope of this book. 
All that we need to assume is the existence of electromagnetic 
waves, coupled with the idea of their quantized interaction with 
matter. Thus exchanges in energy take place by increments of 
amount dthv, while exchanges in momentum take place by in- 
crements of ±h/\ X being the wave length, v the frequency, and 
h Planck^s constant of action. 


106 



WAVE THEORY 


107 


9.2 Wave Theory 

A wave is characterized by its amplitude Sq, its period T or fre- 
quency Vy and its state of polarization. The equation for a simple 
harmonic plane wave may be written in the form : 


s = So sin — ( t 


f-6 

T \ 


lx + my + nz\ 

— F ) + ‘J 


In practice one can never obtain one simple harmonic plane wave, 
but it can be closely approximated, and actual waves can always 
be represented as a sum of such waves. The symbols in the above 
equation are defined in the following paragraphs in connection 
with an analytical discussion of the equation. First of all, one 
notes that, if all quantities are kept constant except the time /, the 
equation evidently represents a simple harmonic vibration. The 
quantity Sq is thus recognized as the maximum value of s or the 
amplitude of the vibration. Physically, s and Sq iiiay be identified 
as either the electric field strength, the dielectric displacement, or 
the magnetic field strength. The dielectric displacement is de- 
fined as the vector sum of the electric field strength and 47r times 
the dielectric polarization, the latter quantity being the electric 
dipole moment per cubic centimeter. Usually the dielectric dis- 
placement is chosen as the light vector s, for then the equations 
derived for light propagation inside a crystal have the same form 
as those first developed by Fresnel. In free space and in isotropic 
media, the dielectric displacement not only is proportional to the 
electric field strength but also is always in the same direction as the 
field. The constant of proportionality is called the dielectric 
constant. In these cases the equations for light propagation have 
the same form regardless of the physical interpretation of the light 
vector s. It is in such media that the waves are finally observed. 
Light propagation in crystalline media will not be considered until 
Chapter 12. 

A plane wave of ordinary light may be resolved into a super- 
position of numerous elementary wave trains having the above 
form, with sq assuming all possible directions normal to the direc- 
tion of propagation during small, successive time intervals. If, 
however, the vector so remains constantly in one plane, the light 
is said to be plane polarized. The plane of polarization is defined 
as the plane perpendicular to the dielectric displacement. This 
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plane is being gradually replaced in optical literature by the vibra- 
tion plane which contains the light vector. It should be noted 
that vibratory displacement, like any vector, may be resolved 
into two orthogonal components having an orientation most con- 
venient for the problem being discussed. If the light is unpo- 
larized, the net components will always be equal, whereas if it is 
polarized, they will be the sine and cosine components of the light 
vector. 

The quantity T in the above equation is the period, or time 
for one complete cycle of change at any point. Its reciprocal is the 
frequency, or number of vibrations per second, and it is related 
to the wave length X by the equation X = FT, where V is the ve- 
locity of propagation of the wave. Since V depends on the trans- 
mitting medium whereas T does not, the wave length correspond- 
ing to light of any given color will also depend on the medium. 
Hence, whenever colors are designated by their wave lengths, the 
transmitting medium should also be specified. If this is not given, 
it may be assumed that the wave length is measured in free space. 
Since the velocity of light in air is only 0.03 per cent smaller than 
in free space, the wave length in air will likewise be that much 
smaller, and the difference, being small, may frequently be neg- 
lected. The visible spectrum extends from about 3800 A to about 
7600 A in wave length, where 1 A = lO”"® cm. The human eye is 
most sensitive to a wave length of 5550 A, which may be taken as 
the effective wave length of white light. For purposes of exact 
optical measurements, light of as nearly a single wave length as 
possible must be used. Such light may be obtained from sodium 
or mercury-vapor lamps with the interposition of filters to remove 
the undesired spectrum lines. The wave lengths used most fre- 
quently are mercuiy 5461 A and sodium 5893 A, a green and a 
yellow line, respectively. 

The quantity enclosed in brackets in the expression on page 
107 for a plane wave is called the pdrase of the wave. Thedocus 
of points in xyz space at which the phase is constant is called a 
wave front* In this case it is a plane 

lx + 'fny + nz «= constant 

the values of Z, m, and n being the cosines of the angles made by the 
wave normal with the a;, y, and z axes, respectively. The quantity 
V is the velocity of advance of the wave in the direction of the 
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wave normal, as can be readily seen by considering the ratio of the 
distance of propagation to the corresponding change in time for 
any given value of the phase. The phase constant e is needed only 
when one must compare the phases of two or more waves, for other- 
wise one may merely change the time origin and incorporate e 
within L 

When V is independent of the direction of the light vector sq, 
the medium is said to be isotropic. The wave fronts are then at 
right angles to the direction of energy flow which defines the light 
ray. The ordinary laws of refraction hold when light passes from 
one such medium into another. Moreover, the rays and wave 
normals always lie in the plane of incidence defined by the normal 
to the surface and the normal to the incident wave. The angles 
01 and 02, which the wave normals in the two media make with 
the normal to the surface, are related by the equation, Snell's law, 

sin 01 Vi 

= — constant 

sin 02 V2 

The constant is called the index of refraction of the second me- 
dium with respect to the first and is equal to the ratio n2/ni, where 
712 and ni are the indices of the two media with respect to a vacuum. 
Thus 712 = C/F2 and tii = c/Fi, where c is the speed of light in 
free space, and 712 and rii are called the absolute indices of 
refraction of the respective media. 

When F depends on the direction of the light vector, the me- 
dium is said to be anisotropic. Such media are crystals (with 
the exception of those belonging to the cubic system), all trans- 
parent media subjected to stresses, and colloidal materials with 
oriented fibrous or lamellar micelles. Their optical properties are 
discussed in Chapter 12. 

9.3 Wave and Group Velocity 

The velocity F of a wave is not measured directly by the usual 
methods for measuring the speed of light. In free space or air, one 
usually measures, instead of F, the signal or group velocity U 
of some impressed change in amplitude. To discover how U and 
F are related, assume a mathematically simple sort of modulation 
which may be represented by the sum of two waves having the 
same amplitude but slightly different frequency. These waves will 
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have slightly different phase velocities in a dispersing medium. 
The superposition of two such waves gives a beat wave, as shown 
in Fig. 9.1. Analytically, 



It is assumed that Ti and T 2 , as well as FiTi and ^ 2 ^ 2 , are nearly 
equal, so that one may write their average values as T and VT re- 



Fig. 9.1. A wave group. 


spectively. The cosine factor represents the modulation of the 
sine wave. In Fig. 9.1, this is shown as the envelope of the higher- 
frequency “carrier wave.^^ The velocity of the sine or the cosine 
wave is found by dividing the coefficient of the t term by the co- 
efficient of the X term.^ Thus for the carrier wave 


and for the group 


1/T 

V = 

l/VT 


= V 


A(i/r) ^ dv 

A(i/VT) ~ Jp 


iLet 

Then 


2/ « A sin {at — hz) 

^ * A sin la{t + AO ~ b{x + Ax)] 


at a later time and farther along. The same y is found ever3rwhere if 


Hence 


a At b Az 
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where v is the frequency, and v is the wave number, j? = 1/X = 
l/VT, Since v = UP, one readily obtains 


or, in terms of X, 


dV 

U = V + v — 
dv 


U = 


V - 


X 


dV 

d\ 


In the optical region, the velocity of light in transparent media 
increases with wave length, since for these media the index of re- 
fraction, n = c/Vy diminishes. Hence the group velocity is less 
than the wave velocity by an amount depending on the rate of 
change of V with X. If there is no dispersion, as in free space or 
(nearly) in air, then U = F, and the distinction between the two 
velocities disappears or becomes imperceptible. On the other 
hand, measurements which have been made of the speed of light 
U in water and particularly in carbon disulphide require an ap- 
preciable correction to obtain F, from which one may find the 
index of refraction c/F. 


9.4 Measurement of the Speed of Light 

In all experimental methods for measuring the speed of light 
except Bradley^s method, which employs the aberration of light, 
one is forced to modulate the wave by changing its intensity and 
then measure the signal or group velocity. One excellent method 
is that of Foucault, as perfected by Michelson, which employs a 
rotating mirror as a timing device. Essentially, one measures the 
short time interval At taken by light to travel over a distance L and 
back again, by observing the angle through which a uniformly 
rotating mirror turns in the same time. If the mirror makes n 
revolutions per second and rotates through a radians in this time 
interval, then At = a/27rn. Michelson used many-sided mirrors 
in his last experiments. For example, with an octagonal mirror, 
the position of the mirror when a wave train is leaving a face A 
toward the distant reflector is shown in Fig. 9.2. If the rate of 
rotation is adjusted properly, the returning wave train is reflected 
by face B after it has turned through exactly a = 7r/4 to S'. The 
returning light would then be undeflected, as if the mirror were 
placed in the position shown and not rotated at all. In this de- 
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scription, the method and apparatus are greatly simplified. For 
details, one should refer to Michelson^s papers or his book Studies 
in Optics. In his 1924 experiments the distance L was about 22 
miles from Mount Wilson Observatory to a station on Mount San 
Antonio. The rate of rotation n was about 529 sec~*, this being 
measured by comparison with a standard tuning fork. The 
weighted mean of 1763 observations was 299,796 ± 4 km/sec for 
the speed of light corrected from air to vacuum. Later, Michelson 



Fig. 9.2. Diagram of Michelson’s rotating-mirror metliod for measuring the 

speed of light. 


measured the speed directly in a mile-long vacuum tube in order 
to eliminate the uncertainties arising from the reduction of the 
results from air to vacuum. These measurements were completed 
after Michelson 's death in 1931 by his associates, Pease and 
Pearson, who obtained the value 

V = 299,774 zL 1 km/sec 

This is so close to the value of the speed of electromagnetic waves 
according to MaxwelFs theory, using the results of purely electrical 
experiments performed by Rosa and Dorsey, 

c * 2.99791 X 10^® cm/sec 

that light is now universally considered to be an electromagnetic 
radiation. 

The speed of light was measured more recently by W. C. Ander- 
son with considerable precision.^ The method used is essentially 
* W. C. Andebson, Journal of the Optical Society of America, 8L 187 (1941) 
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a modernized version of Fizeau's method, which employed a 
toothed wheel to interrupt the wave train. A beam of light from 
the source Q, Fig. 9.3, is alternately transmitted and intercepted 
by a Kerr cell arrangement at K (see Art. 19.6) which is connected 
to an oscillating circuit. A sequence of modulated pulses of length 
L and spacing L are transmitted by the cell. These pulses are 
divided at the half-silvered mirror at H. One short path leads to 


Fig. 9.3. 



Diagram of Anderson’s Kerr-cell method for measuring the speed 
of light. 


the mirror Mi and back through the plate JT to a photocell re- 
ceiver and amplifier at P. The longer path leads to mirrors M 2 , 
M3, M4, Ms and back to H, where part of this light is also re- 
flected into the photocell. If the greater distance from H to M 5 is 
D and the shorter distance from P to Mi is d, the pulses will arrive 
in opposition, giving a minimum response in the receiver, when- 
ever 2{D — d) is some odd multiple of the pulse length L. If / is 
the frequency of the oscillator and U the group velocity of light, 
then jj 


and the minima occur when 


U 
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n being some integer. Since the speed of light is known quite ac- 
curately, the number n may be computed and rounded off to the 
nearest integer. Then a more accurate value of U may be found 
with the aid of the above equation. For a more complete dis- 
cussion, as well as an improved variation of the procedure given 
above, the reader is referred to the original article. The final 
result given by Anderson for the speed of light in free space is 

c - 2.99776 ± 14 X 10^^ cm/scc 


PROBLEMS 

1. One of Jiipiter^s satellitos has a pc'riod of 42 hours, 28 minuU^s, 42 sec- 
onds. What will be the maximum period obstTved from the earth, which has 
a mean, orbital speed of 18.5 miltis per second? (The first measurement of 
the speed of light by Roemer was bastid on the difference in time between the 
observed and predicted eclipses of one of Jupiter’s satellites.) 

2. If light reflected from one face of a sixteen-sided mirror rotating at 400 
rps returns from a distant mirror after the rotating mirror has turned through 
just one sixteenth of a revolution, how far is the distant mirror? 

3. Show that one can eliminate the necessity of measuring th(^ tmiire dis- 
tance d in Anderson’s method by replacing the mirror Mg by a returning mir- 
ror Ms, thus greatly reducing the distance />, and moving the mirror Mi by 
a measured small distance sufficient to obtain a minimum. Assume that the 
two paths are made nearly equal by this reduction in /). 

4. Compute the phase velocity and the group velocity for light of 5893 A 
wave length travelling in crown glass and in flint glass, using the indices given 
in problem 21, Chapter 7. 



Chapter 10. Interference of Light 


10.1 Young’s Experiment 

Thomas Young first showed, in 1800, that one could cause two 
beams of light to overlap in such a way that alternating regions of 
light and darkness are observed. He called this phenomenon 
interference between the two light beams. The apparatus needed 
is of the simplest sort. Light from a source passes through a nar- 
row slit at aS, Fig. 10.1, and then through two parallel slits Si and 



Fig. 10.1. Young’s experiment, showing the overlapping of beams due to 
diffraction of light passing through the two narrow slits. 

S 2 at a distance a from S. The illumination on a surface at a 
distance b from the double slit shows the interference bands. The 
separation of Si and ^2 should be quite small compared with the 
distance 6, and the width of S should be very small compared with 
a. Unless the source is very bright, it is difficult to see the bands, 
but they may be readily recorded on a photographic plate at A 
(see Fig. 10.2), or one may remove A and observe the bands with 
the aid of an eyepiece or magnifier. 

As a wave front from S reaches the double slit, two nearby por- 
tions pass through the respective slits. A considerable amount of 
diffraction. Art. 11.2, due to the narrowness of the slits, causes the 
light to be distributed over an appreciable area of A. Each slit 
by itself produces a characteristic diffraction pattern of the type 
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to be discussed in the next chapter. However, the illumination 
due to both beams is hot the sum of the two, but is found to be 
very low at some locations and to exceed the sum at others. These 
phenomena are called respectively destructive interference and 
constructive interference. Fundamentally, there is a re- 
distribution of the light, the intensity at each point being propor- 



Fig. 10.2. Young’s experiment. Interference bands in mercury green light, 
using a double slit made by ruling two parallel scratches through the backing 
of a mirror with a knife blade. 

tional to the square of the amplitude of the wave resulting from 
the addition of the two waves from Si and S 2 respectively. 

10.2 Addition of Waves 

The two waves superpose, each one travelling as if the other one 
were not there, so that 

« => Si + *2 = sin + «1 j 

+ + *2] 

di and d 2 being the respective distances from iSi and Sg to some 
'point P, the other symbols being as previously d^ned, Art. 9.2. 
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The phase constants ci and €2 in Young^s experiment will be 27 r/X 
times the distances SSi and 882^ By expanding the sine functions 
and collecting terms, one obtains a result which may be written in 
the form 


where 


s = ^ sin 



= Ai ^ +‘-^2^ + 2Ai^2 cos a 


in which A is the phase difference 



2ir 27r 

(di — ^2) + («2 — €1) = — (^^1 ^2) + (€2 


€l) 


When the two waves are from different sources, or even from 
different points in the same source, the phase constants €1 and €2 
change very frequently by arbitrary amounts and the waves are 
said to be non-coherent. In this case, one can only observe the 
time average of A^ which is equal to Ai^ + A2- Since the in- 
tensities of all kinds of waves are proportional to the squares of 
their amplitudes, this result shows that the resultant intensity is 
just the sum of the two individual intensities. It will be con- 
venient to consider the constant of proportionality between the 
square of the amplitude and the intensity to be unity. ’It will 
have this value in some appropriate units. 

If the cross-product in the expression for ^ 4 ^ is not to average 
out, the two waves must preserve a constant phase difference at 
all times, that is to say, they must be coherent. In the case of 
light, such coherent waves are obtained only by the division of a 
single wave into two parts, which are reunited after travelling 
along paths which differ by an amount such as Uxdi — n2d2* The 
difference between the phase constants ei and €2 will be either 0 
or TT in practically all cases in which we will be interested. The 
union of coherent waves will produce amplitudes, and therefore 
intensities, which depend greatly, and in a characteristic manner, 
on the value of A. In particular, the intensity will be greatest when 
A is some integral multiple of 27 r, and it will in this case be even 
greater than the sum of the two separate intensities, since 

A^ = Ai^ + A 2 ^ + 2A1A2 

In such a ca^ of constructive interference the resulting amplitude 
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is simply the sum of Ai and -42* On the other hand, when A = 
(m + 3^2)27r, with m = 0, 1, 2, 3 • • •, one finds that 

= Ai^ + A2^ - 241^2 

the amplitude being equal to the difference between Ai and 42. 
Thus the resultant intensity is less than the sum of the separate 
intensities. The average intensity in the two cases is, however, 
still equal to the sum of the two intensities. Interference phenom- 
ena always contain regions in which there is an excess of energy 
and others where there is a deficiency, but of such an amount that 



Fig. 10.3. Double slit, showing the path difference from the two slits Si and 

S 2 to a jM>int P. 

the total energy is conserved. No absorption of light is necessarily 
associated with interference. 

The specific cases given above are only those for which the in- 
tensity has a maximum or a minimum value. Intermediate re- 
sults are included in the formula for 4^, the value of which may be 
found graphically by noting its similarity to the cosine law of 
trigonometry. One may accordingly construct an amplitude 
triangle with a side of length 42 making an exterior angle A with 
a side of length 4i. The closing side of length 4 is the resultant 
amplitude. 

In Young’s experiment, Fig. 10.3, the difference in path d from 
S 2 and Si to P is given by 

d^S2R-- S 2 P - SiP 

The arc SiR is always small and may be replaced by its chord. 
Moreover, the angle S 2 S 1 R is so small that one may take the angle 
as equal to its sine or tangent, so that 

d ^ y 
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The difference in phase between the waves arriving at P from S\ 
and ^2 is accordingly 

27rd 2irsy 
X ~ XZ) 

assuming that the slits and S 2 are equally distant from S so that 
Cl — ^2 = 0. The locations of maxima of intensity will correspond 
to values of A = m 27r, or d = m\. Thus for the maxima 

and for the minima 

where m is an integer called the order of interference. 

Since X is very small for visible light, it is necessary to make s 
much smaller than D in order to resolve the bands. For distinct 
interference bands, S must be narrow enough so that the difference 
in phase of waves arriving at S\ and S 2 from its various parts will 
not exceed about half a wave length. The slits Si and S 2 must be 
narrow enough so that the two central diffraction maxima overlap 
each other by at least two interference bands. Since the central 
diffraction maximum for a single slit has a total width of 2Z)X/e, 
where e is the slit width of Si and 82 , this means that s must be 
more than three times as large as e. 

10.3 FresnePs Mirrors and Biprism 

The necessarily narrow slits in Young^s experiment make the 
intensity of the pattern quite low. Moreover, the interference 
phenomenon is dependent on the overlapping of waves due to dif- 
fraction at the double slit. In order to overcome these limitations, 
Fresnel devised his double mirror and biprism. The underlying 
theory is quite similar to that of Young’s experiment: one must 
only derive an expression for the separation of the double images 
of Sj which are now obtained by reflection or refraction, as shown 
in Figs. 10.4 and 10.5. If a represents the angle between the two 
mirrors. Fig. 10.4, the angle subtended at the intersection of the 
two mirrors by the two images Si and S 2 of S will be 2a, as can be 
readily proved by applying the law of reflection. The images and 
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source lie on a common circle of radius Di. The resulting optical 
arrangement is that of two coherent sources which are separated 
by a small distance s = 2aZ)i, from which light is sent to points 
such as P at a distance Pi + P 2 - In essential respects this is 



Fig. 10.4. Fresnel mirrors, showing formation of coherent images of the slit S. 


similar to Young^s experiment. Hence a suitable alteration of the 
formulas to fit the preseut case gives for the location of the inter- 
^rmce maxima 

(Pi + P2)X 

y = m 

2Dia 

and for the minima 


y 




1\ (Pi + P2)X 

Vfl — ) 

2/ 2Pia 


: n the slit S is moved close to the plane of a single mirror, one 
can observe interference between the waves from S and from its 



Fig. 10.5. Fresnel biprism, showing formation of coherent images of the slit S. 


reflected image. Such an arrangement is called a Lloyd’s mirror. 

In the Fresnel biprism, Fig. 10.5, the lower half of each wave 
from 8 which passes throu^ the prism is deviated through a small 
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angle toward the upper half. It has been shown that, for prisms 
of small angle a and index n, the deviation equals (n — l)a. The 
distance between the coherent images Si and ^2 will therefore be 

s = 6Z)j = 2Di(n — l)a 

Thus one finds that the intensity maxima are located at values of 
y given by 

m(Di + D2)\ 

^ ~ 2Di(n - l)a 

A photograph of a biprism interference pattern is shown in Fig. 10.6. 



Fig. 10.6. Interference bands obtained with a Fresnel biprism. The super- 
posed intensity fluctuations are due to diffraction arising from the limitation 
of the wave front at the apex of the biprism. Compare with Fig. 11.16. 


10,4 Michelson Stellar Interferometer 

This interferometer has the mirrors ilfi, M2, M3, and M4, Fig. 
10.7, supported on a rigid beam. The separation s of mirrors Mi 
and M4 may be increased up to about 20 ft. The mirrors M2 and 
Ms reflect the light into the telescope. If the mirrors Mi and M^ 
are relatively close together, interference bands are observed 
crossing the diffraction disk of the star in the focal plane of the 
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telescope at E. One has essentially a double aperture M 1 M 4 as in 
Young^s experiment, the star serving as the source S. The paths 
from the different elements of area of the star to the two mirrors 
of the double aperture vary by less than X/2 when the separation 

s is small, so that the fringes 
are quite distinct. However, 
as one increases s, the path 
difference from the elements 
of area of the star to Mi and 
M 4 finally becomes great 
enough so that the bands are 
obliterated. To understand 
better the conditions for this 
disappearance, consider, for 
example, a rectangular source 
of . width I/; at a distance Z), 
Fig. 10.8. Let the optical 
paths from the edge A io Mi and M 4 be equal. Then the optical 
paths from B to Mi and M 4 will differ, see Fig. 10.8(a), by the 
amount 



If d = X, the source may b6 divided into halves, as in Fig. 10.8(6), 
and in each half there will be corresponding strips for which the 



(a) (b) 

Fig. 10.8. (o) Path difference of light from off-axis portion of a distant 

object. (6) Elements of area of distant object whose width is w, 

difference in path is X/2, so that the fringes at E produced by light 
from these strips will be complementary and hence will obliterate 
each other. A ^ond disappearance will occur when d « 2X, but 



Fig. 10.7. Light path in Michelson’s 
stellar interferometer. 
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usually the star is small enough so that only the first disappearance 
is observed. In this case 


w 



and the angle a subtended by the “star^’ will be 

w X 

For a circular disk of uniform intensity, it can be shown that a 
factor of 1 .22 should be included, giving 

X 

a = 1.22- 

In the case of the star Betelgeuse, the bands were found to dis- 
appear at s == 306.5 cm, although fringes could still be observed 
in the images of neighboring stars. Assuming an effective wave 
length of 5.75 X lO”'** cm, this gives for a a value of 0.047 second 
of arc. Since the parallax of Betelgeuse is 0.018 second, its linear 
diameter w is 240 X 10® miles, or nearly as large as the orbit of 
Mars. Other stars have since been measured by the same method. 

10.5 Rayleigh Gas Interferometer 

This is a modification of Young^s experiment, applied to the 
measurement of the indices of refraction of gases or of very dilute 
solutions. Light from the source S, Fig. 10.9, is collimated by the 



Fia. 10.9. Light paths in a Rayleigh gas interferometer. 

lens L, passing through the double slit S 1 S 2 and then through two 
adjacent tubes containing the two gases to be compared, the indices 
of which are represented by rii and 712 , the tube length being L 
The interference bands are observed with the aid of a cylindrical 
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lens at E, A cylindrical lens is preferred, since it magnifies the 
interval between the bands without diminishing the intensity as 
as much as a spherical lens, which would also increase the spread 
of the light along the length of the bands. The difference in op- 
tical path through the two tubes is (n 2 — ni)l, and this causes a 
fringe shift of m spaces, where 

I 

m = (n2 ^ til) “ 

X 

The fringe shift may be counted as one gradually introduces the 
gas whose index is to be measured, but usually one makes measure- 
ments by compensating for the difference in path by rotating the 
compensating plate C, It can be proved that the increase in path 
d produced by rotating a compensator, whose index is n and thick- 
ness is tj through an angle i from the perpendicular is given by 

d = t{y/n^ — sin^ i — cos i — n + 1) 

The fringe shift due to the difference between 712 and ui may thus 
be compensated by rotating the plate C through some angle by 
means of a graduated micrometer screw. White light fringes are 
used which have one unique achromatic band at the center of the 
pattern. This achromatic band is brought back to its ^‘zero^^ 
position by the calibrated compensator. One may use this inter- 
ferometer for many kinds of analyses of gases, a commercial form 
by Zeiss being available for this purpose. In this form, the light 
is doubled back on itself, the entrance slit being just to one side of 
the eyepiece. The light is reflected into S from the side by means 
of a small totally reflecting prism. The instrument is built rigid 
enough so that it is portable. 

10.6 Interference in Films and Plates 

At any interface between two media, light is partially reflected 
and partially transmitted. When such waves are suitably re- 
united, we have a type of interference which is classified as due to 
division of amplitude. Newton’s rings and similar phenomena 
due to partial reflections at two successive interfaces are familiar 
examples of this kind of interference. 

The ratio of the amplitudes R and E of the reflected and in- 
cid^t waves at perpendicular incidence is given by Fresnel’s re- 
flection formula, Art. 12.3, 
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R n2 — ni 

E 712 + ni 

where rii is the index of the first medium, and n 2 the index of the 
second. The Fresnel formulas for the general case of oblique re- 
flection are derived and discussed in Art. 12.3. The negative sign, 
which applies even to oblique reflection up to the polarizing angle, 
indicates a 180® change in phase at the interface when n 2 is greater 
than ni. This must be added to the phase change due to the dif- 
ference in optical path. The 
formula also shows that the 
magnitude of the amplitude of 
a normally reflected wave is one 
fifth that of the incident wave 
when the light is reflected either 
externally or internally at an 
interface between air and a 
material having an index of 
refraction of 1.5, such as crown 
glass. At external reflection 
there is a phase reversal, while 
at internal reflection there is 
none. 

Let t be the thickness of a film of material whose index of re- 
fraction is 712 j ^3 indices of the media on its 

respective sides. Fig. 10,10. The optical path difference between 
any two of the successive reflections shown in the figure will be 
given by 

d = 712 (AB -f- BC) — TiiAD 

7ii2t tan $2 sm di 

cos $2 

Using SnelFs law, ni sin di = 712 sin ^ 2 > is found that 
27l2t 

d = (1 — sin^ B 2 ) = 2 n 2 f cos B 2 

cos B 2 

Note that the difference in path is greatest for perpendicular in- 
cidence, so that it decreases as the angle of incidence is increa^. 
If the index % is either less than or greater than both of the mdioes 



Fig. 10.10. Multiple reflections in a 
plane-parallel plate. 
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n\ and ^3, the phase difference between the first two of the suc- 
cessive reflections is 

27r 

A = — 2n2< cos ^2 ± ^ 

X 

The other successive multiple reflections occur without the phase 
reversal tt. To find the actual magnitudes of the intensity values 
one must combine all the amplitudes. However, since the am- 
plitudes of the multiple waves beyond the second usually diminish 
very rapidly, one may find the conditions for maxima and minima 
without considering them. They effectively alter the amplitude 
of the second wave by a small amount which does not alter the 
conclusions given here. 

Since there is destructive interference whenever A is any odd 
multiple of tt, the first term on the right-hand side of the above 
equation, i.e., the retardation due to path difference, must in this 
case be an even multiple of tt. Hence we find a minimum intensity 
when 

2/12^ cos ^2 = m = 0 , 1 , 2 , 3 , • • • 
and a maximum intensity when 

A == m 27 r, m = 0 , 1 , 2 , 3 , • • • 
or 

271^1 cos $2 — {m + 

On the other hand, if ni > 712 > 713, or if ui < 712 < 773, there is no 
extra tt to be included in the expression for A, so that a maximum 
intensity occurs when 

2712 ^ cos B2 = m\ 
and a minimum intensity when 

2n2t cos $2 — {m + 3^)X 

The first set of conditions, for example, applies to a soap film in 
air or an air film between glass plates (Newton^s rings). The 
second set applies to a fluoride film on glass, such as is often used 
to reduce losses due to reflection, the best thickness being t = 
X/ 4712 . For most perfect interference the reflectances at the two 
surfaces of the film must b e equ al. FresneFs formula shows that 
this is the case if n2 « 'x/naTii, which becomes equal to if 
% » L 
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The conditions for maximum and minimum intensity in trans- 
mitted light are readily seen to be the reverse of those applying to 
reflected light in all cases. Thus a maximum transmittance cor- 
responds to a minimum reflectance, and vice versa. This was first 
observed by Newton and is now applied to coatings on lenses. 

The colors of thin films are due to selective interference arising 
from a variation in phase difference with wave length. The wave 
lengths at which maxima or minima occur, depending on the 
relative indices, are determined by the formula 

2n2t cos 62 

X = ; m = 0, 1,2, 3, ••• 

m 

which indicates a sequence of bands in the spectrum. When the 
numerator is large compared with the wave length of visible light, 
the values of m needed to observe visible effects must also be large. 
In this case there will be a large number of fluctuations in the 
visible spectrum (channelled spectrum). With a sufficiently 
great number of maxima, no interference colors are seen, since the 
relative intensities of the primary red, green, and blue will not be 
altered. The most brilliant interference colors are observed when 
the spectrum contains only one or two interference maxima. The 
sequence of colors observed with increasing path difference is known 
as Newton’s color scale. It is often used to judge the magnitude 
of the optical path difference semiquantitatively. A chart for this 
purpose may be found in Iddings^ Rock Minerals, 

The form of the interference bands depends on the manner in 
which the optical path difference varies across the surface of the 
film. The value of 62 always varies by at least several degrees over 
the field of view, so that, in general, cos 62 cannot be regarded as 
constant even at normal incidence. The importance of the change 
in the cosine factor depends on the magnitude of 2n2t. If this is 
several thousand wave lengths, one obtains fringes which are due 
solely to the variation in cos $2^ when t is constant. These are 
called Haidinger’s fringes, or fringes of constant inclination. 
They will be discussed further in connection with interferometers. 
On the other hand, if 2n2t amounts to only a few wave lengths, 
the variation in the cosine is negligible, and, for incidence around 
the perpendicular, the cosine may be taken equal to xmity. In 
this case, the dark fringes are seen in an air film when 
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2t = mX 

or when 

X 

t — m - ; m = 0, 1, 2, 3, * • • 

2 

These fringes are called fringes of constant thickness, since the 
thickness of the film under any one fringe is constant. In a way, 
the fringes of constant thickness resemble the contour lines on a 
topographical map, each one of which connects points at a con- 
stant elevation of one surface with respect to a second surface, 
e.g., sea level. There is a constant increment in elevation from one 
band to its neighbor. Intermediate cases, where 2n2t is neither 
large nor small, may be discussed in the same manner as given in 
connection with the Michelson interferometer in Art. 10.9. 

10.7 Localization of Fringes 

When the film is thin, the fringes are localized in or near the 
film, as can be seen by noting the intersections of coherent ray 
pairs reflected at both surfaces. Fig. 10.11(a). For a thick parallel 



Fig. 10.11. (a) Coherent rays from 
a wedge-shaped film intersect near 
the film. (6) Coherent rays from a 
parallel plate intersect at infinity. 



Fig. 10.12. Coherent ray pairs from 
different points of an extended source 
arrive at P with different retarda- 
tions. 


plate, on the other hand, the Haidinger^s fringes are localized at 
infinity, since the coherent ray pairs are parallel, Fig. 10.11(6). 
For intermediate cases, the problem is not solved so simply. Some 
insight into its nature may be gained by considering the rays in 
Kg. 10.12. Let S represent the extended light source usually 
anployed, and suppose that one focusses a camera, microscope, 
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or the eye on some point P. From any point of S one may draw a 
ray reflected from the upper surface and passing through P, and a 
coherent ray from the same point of S reflected from the non- 
parallel lower surface and passing through the same point P. Each 
ray corresponds to a wave, which is not shown. Besides being 
easier to trace, the rays indicate more clearly the paths and path 
differences that determine interference conditions. These rays may 
be found by an application of Fermat’s principle or with the aid of 
the images of each point in S. The various pairs of rays will possess 
a certain divergence and difference in path. If the aperture of the 
observing system is great enough, they will be united at the focus 
conjugate to P. If one constructs such ray pairs from the various 
points of 5, he may find a considerable variation in the optical path 
difference to P. If the optical path differences of the united ray 
pairs vary by less than half a wave length, the interference fringes 
will be distinct; whereas, if they vary by much more than half a 
wave length, the distinctness of the fringes is correspondingly re- 
duced. 

A restriction in the aperture of the observing system may be 
necessary in order to limit the variation in optical paths sufficiently 
to obtain distinct interference bands. The aperture of the eye 
often provides sufficient limitation. If it does not, a small dia- 
phragm will help. At a particular location of P there will be a 
maximum distinctness even with a large aperture, and this is where 
the fringes are said to be localized. This problem will be considered 
in a quantitative manner in relation with the Michelson inter- 
ferometer. 

10.8 Applications of Fringes of Constant Thickness 

Since these fringes are analogous to the contour lines on a topo- 
graphical map, they may be used to determine the form of a sur- 
face of a plate of glass, a prism, or a lens with reference to a stand- 
ard test plate. For testing surfaces which are approximately 
plane, one uses an optical flat. Such a flat is usually made of 
Pyrex glass or fused quartz to minimize distortion due to possible 
unequal temperature. It has one surface which is flat to one 
fourth, one eighth, or one sixteenth of a wave length of light. The 
flat surface and the surface to be tested are cleaned, brushed free 
of dust, and slid into contact. Illumination by monochromatic 
sodium or mercury light, usually under perpendicular incidence^ 
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reveals bands of constant thickness of air film. These bands are 
straight and equidistant if the surface being tested is flat. The 
usual observation of several bands in this case is due to the almost 
unavoidable wedge-shaped nature of the air film. If the bands 



Fig. 10.13. Example of interference bands observed in the air film between 
a sheet of good plate glass and an optical flat. The plate glass is convex in 
one principal direction and concave in the" other. 


have a small curvature, the deviation from flatness across the 
chord of one band is the same fraction of a half wave length as the 
ratio of the sagitta of the arc to the interval between bands. If 
the surface tested deviates appreciably from flatness, irregular 
bands will be observed over its surface, such as those in Fig. 10.13. 
Each hand is the locus of points at which there is a constant thick- 
ness of film, and this thickness changes by half a wave length from 
any band to the neighboring one. To determine whether the sur- 
face slopes downward or upward in a direction normal to the 
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bands, one may note the direction in which the bands move when 
a slight pressure is applied, or when the viewing angle is made more 
oblique. In either case, the bands move toward the place where 
the air film is thicker, because 2i cos 62 remains constant along any 
one band. Thus a band for a given 2t cos 62 == m\ will always be 
at a place where this condition holds. If t is reduced, while keeping 
$2 constant, the band accordingly moves over to the place where 
t now has the original value, or where the film was thicker. On the 
other hand, if 6 is made larger, cos d becomes smaller, and the band 
moves over to the place where t is appropriately larger. Thus, if 
the standard flat is above the sample, the bands move downhill 
on the surface of the sample. The same is true if the flat is under- 
neath, provided that one imagines the tested surface to be turned 
so as to face the observer after testing. 

If the two surfaces consist of a plane and a sphere, or two spheres 
of slightly different radius of curvature, one observes rings about 
the point of contact or nearest approach of the surfaces. These 
are called Newton’s rings after their discoverer. Figure 10.14 is 
a photograph of such rings, using monochromatic mercury light. 
I^et Ri be the radius of curvature of one of the surfaces, and R2 the 
radius of curvature of the other. Fig. 10.15. We wish to find an 
expression for the thickness of film t at a point P at a distance 
r == A P from the point of nearest approach of the surfaces or from 
the axis of symmetry passing through the two centers of curvature. 
Referring to Fig. 10.15, it is seen that 

AB == AV2 + V2V1 - BVi 


The distances AV2 and BVi are sagittas of the two arcs, and are 
obtained by solving equations like 

(P2 “ AV2f + r^ = R2^ 

so that 

. 172 ( 2^2 -AV2)^r^ 


When A V2 « 2R2, which is usually the case, 


Similarly 


AV2 = 


BVi ^ 


2R2 

7^ 
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Fia. 10.14. Newton's rings. 

Letting e represent the thickness of the film F 1 F 2 at the center, it 
follows that 

2 XRi rJ 

Dark rings of radius r = are observed in reflected light when 

2tcoa0 — mK 
or 

( cos + 2c cos S “ »iX 

\R2 R\/ 
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In the special case of c = 0, = oo , and perpendicular incidence, 

one obtains the usual formula for the radii of Newton^s rings 

Tm = 's/mKR ^ 


The radii of the dark rings are proportional to the square roots of 
successive integers m, as Newton observed. At the center of the 
ring system, m = 0, a dark spot is observed, which is experimental 
evidence for a phase reversal. In transmitted light the same for- 
mulas hold for the bright rings. However, the rings are not nearly 
so distinct in transmitted light 


because of the widely different 

amplitude of the interfering ^ 

r 

i-r- 

waves. Hence it is best to 
observe Newton’s rings by re- ^ 


nr 

t 

fleeted light. 

One may measure the radius 

of curvature of a lens surface „ mu 

, . ,1 riG* 10*15. Ihe 

film thickness 1 is a 


by measunng the diameters function of r. 

of Newton^s rings for a known 

wave length. In practice, it is difficult to be sure that e =« 0, so it is 
best to eliminate e by measuring the diameters and dmt of two 
rings. As a matter of fact, e may be quite large, particularly if a 
concave lens is supported over an optical flat. Eliminating e by 
using two orders, mi and m 2 , one finds that 




= (mi — m2)X 


The value of mi — m 2 is readily found by counting from one ring 
to the other. For example, if one measures the diameters of the 
third and thirteenth rings, mi — m 2 = 10. Then, if one knows the 
radius of one of the surfaces, often infinite, one may readily com- 
pute the radius of curvature of the other. 


10.9 Interference with Large Path Difference 

In order to obtain distinct interference bands as the path dif- 
ference becomes large, one must satisfy the following conditions 
with increasing precision: (a) the light must be monochromatic, 
and (b) the surfaces must be plane and parallel. A edilimator 
giving incident plane waves provides a larger, more uniform field 
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in which the interference fringes are observed. Various kinds of 
interferometers have been developed in which the above conditions 
may readily be satisfied, the best known being the Michelson in- 
terferometer. This is quite a versatile instrument and has been 
used, in various modifications, for many kinds of measurement, 
some of which are discussed in the following paragraphs. 

Plane waves are obtained by placing a source of monochromatic 
light at the principal focus of a lens Li, Fig. 10.16. The waves are 



Fig. 10 . 16 . Light path in a Michelson inU^rferorneter. 


divided at the partially metallized forward surface .of M (lower 
surface in Fig. 10.16) so that coherent waves of approximately 
equal amplitude travel to the mirrors Mi and M2. Here they are 
reflected and are finally focussed in the focal plane of the lens L2, 
which may be a telescope objective, a camera lens, or merely the 
lens system of the observer's eye. The fringes may have various 
forms, depending on the adjustment of the interferometer, though 
usually only two forms are used, the straight and the circular. The 
straight bands are obtained when the difference in path is small, 
and M2 is adjusted sd that it is not quite at right angles to M\. 
The image of the mirror M2 in the mirror ilf , from which the light 
seems to come, forms a thin wedge with the front surface of M\. 
The fringes are localized near Mi in this case. If the difference in 
path is large, the mirrors should be adjusted so that the image of 
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M 2 in M is strictly parallel to M\. In that case, Haidi|iger*s 
fringes (circles) of constant inclination are observed. These are 
localizcnl at infinity. The compensator C is made of the same glass 
and of the same thickness as M , so that it serves to introduce the 
same amount of material in both the paths. To accomplish this 
it should be set exactly parallel to M , but it is usually provided 
with a screw adjustment so that the fringes may be displaced by a 
small amount when it is rotated. The calibration of the screw is 
useful in measuring small fringe shifts. The mirror Mi is mounted 



Fig. 10.17. The path diffm»nce 2t from coherent points in the virt ual'sources 
Ml and M 2 ' vanes with then location. 

on accurately straight ways and can be displaced over a range of 
several centimeters by me^ans of an accniratt^ screw. The number 
of fringes passing a nd'erence mark in the field of view gives the 
displacement of the mirror Mi in half waves of light. 

The fringes in the interferometer appear to be formed by light 
reflected at the surface of ii/i and at the image of M 2 in M, These 
surfaces generally make a small angle <t> with each other. As in the 
theory of interference in thin films, the two reflections introduce a 
path difference of 2t cos 8 between the two waves, 8 being the angle 
of incidence or reflection, and t being the perpendicular distance 
between the two surfaces. The general equation for the form and 
localization of the fringes will now be derived. 

If, as is usually true, the source S is of sufficiently large angular 
extent, the illumination at any external point is independent of its 
location or form. It is accordingly convenient to imagine the 
source to lie in the interferometer, being replaced by two coherent 
sources, one at Mi and the other in a virtual plane at Fig* 
10.17. This postulate, due to Michelson, is justified by experience* 
Thus the light may be considered to come directly from the 
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virtual sources Mi and M 2 without reflection, provided that one 
doubles the separation t between Mi and the image of M 2 as well 
as the atigle 4> between them, as shown in Fig. 10.17. It is easy to 
see that the path difference P^i — PS in the figure is then ap- 
proximately given by the required expression 2/ cos 5. 

The phase relations at any point P due to light from coherent 
points in Mi and M 2 differ for different pairs of points over the 
area of Mi. At the foot of the perpendicular PC) of length 1) the 
path difference is 2/o, where /(> is the thickness of the ecpiivalent air 
film between the image of M 2 and the mirror surface Mi at the 
point 0. Elsewhere the value of 2t is given by 

2t = 2/() -f- OQ tan 2(f) == 2{f{) -{- ()Q tan </>) 


the latter approximation lieing i)ermihsible he(*ause of the small- 
ness of (f). Substituting the value of OQ ~ 1) tan i, one obtains 
for the path difference at P between the light from S and aS'i, the 
value 

d — 2t cos 5 = 2(U) + D tan i tan </>) cos 6 

Now 


cos b 
Thus 


1 

PS V /3-J + 0^ + QS^ V l + tan'^ i ’+" tari^tf 


d 2 ^ ^ 

a/ 1 + tau^ i + tan^ 6 


There will be a maximum distinctness of the fringes at P, i.e., a 
localization at P, if 


dd dd 

— = 0 and — = 0 

ee di 


From the first condition, one finds by diff(Tentiation that 


dd 

ae 


Henee 


2(<o + P tan 7 tan 0) 

2(1 + tan^ i + tan^ 


2 tan 6 sec^ $ 


- 0 


^ = 0 


from the second condition, 
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2D scc^ i tan 0 
(1 + tan^ i + tan^ 6)'- 
or 

2 see^ i 

(I + tan^ i + tan^ 
and 


^0 + D tan i tan </> 
(1 + tan^ I + tan^ 


2 tan i sec^ i 


= 0 


{D tan 4> + D tan </> tan^ 0 — tan i) ~ 0 


D tan </>(!+ tan^ B) — to tan i 


Since 0 = 0, it follows that 


Hence 


D tan 0 = ^0 tan i 


to tan / 
tan 0 


giving the distance from Afi at. which the fringes are localized. 
Two special (*.ases are freciiamtly encountenjd, namely, 

1. if 0 and 0 = 0, then D = oo, the fringes being localized 
infinitely far away, while 

2. if 0 7 *^ 0, but to = 0, then i> = 0, and the fringes are at the 
film. 


Vor any point of observation at a distance D from M i , the locus 
of points of constant d on Mi relative to coherent points on M 2 ' 
will be given by an equation of the same form as derived for d in the 
preceding paragraph. The form of the fringes on Mi will be given 
by the coordinates x, y, when d is any constant, where 

X = D tan i 


y = D tan B 

In the following discussion D is the distance from the first nodal 
point of the observing lens L 2 to or one may consider it to be 
the distance from the second nodal point to the plane on which the 
fringes are projected. Then 


d^(l + tan^ 

i + tan^ B) 

= mo + D tan i tan 0)^ 

or 



(p(l + 

^ + 1) 
D® 2)®/ 

== 4(^0^ “f" tan^ 0 ”f" 2t(^ tan 0) 

or 


- 47)2 tan® 

4>) + 

— SxtoD^ tan 0 + d^D^ — 4tD%^ = 
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which is the equation of a conic section. Thus the fringes may be 
straight lines, circles, parabolas, ellipses, or hyperbolas, depending 
on the values of d and 0: Two cases are of especial interest, namely, 
(1) <0 = 0, or at most a few wave lengths, and (2) = 0. 

In the first case, it is advantageous to start with the original 
eciuation for rf. Since tan i ^ x/D and tan 6 ~ y/D are small 
compared with unity, one may reduce this eciuation to the simple 
form 

d — 2{U) + X tan <j>) = 2 x tan </> 

The dark bands oc(*ur where d — ///X, and th(‘r(‘fore at 



This is the equation of a family of straight lines, the separation of 
which increases as <t> becomes smaller. 

In the second (^ase, </> = 0, the ciuadratic formula reduces, with- 
out approximations, to 

x^d^ + 7/d^ + D^d^ - W) = 0 

or 

+ 7 / = = constant 

which is the equation of a family of circles, the dark circles being 
defined by d = mX. The radii of the circles increase as d de- 
creases. As d approaches zero, the entire field should be dark, but 
this rarely happens, since variations in thickness of the metallic 
coatings, deviations from planeness of the glass plates, and non- 
homogeneity in the diagonal plates cause the path difference to 
vary over the field. Thus streaks of varying intensity are ob- 
served over the field as d approaches zero. 

10.10 The Michelson-Morley Experiment 

The Michelson interferometer has been used in many important 
investigations, the most_ striking of which is the Michelson- 
Morley experiment, in which an unsuccessful attempt was made 
to measure the speed of the ether ‘Vind” past the moving earth. 
If one arm of the interferometer is in the direction of the earth^s 
motion relative to the ^‘ether^’ and the other is at right angles to 
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this motion, the relative retardation in units of time is found by 
simple kinematics to be 


M 


^ j / 1 ^ _1 2 \ 

\c — V C + V y/ — l^) 


where L is the length of each interferometer arm, v is the V(*loeity 
of the interferomet(?r, and c is the vehx^ity of light . The relative 
retardation in units of length is tJien 


d = c M ~ 2L , 


1 


1 


1 


5 n/' 


Since v/c is small, oiu' may- expand the fractions in the parentheses 
by the binomial tluioniin, retaining only the first two terms, thus 
finding that 

d^L~ 


Hy turning the interferometer through 90® the arms are inter- 
changed, and the fringe shift expected is 


2d 

X 


2L 

X 


At some season of the year, the motion of the earth with respect 
to the sun might be compensated by the motion of the solar 
system, so it is essential to make observations at various times of 
the year. Since tr /c^ = .10~^ for the known orbital velocity of 
the earth, the ord(U' of magnitude of the expected fringe shift is 


2L 


X 10 


-8 


In order to measure such a small shift, it is necessary to make 2L 
equal to about 10^ wave lengths. This was accomplished by 
using a large interferometer on a float supported by mercury, and 
by reflecting the light back and forth four times to make the 
equivalent value of L equal to about 3403 cm, so that 


2L 


^1.12 X 10-^^ 
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which would give an easily measured fringe shift. Although the 
observed shift was never zero, and varied in a curious manner 
with the season of the year, it was always less than 5 per cent of 
that to be expected.^ According to the theory of relativity, there 
should be no observable effect at all. This may be considered to be 
practically the case. On the other hand, the actually observed 
fringe shift, if real, is of considerable interest. 

The presumably negative result of this experiment served as an 
impetus to the development of the theory of relativity by Ein- 
stein. For an interesting account of this theory, the reader is re- 
ferred to Lieber and Lieber^s Relativity, 


10.11 Visibility of the Fringes 

If the incident liglit consists of two or more wave lengths, the 
visibility V of the interfereiKH' fringes will change periodic^ally 
with the plate separation /, as shown in Fig. 10.18 for the simple 



Fig. 10.18. The visibility of interfen*net‘ fririg(‘,s with a soureo emitting two 
wav(^ lengths varies periotlically with the path diff(.*renee. 


case of two spectral lines. The visibility of the int(?rference pat- 
tern is defined by the equation 


V = 


+ ^11 


where /max is the intensity of the interference maxima, and I min is 
the intensity of the minima. As a simple illustration, assume two 
wave lengths Xi and X 2 of approximately equal amplitude a. The 
interference pattern of Xi can be described by 

Ii *= 2a^(l + cos Ai) where Ai ~ — 2t 

Xi 

^ D. C. Millbr, Reviews of Modem Physics^ 6, 203-242 (1933). 
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and that of X 2 by a similar equation 

I 2 = 2a^(l + cos A 2 ) where 


27r 



The superposed intensity variation is given by / = /i + / 2 , since 
the two waves of different lengths are not coherent. Thus 


or 


/ = 2a^[2 + (cos Ai + cos A 2 )] 


/ "f" •X2 — 

I 1 + cos ^ cos 

\ 2 2 


A2 


) 


Since the wave' l(‘ngths are nearl^y e(|ual, we will write A for the 
average phase dHIen'ncc', so that 


/ = ( 1 + cos A cos 



The (plant it y A varic'S miuli more rapidly than (Ai — A2)/2, 
giving an interference' fringe pattern whic^h is modulated liy the 
S(xamd factor. The fringes vanish when this second cosine factor 
is zero, making V = 0, since /„kix == when 


Ai - A2 Ai - A2 

cos - - - = 0 or 

2 2 



Substitution of the values of Ai and A 2 leads to 



as the condition for zero visibility of tiie fringes, or 


V 2/VX2-X1/ 


By observing the periodic disappearance of the fringes at intervals 
2ti, one may determine the difference between the wave numbers, 
since 


] 1 


1 
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If the wave lengths are close enough together, one may write for 
their separation 



If the amplitudes of the two waves are not exactly equal, the 
visibility of the fringes will not pass through zero, but through 
minima at the same equal intervals. 

The visibility curves for more general cases have been discussed 
in detail by Michelson, who analyzed such curves to find the 
structure of spectral lines in the days before one could obtain 
sufficient resolving power to observe them directly. 

10.12 Widths of Spectral Lines 

If spectral lines were perfectly sharp, that is to say, if the light 
were perfectly monochromatic, the visibility of the fringes in 
Michelson^s interferometer would, remain constant as the dif- 
ference in path is increased. For lines of finite width, the visibility 
drops off, as Michelson showed.^ The variation of visibility with 
path difference is found to depend on the form and width of the 
spectral line. 

Let \l/{x) represent the distribution function of intensity over a 
spectral line whose center, at wave number P, is the origin from 
which X is measured. Then 1/X = P + x, and the phase difference 
for any element at x is 

2irD 

A = ~ 2wD{v + x) 

X 

where D is written for the path difference to avoid confusion with 
the differential operator d. Assuming that the half-silvered mirror 
of the interferometer divides the amplitude into two equal parts, 
the intensity in the interference pattern due to the portion of the 
spectral line between x and x -f dx is 

dl = 2a^(l + cos A) 
which becomes in this case 

dl = ^(x) (1 -f cos A) dx 

• MiCHBtSQK, Studies in Optics^ University of Chicago Press, 1927, Chapter 



WIDTHS OF SPECTRAL LINES 


143 


Substituting the value of A, one finds that 

dl = yl/{x) dx{V + (*os 2TrDv cos 2'kDx — sin 2TrDv sin 27rZ)x) 


and, conse(][uently, 


^+00 

= I ^{x) 


dx + Pos 2ir/)P 


i I ^(j-) 
00 


cos 2irDx dx 


sin 2irD 


D I i{x) si 

-—or 


sin 27rDx dx 


This may be written in the form 


/ = P + C cos 27rDP — S sin 2tDv 

by obvious substit\ition of C, and S for the three integrals. 
Since x over the line, one may consider C and S to be constant 
while finding the conditions for maximum and minimum intensity 
in the interference pattern by setting 


Thus one finds that 

C sin 2TrDv + S cos 27rZ)P = 0 


tan 2tDv == 


Therefore 


sin 27rZ)P = — 


±Vs^ + 


so that 


cos 2TrDp = 


+ c® 


= P ± VC^+S^ 


From this it follows that 


/m«c = P+ 


/min = P - 
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From the definition of visibility V, one finds that 

Vc^ + 

P 

If the line is symmetrical about v, the integral S is zero and the 
expression for V reduces to 

cos 2TrDx dx 


dx 

from which V may be obtained for any given It is found 

that r is a function of 2), the visibility dropping off, with or with- 
out maxima, as the difference in path is increased. 

In particular, if \l/(x) is of the nature of a probability curve 

V'(a-) = 

the visibility function is also found to have the form of a probability 
curve 

Y — 

A broader ^(x) leads to a more rapid decline in V, From these 
two equations one readily finds that the half width of the line Xi^ 
at half its maximum intensity is related to the path difference Dy^ 
at which the visibility drops to half value, by the equation 


loge 2 0.22 



Note that the full width of the line at half maximum intensity is 
twice x^ and that the result is in reciprocal centimeters or wave 
number units. 

Quantum states have a natural width which is inversely propor- 
tional to their lifetime. This depends on the transition probabil- 
ities to all states which may combine with a given state. The half 
width of a spectrum line is equal to the sum of the two term widths 
corresponding to the initial and final states. If a term combines 
with a continuous band of energy levels, all lines involving this 
tmxi will be abnormally broad. In most cases, however, the 
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natural width is so much smaller than that due to other causes 
that it may be disregarded. 

Thus in practice the usual causes of line breadth are collision 
broadening and the Doppler-Fizeau effect, Art. 17.1. The effect 
of collisions is to shorten the wave trains and consequently broaden 
the frequency distribution, as one may infer from Fourier’s in- 
tegral. If I is the mean free path, T the absolute temperature, and 
M the molecular weight, the effect of collisions is to make 


0.11 X 10”® 

Xy^ = ; 



— 1 


T'he corresponding expression for the broadening due to the 
Doppler-Fizeau effect is 

= 0.39 X 10”® v V— cm“^ 

M 

where v is the wave number of the center of the line. It is evident 
that both effects iiKjniase in the same way with temperature and 
decrease in the same way as the mass of the ion increases."^ One 
may verify these conclusions with a Michelson interferometer. 
The relative importance of these two causes of line broadening 
depends on the mean free path and therefore on the pressure. 
Their ratio is 

Xy^ I \ 

Xyl “ 3 ^ ~ ^ 

At 760 mm pressure, at which I = 0.04 ju, it is evident that col- 
lision broadening will have the larger effect on the width of spectral 
lines, whereas in discharge tubes at low pressure the Doppler 
broadening is larger. 

It should not be overlooked that lines may also appear broad 
because of unresolved hyperfine structure or a Stark effect due to 
electric fields. Hyperfine structure may be due either to the 
presence of isotopes in sufficient abundance to emit observable 
lines, or to the various modes of coupling of nuclear spin wth the 
resultant angular momentum of the rest of the atom. The latter 
leads to a multiplicity of lines in the case of even a single isotope.* 

^Herzberg, Atomic Strvuiure and Atomic Spectra^ Prenticse-Hall, 1^7, 
Chapter 6. 
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Michelson’s studies showed that the red line of cadmium is re- 
markably free from disturbing satellites and is very narrow. For 
this reason it was selected for the measurement of the standard 
meter in terms of light waves. The reciprocal of this result has 
been adopted as the primary wave length in spectroscopy. Its 
value is 6438.4696 international angstrom units for the wave length 
of the cadmium red line in dry air at normal pressure and a tem- 
perature of 15°C. Recently one of the isotopes of mercury, of mass 
number 198, has been produced in sufficient quantity by neutron 
bombardment of gold, so that it may be used by itself in a mercurj’' 
discharge tube. The green line radiated by this isotope is more 
monochromatic than any hitherto obtained. Because the opera- 
tion of this source is more convenient than that of the cadmium 
arc, it promises to displace the latter as a primary standard.^ 

10.13 Jamin Interferometer 

Another useful type of interferometer is that of Jamin, of which 
modifications have been devised by Mach and by Zehnder. One 



Fig. 10.19. A form of Jamin interferometer due to Mach and Zehnder. Afi, 
Afj, Hu and H 2 are mirrors, Hi and Hu being half-silvered. Pi and P 2 are 
plates' of material being compared. Interference bands are observed in the 

telescope T, 


t 3 npical form is shown in Fig. 10.19. The incident light is separated 
into two beams of approximately equal intensity at the half- 
silvered or, better, aluminized surface Hi, After travelling along 

* MbOGSHS, JaUrrud of the Optical Society of America^ 88, 7^14 (1948). 
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the paths as indicated, the light is reunited in the focal plane of the 
telescope T, If one of the mirrors is inclined slightly, the waves 
arriving at the telescope give rise to fringes of the form explained 
in the discussion of interference. This interferometer has the ad- 
vantage that light passes just once through any one of its arms. 
It was used by Mach to study the flow of air past flying bullets 
and is now being widely employed to study air flow past airfoils 
and other obstacles at supersonic speeds. Because n — \ for air 
is proportional to its density, one may readily translate fringe 
shifts into density changes. This form of interferometer has also 
been used to find the change in index of refraction of transparent 
materials when subjected to mechanical stresses. 

If two identical plates Pi and P 2 of some material of index no 
and thickness t are placed in the two beams as shown in Fig. 10.19, 
there will be no change in optical paths and the interference bands 
will not be displaced. If now the index of refraction of one of the 
plates is changed by some external agency such as an applied 
stress, the interference bands will be displaced by an amount which 
depends on the phase difference A produced by this change in re- 
fractive index, where 

2tc 

A = — (?i — n(i)t 
X 

To measure this, it is necessary to calibrate the interferometer by 
measuring the interval sq between successive fringes by means of 
cross-hairs and a micrometer. This interval corresponds to a 
change in phase of just 2^. Any shift in the fringes s is to the 
fringe interval sq as the phase shift causing it is to 27r, or 

A = —2ir 

If polarized light is used to illuminate the interferometer, it should 
vibrate in the plane of incidence or at right angles to it in order 
that it remain plane polarized. Using such light, one may show 
that the change in phase is different for light vibrating in the two 
principal vibration directions of the plate. 

10J4 The Fabry-Perot Interferometer 

The Fabry-Perot interferometer consists essentially of two plane 
reflecting flats, the separation of which is controlled by an ao- 
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curate screw. Lens Li, Fig. 10.20, collimates the light from a 
' broad source S in its priiunpal fo(^al plane. Multiple reflections 
take place between the metallized surfaces of Mi and M 2 . These 
should be of as high a reflecting power as is consistent with suf- 
ficient transmission to observe the interference bands. The bands 
are formed by tlu^ lens L 2 in its focal plane and consist of circular 
^‘fringes of constant inclination. 

At any point such as P there are united th(* multiply reflected 
waves which have a (H)mmon iiKdinat-ion <j>. Intensity maxima 




Fig. 10,20, Light ])ath in a Fabry-IVrot interfcromctc^r. 

occur when the difTeren(*e in path for any two succ(‘ssive re- 
flections is an integral multiple of a wave length, namely, when 

2d cos (p — p\ 

where p is an integer. These circular intensity maxima are (luite 
sharp, so that very small wave length differenc(*s may be resolved 
if the plate separation d is great enough, lliis makes the inter- 
ferometer suitable for the studj' of hyperfine struc^ture of spectral 
lines, which provides data pertaining to the nuc^lear spin of the 
atom. 

The amplitude at P is found by adding the waves represented by 

51 = Q sin cct 

52 = QR sin {cot — d) 

«3 = QR^ sin (cat — 25), etc. 

where R is the intensity reflection coefficient of the mirrors Mi 
and M 2 , which are assumed to reflect equally. Since there are two 
added reflections for each successive wave, the amplitude is re- 
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duced by the scjuare (product if different) of the amplitude 
flection coefficient at the two reflecting; surfaces, the scpiare being 
equal to the intensity reflection coefficient li. The transmission 
coefficient for the second sur- 
face is included in the fa(*tor 
Q. ^rhe phases changes by in- 
crcimmts of 

27r 

5 = — 2d cos d) 

X 

X 

for each successive transmitt(‘{l polyjron for the 

wave multiple waves from a Fal^ry-Perot 

T. 1 1 r. interferometer. 

1 he amplitude polygon for 

the summation of the multiple waves starts off as shown in Fig. 
10.21. The intensity is proportional to the stpiare of the closing 
sid(\ whi(*ii is th(‘ sum of the squar(‘s of its x and y/ components. 
These an' given by 

wX = Q(1 “h cos S “h cos 25 -f- • • •) 

and 

vy = Q(0 -L. sin 5 + sin 25 + • • •) 

Hence the intensity / is found by the operation 

J oc (2.r)- + = (^X + i 2y/)(l> - t St/) 

where / — V'^—l, so that 

2x + i = Q(1 + lic'^ + +•••) = — ^ 

1 — Re° 

and 

Sx - / 22/ = Q (1 + Re-'^ + R^e--'^ +•■■) = 

Thus it is found that 
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Avhere 


k(f 


is the maximum intensity which occurs when b/2 = pw or 


or 


TT 

2(1 (*OS (f) = pjT 


2(1 COS <f) = p\ 


Th(^ maxima are (juiU' sharp if R is large*. For exam{)le, if H = 
0.8, then 

4A* :L2 

- - - , = 80 
(1 - 70“ (0.2j" 

and 

/ = — _ _ 

1 + 80 sin- 6 2 

The intensity I will accordingly drop to 3 2^/* ^vhen sin- 5/2 = 
1/80 or when 

5 = 2 sin~^ (80) - 2(/>7r dr 0.1 12) = p-27r ± 0.224 

The quantity 0.221 is a small fraction of the tot,al change in 5 of 
27r radians between orders. 'Fhe maxima become* still shari)er with 
increasing It. Note that the intensity does not fall to zero be- 
tween maxima, but to a minimum of 


7 


max 



4/1* 

- Rf 


which is equal to one eighty-first of if R = 0.8. 

The re.solving power of any spectroscope is defined by 


X 

R = 

AXm 

where AX^ is the smallest change in the wave length X that can be 
resolved. In the case of an interferometer, when cos <f> — 1, 


P\ = 2d 
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defines a variable order P. The change in order corresponding to 
a change in X is obtained from the differential foirnula 


so that 


P A\ + \ AP - 0 
X ^ P 
AX^ “ AP“ 


The smallest chringe in P that may be resolved is proportional to 
the change in phase difference A5^„ that can be detected. Thus 


AP„, ^ A8^ 

1 ” 27r 


as may b(‘ se(?n by referring to Fig. 10.22. From a study of the 
forms of the maxima, it is concluded that two neighl)oring maxima 
cross at / = 0.4057 max when they are just resolvable, so that the 
problem reduces to that of finding the change in 8 for which the 
intensity becomes 0.4057, Since all maxima have the same 



Fig. 10.22. Form of interference maxima in a l^abry-PiTot inlerferomt^ter. 
Applied t o discussion of resolving power. 


form, the change in 8 is equal to 26o for the zero order peak, where 
5o is the phase difference for I/Im = 0.405 in this peak. Thus 


1 


477 


(1 - Rf 


. 2^0 
■ sm'^ — = 


1 


0.405 


, So (1 - Ry 

sin^ - = 0.368 ^ 

2 R 


, r 0 . 368 (l - /?)^1 
«o = 2 sin~‘ 

I H i 
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Hence th(' expression for the resolving power of a Fabry-Perot 
interferom(‘t(ii* is 


2irP tP 

R = = 

25o [0.308(1 

2 ,sin 

I R 

If the spacing d is 10 nim and the wav(^ len^j^th is 5000 A, then for 
R = 80 per cent, R = 405,400; and for R — 90 per cent, R = 
1,047,200. 

The adv-antage of a high reflectance is apparent. The best 
material to use in the visible region is silver appli(id by evapora- 
tion in a vacuum. In the ultraviolet, silver is quite transparent 
near 3100 A, so that another metal such as aluminum is frecpiently 
used. Because silver tarnishes rapidly on exposure to the at- 
mosphere, an aluminum mirror is often more practical in the visible 
region as well, if the resolving power it yields, be(*ause of its lower 
reflectance, is high enough. 

At the center of the ring system, one may write 2d — P\, where 
P is not an integer in general. For the smalk^st ring, P exceeds p\ 
by some fraction €i, called the fractional excess. In fact, for any 
ring 

P = P + € 

The ratio of two wave lengths may be determiiK^d by finding the 
ratio of the P\s by 

P2 

Since the angle is cpiite small for the smaller rings, one may write 
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Thus 



The \'ahies of <h for the smallest rings due to the two wave lengths 
an‘ determined by measuring the diameters D of the rings in the 
fo(‘al plane of the observing k‘ns, whos(* focal kmgth / should be 
accurately known. Them 

J) 



so that 

Xl ^ P2/ 

X 2 Pi V 8f 8/V 

The wav(^ lengths are often known accurately enough so that 
P2/p\ n^ay b(‘ computxHl with sufficient precision. Or, one may 
find the i)roper values of pi and po using the moderately ac- 
curate ratio X1/X2 in computing 

P2 = ~ (pi -f cj) 

X2 

into which one substitutes the probable value of pi and the ob- 
served fractional excess ej. If P2 does not come out with the ob- 
served fractional excess, one changes the value of pi by integral 
steps until the comj^uted P2 has the observed fractional excess €2. 
It is advisable to work with several lines simultaneously, comput- 
ing their values of 7 ^ 3 , P4, Pr,^ etc., in order to avoid a fortuitous 
agreement of computed and observed fractional excesses which 
may sonjietimes be found with a single pair of lines. The values 
found for p^, p2, etc., which give the best agreement are then used 
in the abo\'e formula for the ratio of the wave lengths in terms of 
the diameters of the' rings or the observed fractional excesses. For 
further experimental details and for a discussion of other forms of 
interference spectroscopes, such as the Lummer-Gehreke plate and 
the Michelson echelon grating, the reader is referred to Tolansky’s 
High Resohition Spectroscopy y Williams^ Applications of Inter • 
ferometryy Bruhat^s Cours d'Optique, or Jenkins and White’s 
Fundamentals of Physical Optics, 
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PROBLEMS 

1. What is the amplitude of the wave resulting from the superposition of 
two waves vibrating in the same plane if their amplitudes are respectively 10 
and 5 statvolts per centimeter, and the phase difference is ir/4? 

2. Two plane surfaces of glass in contact along one edge are separated at 
the opposite edge by a thin fiber. If twenty interference fringes are observed 
between these edges when perpendicularly reflected sodium light is used, what 
is the thickness of the fiber? 

3. An interference device is used to observe the expansion of a metal bar. 
If 150 bands move past the cross-hairs in the observing telescope during the 
run, what is the change in length of the bar, th(^ wave length of the light used 
being 5461 A? 

4. A standard Johannson gauge block and a slightly taller unknown block 
are wrung onto a base plate adjacent to each other. A plane test plate rests 
on their upper surfaces. If eight dark interference fringes are seen above the 
standard gauge in perpendicularly reflected sodium light, how much taller is 
the adjacent block? 

5. Interference rings are observed between a convex surface in contact 
with a plane surface illuminated normally by sodium light. If the diameter 
of the twentieth dark ring in reflected light is 6 mm, what is the radius of 
curvature of the convex surface? 

6. In a Newton’s rings experiment, a concave spherical surface is supported 
above an optical flat. The diameter of the fifth dark Newton’s ring in per- 
pendicularly reflected sodium light is 2.25 mm, and that of the fifteenth dark 
ring is 4.25 mm. What is the radius of curvature of the concave surface? 

7. (a) Write the conditions for maximimi and for minimum intensity of 
reflection by two parallel plane surfaces when ni < n 2 > na, and also when 
ni < 712 < ws. (6) Where are the fringes localized in the case of a very thin 
wedge and also in the case of a parallel plate? (c) Explain the colors of inter- 
ference fringes in white light. 

8. White light is reflected perpendicularly at the surfaces of an air film 
2 M thick between glass plates. Which wave lengths in the visible spectrum 
will be of minimum intensity? 

9. What should be the index of refraction and the thickness of the thinnest 
film on glass of index 1.65 such that it will not reflect light 5500 A in wave 
length? What would be the color of this film in white light? Why would a 
thicker film be undesirable as a low-reflectance coating on glass? 

10. What would be the fringe displacement for a wave length of 5461 A 
when one of two identical 50-cm-long tubes containing H 2 (n ^ 1.000139) in 
the respective arms of a Rayleigh gas interferometer is evacuated? 

11. White light is transmitted through a Fabiy-Perot etalon having a 
plate separation of 6 fi. At what wave lengths in the spectrum between 
5790 A and 4916 A will the inteneaty maxima lie? 

12. If twenty-one interference fringes due to selective constructive inter- 
ieimee in a Fabry-Perot etalon are observed in a channelled spectrum be- 
tween 5790 A and 4358 A, what is the separation of the plates? 
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13. Prove the formula on page 124 for the increase in optical path produced 
by rotating a compensator of thickness t and index n through an angle i, 
starting from normal incidence. 

14. Determine the form of the visibility curve in Michelson's interferometer 
if ^(x) a* 1 for —w/2 < X < •\-w/2 and ^(a;) =* 0 everywhere else. 

15. (a) Determine the form of the visibility curve in Michelson’s interferom* 

eter if ^(x) « . (6) If the visibility drops to half its maximum value 

in a path difference of D * 5 cm, what is the full width of the spectrum line 
at half maximum intensity? Express the result in angstrom units at a wave 
length of 5000 A. 

16. What is the resolving power of a Fabry-Perot interferometer when the 
plate separation is 12 mm and the reflecting power of both plates is 85 per 
cent? Assume a wave length of 5000 A. 



Chapter 11. DiflFraction 


11.1 V Diffraction Phenomena 

It has been pointed out that the principle of rectilinear propaga- 
tion is not strictly true, but only appears to hold if the light is not 
restricted by small apertures. This chapter will be concerned with 
these deviations of light from a rectilinear path. Such phenomena 
are called diffraction effects. They are characteristic of all kinds 
of wave motion. Thus it is common experience that water waves, 
sound waves, and radio waves bend around obstacles so that no 
clear-cut ‘^shadows^^ are observed. Light, on the other hand, seems 
to behave differently, but we shall see that the small amount of 
diffraction is due to the wave length usually being small compared 
with the sizes of obstacles and apertures commonly encountered. 
When the wave length is not of negligible magnitude as compared 
with the obstacles and apertures, the same diffraction effects are 
observed as in the case of sound or other waves where similar con- 
ditions hold. Excellent photographs of optical diffraction phe- 
nomena have been published by Arkadiev in the Physikalische 
Zeitschrifty 45, 832. 

Diffraction of light was discovered by the Jesuit Father Fran- 
cesco Grimaldi and described in his book, Physico-mathesis de 
Lumine, Colorihus, et Pride, which was published by a friend ih 
1665, two years after Grimaldi^s death. Newton discusses dif- 
fraction in his Opticks and tries to explain it in terms of forces 
between matter and the light corpuscles travelling near it. He 
seems to have been unaware of the similarity of optical diffraction 
to that of sound and other waves. To Fresnel goes the credit for 
developing, in 1814-1816, the first satisfactory theory of dif- 
fraction by combining the principle of interference with Huygens 
wavelets. It is now possible to present a more elegant, and diffi- 
cult, mathematical treatment of diffraction by the u^ of Kirch- 
hoff^s solution of the wave equation. But, in spite of the math- 
ematical elegance of Kirchhoff’s theory, its fundamental assump- 
tions have been often criticized, as have those of Fresnel. On the 
other hand, in regard to computed intensity distributions, either 
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theory leads to useful results which are in general agreement with 
experiment. Hence the simpler ideas of Fresnel will be used in 
developing the form of these distributions, their criticism being 
left for discussion in Art. 11.8. 

Diffraction phenomena are classified into two categories. When 
the waves are spherical, we have what are called Fresnel dif- 
fraction phenomena. Experimentally, they are the simplest to 
observe, since no lenses, just a narrow source, diffracting aperture, 
and screen arc required. However, the fact that the waves are 
spherical makes the mathematical theory more complicated tjian * 
that of the Fraunhofer diffraction phenomena whicK 
served when the waves are plane. These phenomena are obiserved 
in the laboratory when an aperture is mounted on the table of an 
adjusted spectrometer or when some equivalent arrangement is 
used. The waves incident on the aperture are plane waves, and 
the diffracted waves are again focussed in the focal plane of an ob- 
serving telescope or camera lens where each point corresponds to a 
conjugate plane in the object space. Fraunhofer diffraction has 
more important applications than the f'resnel type, being the 
foundation of the theory of resolving power and of diffraction 
gratings. We shall therefore reverse the usual order of presenta- 
tion and discuss the mathematically simpler Fraunhofer dif- 
fraction first. 

11.2 Single Slit in Parallel Light 

Let AB, Fig. 11. 1, represent a slit mounted on the table of a 
spectrometer. In practice, the angles of iru^idence i and of dif- 



Fig. 11.1. Fraunhofer diffraction by a single slit. 


fraction B may be quite small. Since the optical paths from any 
point in the focal plane of a lens to the various points on a eon* ^ 
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jugate plane are equal, the paths to the left of AC, which is normal 
to the incident rays, are equal. Similarly, the paths to the right 
of ADy which is normal to the axis of the telescope, are also equal. 
Following Fresnel, let us consider the light at the focus of the 
telescope to be built up by the superposition of wavelets from the 
various elements of area of the slit, represented by Ax. The 
amplitude of each wavelet is taken proportional to Ax, and its 
phase relative to that of a wavelet from A is 


2tx 

(sin i + sin 6) 

X 


This expression shows that the phase difference is proportional to 
the distance x, so that, if A/? is divided into any number of strips 
of equal width Ax, the phase difference between the wavelet from 
any one and the next will be the same. Hence the vibration figure 
is a portion of a regular polygon, of which the closing side is the 
resultant amplitude. The angle between the first and last side 

will be the sum of all the phase incre- 
ments or simply the total phase differ- 
ence between the first and last wavelet 

2 ^^ , . . .V 

A = (sin t + sm 0) 

X 

where e is the width of the slit. In the 
limit as Ax is made infinitesimal, the 
significant portion of the vibration 
polygon becomes a circular arc sub- 
tending the angle A, Fig. 11.2, since 
the angle between the radii to L and 
M is the same as the angle between 
the tangents at L and M which in- 
dicate the total phase difference. It is easy to see that the 
amplitude A of the diffracted wave is given by 



Fig. 11.2. Vibration curve 
for Fraunhofer diffraction by 
a single slit. 


A 

A ^ 2R sin — 

2 

Now, if the telescope is rotated so that B becomes equal to — t, the 
value of A approaches zero and the arc LM is transformed into a 
aWa%ht line <rf length LAf, indicating the sum of wavelets which 
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are all in the same phase. Let Aq represent this maximum am- 
plitude at the principal focus of the telescope when it is in line 
with the collimator; then .4o is equal to the length of the circular 
arc LM, or 

^0 = RA 

By eliminating R between these two equations, it is found that 

A 

sin — 

2 

A==Ao — 

A 

2 

Since the intensity is proportional to the square of the amplitude, 
it follows that 


r. 

Ism- 



L i J 


To examine the amplitude equation graphically, one may plot two 
functions, i/a = sin A/2 and yi = A/2, as in Fig. 11.3. The 



^2 


Fig. 11.3. Amplitude variation in the diffraction pattern by a single slit. 

lower curve is a graph of their quotient y^/yi = AjA^. This 
quotient is zero whenever the numerator is zero, A/2 = tjt; r = 
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1, 2, 3, • except when the denominator is zero as well, r = 0. 
In this case the quotient of the sine and the angle approaches 
imity. By squaring the ordinates one obtains a graph of the rel- 



^/z 

Fig. 11.4. Intensity distribution in the Fraunhofer diffraction pattern of a 

single slit. 


ative intensity ///o, which is drawn in Fig. 11.4. The intensity 
will be zero in the diffraction pattern when A/2 = ttt, or 


or 




~ (sin i + sin = ttt 


sin i + sin B = 



One frequently makes z = 0 and finds that 6 is so small that 



gives the directions in which minima are observed. If / is the focal 
length of the telescope or camera lens, the distances s from the 
center of the pattern to the various minima are 



The minima are equally spaced at intervals /X/e except at the 
center, where the width of the central band is 2/X/e. 

On the other hand, the maxima are not equally spaced, as can 
be shown by locating them by differentiation of the intensity equa- 
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tion. The resulting transcendental ecjuation tan A/2 = A/2 is 
usually solved graphically. As A increases, the roots approach 
A/2 = (r + 3^)7r. 

11.3 Circular Aperture 

Since lenses and diaphragms usually have a circular boundary, 
diffraction by a circular aperture is of importance in the theory of 
resolving power. As before, the aperture may be divided into 



Fig. 11,5. Diffraction by a circular aperture showing the form of an ek^ment 
of area used in the integration procedure. 

strips of equal width Ax, Fig. 11.5, for which the phase relative to 
the center of the aperture is 

27rx 

sin B 

X 

assuming that i = 0. The phase changes by equal increments 
from one strip to the next. The amplitudes, however, are not 
equal, since the lengths of the strips are unequal, being given by 
2 V — x^. Thus the amplitudes of the wavelets da are propor- 
tional to 2\/ dx. The value of A is given by the sum of 
the projections of these elementary amplitudes on A, Fig. 11.6. 
Thus 
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Fig. 11.6. 



Vibration curve for Fraunhofer diffraction by a circular aperture. 


Let u = x/R and let m = sin 0)/X, then 

A = AcR^^ I V 1 — cos mu du 

Jo 

According to a mathematical theorem, the proof of which is 
omitt.ed here: ^ 


/ 


Vl — cos mu du — - 
2 


TT J\ (m) 


m 


where J\{m) is a Bessel function of the first order, the values of 
which may be found in mathematical tables such as Tables of 
Functions by Jahnke and Emde, page 157. The graph of J\{m) 



Fig. 11.7. (o) Graphs of the numerator and denominator of the factor J i {m) / m. 
(&) Intensity distribution in the Fraunhofer diffraction pattern of a circular 

aperture. 


resembles a damped sine wave, Fig. 11.7. Thus for a circular 
aperture 

' Expand cos mu into a power series, integrate term by term with the aid 
of a trigonometric substitution, and compare the resulting series with that for 
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A = 2ircR^ 


Ji(m) 


m 


Let Aq be the value of A when ^ = 0, or m = 0; then since 


Ji(m) 1 

lim = - 

tn-^o m 2 


it follows that 


A = 2Aq 


Ji(m) 


m 


The intensity distribution is accordingly given by 


/ = /o 



The relative intensity I/Iq is graphed against m in Fig. lL7(b). 
The zero intensities lie at points corresponding to the roots of 
except at m = 0. The first root, which determines the 
boundary of the central maximum, is at 


m = 3.83 == 


2tR sin 


which gives the result 


sin^i = 1.22 


X 

X 

m 


other roots of the Bessel function are indicated on the graph in 
Fig. 11.7(a). Because the Bessel function resembles a damped 
sine wave, the secondary maxima are considerably weaker than in 
the case of a slit. 


11.4 Resolving Power 

The resolving power of an instrument having a circular aperture 
of radius R is readily found from the last equation. Let 6 be the 
angle subtended at the lens by two distant object points. The 
centers of the two diffraction patterns will also subtend the angle 
0, Fig. 11.8. They will overlap more or less, according to the 
magnitude of the angle between object points as compared with 
the angular size of the central disk in the diffraction pattern. If 
the overlapping is too great, there will be a single maximum of kh- 



164 


DIFFRACTION 


tensity instead of a double one, and the existence of two separate 
object points will not be perceived. According to Rayleigh, the 
images are just resolvable if the center of one is on the first min- 
imum of the other. Consequently, the smallest angle resolvable is 


Bm = 


1.22 


X 


in radians. 

If the object is not very far away, as in observations with a 
microscope, the result is somewhat different. If the index of re- 



Fia. 11.8. Rayleigh’s condition for the resolution of two adjacent diffraction 

disks. 


fraction in the object space is n, the smallest linear separation be- 
tween object points which may be resolved is 


dm = 1 . 22 - 


2n sin U 


where U is the angle subtended by the radius of the entrance pupil. 
The product n sin U is called the numerical aperture. This 
formula reduces to that just derived for Bm when n is put equal to 
unity and the object is assumed to be far enough away so that 
sin U approximates tan U. A derivation of the general formula 
may be found in Meyer’s Diffraction of Light, X'-rays, and Material 
Particles, pages 206-211. 


11.5 The Double Slit 

The phenomenon accompanying transmission of coherent waves 
by a double slit was partially discussed as an example of inter- 
ference due to division of the wave front. However, the intensity 
variation can be completely accounted for only by applying dif- 
fraction theory. Even if a collimating and a projection lens are not 
used; the source and receiving screen are often so far from the 
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'Ex = Ai[l + cos A + cos 2A H cos (N — 1)A] 

Ey = Ai[0 + sin A + sin 2A H sin {N — 1)A] 

As before, the intensity distribution may be obtained by setting 
/ = (Ex)^ + (Ey)^ = (Ex + i Ey)(Ex - i Ey) 


Each of these factors is a geometric series of N terms, the product 
of their sums being 


or 


/ 

1 _ /I 


II 

u 

1 

l-e-A 

1 - e-'^ / 


1 — A 

1 — cos AA\ 



1 — cos A / 

‘ sin^ A/2 


The factor A\^ has the form of the diffraction pattern of a single 
slit. The form of the second factor is best found by considering 
the graphs of the two functions sin NA/2 and sin A/2, which are 
shown in Fig. 11.14(a). Their quotient is zero whenever A/2 == 




Fig. 11.14. (a) Graphs of the numerator and denominator of the principal 

factor in the amplitude equation for a grating. (6) The square of the quotient 
of the ordinates in (a). 

mir/Ny except when A/2 = rmr, m being any integer. In the 
second case, both numerator and denominator are zero, but the 
quotient can be evaluated by taking the ratio of the first deriv- 
atives of the numerator and denominator. This ratio is found to 
be N, so that / = Ai^N^ when A/2 mir. These are the pria^ 
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cipal maxima the location of which may be found by the condition 


or 


A ws 

— = — (sin i + sin 6) = niT 
2 X 


s(sin i + sin 6) = m\ 


This formula is used in computing wave lengths from experimental 
values of i and 6 as measured by a spectrometer. The value of m 



Fig, 11.15. Intensity distribution in the diffraction pattern of a grating con- 
sisting of N slits of width a and separation s. Graphs for two wave lengths 
are drawn to show the variation of intensity, dispersion, and resolving power 
with the order of diffraction. 

denotes the ^‘order^’ of the spectrum line. The same equation was 
found to hold for the maxima in the diffraction pattern of a double 
slit. In the case of a grating, however, the maxima are sharp (see 
Fig. 11.14), so that nearby wave lengths may be readily resolved 
if the grating has a sufficient number of lines. The secondary 
maxima between orders are relatively weak as compared with the 
principal maxima; in fact, they are imperceptible when the grating 
has many lines. 

The intensities of the principal maxima of increasing order m 
vary in the manner indicated by which is a function of i and 
6, For grating elements which are narrow slits, this variation is 
like that observed in the diffraction pattern of a single slit. Thus 
the complete picture of the intensity distribution is approximately 
as ^own in Fig. 11.15, where graphs of intensity for two wave 
lengths are indicated. 
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Modem gratings do not consist of a series of slits or of alternately 
reflecting and non-reflecting strips. Instead, smooth grooves are 
made by a diamond point on a surface of glass or of metal. These 
grooves must be regularly spaced to a very high degree of accuracy 
if the grating is to be satisfactory. Periodic errors in spacing as 
small as one millionth of an inch give rise to a disturbing pattern 
of ^ ‘ghost” lines. Long-period variations in spacing give rise to 
groups of spurious lines in the vicinity of each genuine spectrum 
line. These are called Rowland ghosts. Those due to short- 
period fluctuations are often found in the extreme ultraviolet and 
are called Lyman ghosts. An explanation of the formation of 
ghost lines may be found in Meyer^s Diffraction of Lights ElectronSf 
and Material Particles^ pages 174-185. The best modem gratings 
have been mled by Wood and by Gale. The grating element in 
such a grating is represented by one period of its surface stmcture. 
Each elementary strip of infinitesimal width in each grating ele- 
ment is a source of a wavelet whose phase depends on the form of 
the groove. The wave obtained by summing up wavelets from 
all elementary strips in one element has the amplitude Ai for this 
element. These wavelets are added as before to find the intensity 
curve for the grating, However, if the grooves are uns 3 mimetrical 
in form, Ai^ will not be a symmetrical curve and the relative in- 
tensities in the various orders will differ from those observed with 
a series of slits. By experimenting with various groove forms, 
R. W. Wood has succeeded in mling gratings which diffract most 
of the radiant energy into a single order on one side of the central 
maximum. In this way, gratings have been made which give 
spectra whose intensities are not much inferior to those obtained 
with prisms. 


11.7 Resolving Power of a Grating 
As shown before. Fig. 11.14, the half width of a single principal 
maximum is represented by a change in A/2 of rr/N. The corre- 
sponding d$ is found from 


so that 


A TS 

d — = — cos 0 do 
2 X 


TT 

N 


do *5 


X 


Ns cos 6 
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Note that Ns cos d is the complete width of the beam leaving the 
grating, which suggests an alternative derivation of dd as the half 
width of the diffraction maximum by an aperture whose width is 
Ns cos 6. Applying Rayleigh^s criterion for resolution, it is con- 
cluded that this value of dd is the smallest angle between principal 
maxima of different X that can just be resolved. 

The dispersion D of a grating is obtained by differentiating the 
grating formula, thus: 


so that 


mdX = s cos 6 dS 

do m 

D = — = 

d\ s cos 6 


Hence the increment in wave length that can just be resolved is 


or 



X s cos 0 

dXfn ^ ————— • — — — 

Ns cos $ m 


X 

Nm 


The resolving power is defined by the quotient of the wave length 
to the smallest change in wave length that can be detected. There- 
fore 

X 

R s = iVm 

dXfn 

A grating of 14,438 lines per inch and a ruled area of 6-in. width 
will have 86,628 lines, so that in the second order its resolving power 
will be 1.7 X 10®. At a wave length of 5100 A one would be able 
to separate lines differing by only 0.03 A with such a grating. 


11«8 Fresnel Diffraction Phenomena 

Fresnel diffraction phenomena are observed when spherical wave 
fronts are limited by obstacles or diaphragms. No lenses are used, 
as in observing the Fraunhofer diffraction phenomena previously 
considered. When the distances from source to obstacle and from 
obstacle to point of observation are increased indefinitely, the 
Fresnel phenomena merge into those of Fraunhofer as a limiting 
case. No unusual equipment is needed to observe Fresnel dif- 
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fraction, but the source must be a narrow line or point source, and 
the distances should be large enough (of the order of one meter) 
to obtain a fringe pattern whose structure is easily resolved by the 
unaided eye. Figure 11.16 is an example of a photographic record 



Fig. 11.16. Photograph of diffraction bands outside the shadow of a straight 
edge. Note the gradual decrease of intensity into the shadow of the obstacle. 


of such a diffraction pattern. The first observations of diffraction 
were made under similar conditions by Grimaldi in 1650, and 
Newton describes several diffraction experiments in his Opticks, 
which was published in 1704. 

Kirchhoff showed that the wave function at any point P, Fig. 
11.17, may be expressed as an integral over any surface enclosing 
P and excluding the source Q. Each differential may be thought 
of as a Huygens wavelet originating at some element of area, m 




174 


DIFFRACTION 


dS. These are summed up, integrated, with due regard to their 
phase at P. As in Fresnel's theory, the amplitude of each wavelet 
is proportional to the element of area, so that dA == k dSy but 
Kirchhoff gives the following expression for Fresnel's arbitrary 
constant of proportionality: 

A cos (n, Ti) — cos (n, r) 

;;;;; 

In this expression A is the amplitude of the original wave at unit 
distance from Q, n is the normal to the surface *S, the positive 



Fig. 11.17. The quantities appearing in Kirchhoff ’s solution of the wave 

equation. 

direction being considered inward, r is the distance from P to the 
element of surface dS, and ri is the distance from Q to dS. There 
is a 90° phase difference between Fresnel's and Kirchhoff's solu- 
tions which will be ignored for the present, since it does not affect 
the intensity of the wave. In practice, the integral may be greatly 
simplified, since only the region near 0 contributes appreciably to 
the integral. 

Consider a slit parallel to the y axis as shown in Fig. 11.18, with 
Q on one side and P on the other. The surface enclosing P will be 
taken as the xy plane, the rest of the surface being infinitely re- 
mote. Furthermore, only the integral over the slit need be con- 
sidered, partly because of the infinite distance of the enclosing area 
on the right, and partly because of the absence of a back wave, 
Fresnel made the latter an arbitrary assumption, but it can be 
shown to follow directly from Kirchhoff's expression for Fresnel's 
A. Far to the right, the cosines of the angles (n, r) and (n, rj) are 
equal, so that k is zero. The denominator is not a decisive factor. 
Although k varies inversely as the square of the distance, the area 
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over which the integral is taken increases as the square of the dis- 
tance, so it is the cosine factor which reduces the back wave to 
zero. Moreover, experimental observation shows that the light 
intensity at P is not perceptibly changed unless the wave front 



Fig. 11.18. Fresnel diffraction by a single slit. 


near 0 is restricted, so that it should be allowable to reduce the 
area of integration to that of the slit. 

Each elementary strip of width dx. Fig. 11.18, contributes a 
wavelet of amplitude k dx and a phase relative to the strip through 
0 of 

« = ^ [(ri - a) + (r - 6)] 

A 


By the use of the sagitta formula and by defining an auxiliary 
variable v to simplify the expression, one finds that 



The resulting wave at P may be ob- 
tained most readily from a vibration 
curve. Fig. 11.19, of which each element 
of length k dx makes the proper phase 
angle with the wavelet from the pole 
0 which is in the xy plane and on the 



Fig. 11.19. A portion of the 
vibration curve for Fresnel 
diffraction. 


line QP* The intensity at P is then 

proportional to the sum of the squares of total x and y components 
of all the elements k dx, so that 
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== J* cos S dx^ + J* sin 5 dx^ 

H ®-* TV^ / pi irv^ 

cos “ dvj + ^A:" J sin -- dvj 


where 


2(a + 6)> 


The integrals which appear here are called Fresnel integrals. 
From tables of values of such integrals, one finds, in particular, 
that 

I sin — dv = I cos — dv = 1 

2 


It follows that the factor (A;")^ is equal to A^/2(a + because 
the intensity Ip must reduce to the value -4^/(a + 6)^ when there 
is no obstruction, or when Xi = — oo and X 2 = +oo. Therefore 


2(a + 6)2 


f / 7rt;2 \ 2 / p2 7r?;2 \ 2 

( I cos — dy 1 + ( I sin — dv ) 
[\Jn 2 / \Jn 2 / 


The quantity in brackets can best be evaluated with the aid of 
a Cornu spiral, which is a graph of 


, -p 


sin — dv against f 


TV 

= I cos — 

Jo 2 


The properties of the Cornu spiral. Fig. 11.20, may be found as 
follows: 

Since 

TV^ TV^ 

d^ = cos — dv and dw = sin — dv 
2 2 

an element of length along the spiral is 


da ^ Vd{2 + dri^ = dv 
so that, with the proper choice of origin, 


8 ^ V 
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Thus the value of v is the distance s along the spiral measured from 
the origin. Moreover, the slope at any point 


so that 


drj TV^ 

tan r = — = tan — 


2 



where 5m is the phase difference between the wavelet from a strip 
in the slit at a distance x from the pole of the wave and the wavelet 
from 0. Finally, the radius of curvature 

_ 1 _ 1 
^ dr wv ITS 


decreases as s increases, yielding a non-intersecting double spiral 
as shown in Fig. 11.20. The exact numerical values of the Fre^el 
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integrals may be computed by means of a series expansion and 
have been tabulated in various places.^ The spiral is found to 
converge toward the points 

£ s= +}4} V = and £ = — rj = — 

The intensity variation near the shadow of a straight edge, Fig. 
11.21, may be found from the appropriate chords of the Cornu 
spiral. For any point P, the upper limit of integration is infinity, 
corresponding to A in Fig. 11.22, but the lower limit Xi, and there- 



Fiq. 11.21. Fresnel diffraction at a straight edge. 


fore vif varies with the location of P. Let Pq be a point located at 
the geometric boundary of the shadow. Then, for a point P at a 
distance p below Po, the value of 




a 

p 

a + b 


is found by similar triangles. Fig. 11.21. The distance Si along the 
Cornu spiral to the lower limit of the chord is then 



Ibis is positive for positive p, or when P is inside the shadow, and 
is negative if P is outside the shadow, as P', Fig. 11.21. 

Imagine a rubber band with one end fastened at the point A 
while the other end moves along the spiral. The length 

’ Monk, Light Principles and ExpenmerUSy McGraw-Hill, 1937, page 440; 
JsNKiNS and White, Fundamentals of Physical Optics, McGraw-Hill, 1937, 
pagem 
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of this band represents the amplitude of the wave at P. Inside 
the shadow, i.e., positive Viy the intensity diminishes smoothly, 
whereas outside the shadow there are maxima and minima, as one 
can see by a study of Fig. 11.22. These are approximately on the 
45® line AA\ Since the spiral cuts this line nearly at right angles, 
one may write the conditions for maximum and minimum intensity 



Fig. 11.22. Application of Cornu’s spiral to Fresnel diffraction at a straight 

edge. 


in terms of the slope angle r of the spiral along this 45® line. Thus 
for the maxima 

3ir 

T = 2Tm H 

4 

From this one finds the locations of the corresponding points P by 
writing 

3x 7r(a + 5) 2 ^ra 

SO that 


Pmax 




Similarly, one finds that the minima occur when 

7fr 

T » 2irm H 
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or at the distances 
Pm 

The corresponding intensities are proportional to the squares of 
the chords of least and greatest length, measured from A to the 
convolutions in the lower left-hand quadrant. They are con- 




Fig. 11.23. Intensity distribution in the Fresnel diffraction pattern at the 
shadow of a straight edge. 


veniently expressed in terms of the intensity of the unobstructed 
wave which is proportional to the square of AA\ 

If we let the factor k s -W — the following values are 
foimd for the locations and magnitudes of the maxima and minima. 
Maxima: h = 1.34 I 2 — 1.20 I 3 = 1.16 • • • / *= 1 

at Pi ~ 1.225k p 2 = 2.345k ps = 3.082k • • • 

Minima: h' == 0.78 1/ - 0.84 W ^ 0.87 • • • J' « 1 

at pi' = 1.871k p 2 ' = 2.739k ps' = 3.391k ••• 


These are indicated on the intensity graph in Fig. 11.23, a photo- 
graph of the pattern being reproduced in Fig. 11.16. 

The intensity distribution in the Fresnel diffraction pattern of 
a single slit is obtained by taking squares of the chords of a con- 
stant length of the Cornu spiral. The ends of the chord are 
located at 

^ j2(a + 6) 

xi and V 2 * X 2 
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where Xi and X 2 are related to the location of P and the width of the 
slit s as shown in Fig. 11.24. Thus 


^1 


a s 

p and X 2 


a 4- 6 


a s 

p + - 

a + b 2 


Three cases may be distinguished. (1) If the width of the slit is 
so small that V 2 — Vi is of the order of magnitude of 0.1 or less, 
there is merely a diffusion of light behind the slit, with no ob- 



Fig. 1 1.24. Fresnel diffraction at a single slit, showing the limits of integration 
xi and X 2 for a point F. 


servable maxima and minima. (2) If the width is such that V 2 — 
vi is about 1.0, there will be maxima and minima only in the 
shadow region where V 2 and vi have the same sign. The pattern 
resembles qualitatively the Fraunhofer diffraction pattern, but the 
intensity minima are not zero. (3) If the width is such that V 2 
and vi have opposite signs at the maxima and minima, the dif- 
fraction bands lie within the geometrical boundary of the central 
illuminated region. These are called ‘‘inner bands, and as the 
slit is widened they approach in appearance the fringes lining the 
shadow of two straight edges. 

Note that, on the contrary, the Fraunhofer diffraction pattern 
of a slit becomes merely narrower as the slit is widened, without 
any change in the nature of the diffraction pattern. In other words, 
one may use the same equation or graph, with merely a change in 
scale, to describe the intensity variation in the Fraunhofer case. 

While we have been assuming a point source Q, one usually takes 
an illuminated slit or narrow luminous filament as the source of 
light. If this is parallel to the straight edge or slit, the diffraction 
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fringes for each point of the source will fall on the same straight line. 
Thus the fringes will be intensified without any loss in distinctness. 

A narrow obstacle may be treated as the complementary of a 
slit. The two chords of the Cornu spiral A^Vi and Av 2 respectively 
give the amplitudes and phases of the waves coming around the 
two sides of the obstacle. They must be added vectorially to ob- 
tain the resultant amplitude, whose square is the intensity. It is 
readily seen that there will be equally spaced bands inside the 
shadow where vi and V 2 are of opposite sign. Outside the shadow, 
where the values of v have the same sign, the intensity follows ap- 
proximately the same fluctuations as with a straight edge. 

The paradoxical situation of a maximum intensity in the center 
of the shadow of an opaque obstacle is seen to follow from the 
Cornu spiral regardless of the width of the obstacle. One finds 
that, in the center of the shadow, Vi and V 2 are equally distant on 
both sides of the origin. Consequently, the chords A^vi and V 2 A are 
always parallel, giving rise to a maximum sum or to ^^constructive 
interference.^' The magnitude of the sum, however, diminishes 
as the obstacle is made wider. 

Similarly, in the case of a circular obstacle, there is a bright spot 
in the center of its shadow if a point source is used. The spot is 
surrounded by circular bands of smaller intensity. Outside the 
shadow, circular diffraction bands are seen. 

The Fresnel diffraction pattern of a circular aperture has the 
same general characteristics as that of a slit except that the dif- 
fraction fringes are circular and the scale of the diffraction pattern 
is somewhat larger. As the diameter of the aperture increases, one 
finds a similar variation from diffusion through ‘‘outer bands” to 
“inner bands.” The intensity at the center of the pattern is 
alternately a maximum and a minimum. This is readily seen to 
follow from a consideration of the phases of wavelets^from the 
various zones of the incident wave front. Let 6o> Fig* 11.26, repre- 
sent the distance from the point of observation P to the nearest 
point or “pole” of the spherical wave. Following Fresnel's pro- 
cedure, one may subdivide the wave front into circular zones about 
the pole 0, as follows; 


First zone: 
Second zone: 
Third zone: 
nth zone: 


bo K. 6 60 “t" ^/2 

60 + X/2 < 6 < 60 + 2X/2 

bo + 2X/2 < b < bo + 3X/2 

bo + (n — l)X/2 < fc < 60 + wX/2 
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The contributions to the amplitude at P from each of these zones 
decrease in value because of the cosine factor in Kirchhoff^s k and 
alternate in phase because of the increase in distance by intervals 
of half a wave length. Thus an aperture transmitting an even 
number of zones will give a minimum intensity at P, whereas an 
aperture transmitting an odd number of zones will give a maximum. 
These maxima and minima will be most pronounced if the aperture 
transmits a small number of zones, for then the amplitudes of the 
wavelets are larger. In fact, the first zone alone gives nearly twice 



Fig. 11.25. Division of spherical wave front into Fresnel zones. The distance 
h to the boundary of each zone increases by steps of half a wave length. 

the amplitude, or four times the intensity, due to the entire wave, 
while two zones give an amplitude of nearly zero. 

It is evident that the number of zones transmitted by a given 
aperture depends on the distance 6o as well as on the wave length. 
To find the radius Vn of the aperture transmitting n zones, one 
finds, by the theorem of Pythagoras, that 

Tr? . = 6^ — = nKho + — = nXbo 

4 

A zone plate is a device which transmits alternate zones. Since 
the wavelets from these zones are in phase, it gives a high con- 
centration of intensity at the '‘focus” P, and it may be used as a 
lens to concentrate light or to create images. 

11.9 KirchholTs Formulation of Fresnel’s Theory 

It has been indicated that Kirchhoff derived an expression for 
the solution up of the general wave equation at a point P in terms 
of a surface integral over a surface enclosing P but not also in- 
cluding the source Q, Fig. 11.17. Let n represent the normal to 
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such a surface, considered positive inward, r the distance from the 
point P to an element of area dS on the surface. Let ?/, a function 
of time and space coordinates, represent the wave travelling from 
the source Q outside the surface S, Then Kirchhoff^s formula ® 
reads 

where u{t — r/V) is the expression for the wave with its time 
variable replaced by t — r/V to take into consideration the phase 
retardation due to the time of propagation r/V from & to P. The 
equation expresses a generalized Huygens principle, which states 
that the effect up at any point P may be considered to equal the 
superposition of effects propagated with the velocity V from the 
elements d& of any surface enclosing P. 

The mathematical operations are simpler if one writes the ex- 
pression for the wave u in the complex form. For the special case 
of an incident plane wave this becomes 


(‘-7) 


1 d 

cos (n, r) 

r !hn 




d8 


where co = ^tt/T and k = 27r/X, while ri is the distance from any 
convenient coordinate plane of constant phase, a wave front, since 
Q is now at infinity. One may consider the real jmrt of this 
complex expression as the physically significant part, or he may 
advantageously perform all mathematical operations, using com- 
plex quantities, and finally determine the intensity of the wave by 
multiplying the resulting up by its complex conjugate. Since 
is a factor which does not enter into the operations of differentiation 
and integration, it may just as well be omitted. The remaining 
complex expression for u or up gives the amplitude and phase of 
the wave. 

If one has an opening in an opaque plane screen, he may take the 
enclosing surface & just back of this plane and then closing around 
P at infinite distances. Only the integration over the opening 
contributes significantly to up. One finds that 


Up 


4ir 


mi- 


-ik(r+ri) 


cos (n, r) — 


r dn 


* For example, see Drudk, Theory of Optics (transl. by Millikan and Mann), 
Longmans, Green, 1920, page 179. 
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With perpendicularly incident plane waves, ri may be set equal to 
zero except when finding the rate of change along the normal, the 
reference plane being taken in the plane of the aperture. Carrying 
out the differentiations and letting ^ == tt — (w, r) represent the 
angle between the normal to the surface S and the line from dS to 
P, one may reduce this to the form 

tuo rr[2Te-^^\ 1 

Up = _ JJ (1 cos 6) — i — — cos dS 

since d/dn = d/dri in this case, and cos (n, r) = — cos 6, In the 
case of short optical waves with a wave length much less than r, 
one may neglect the second term of the integrand. Applications 
of this formula would repeat many of the results already developed 
by Fresnel's theory, so they will be omitted here. 

The Kirchhoff theory is superior to Fresnel's in that it contains 
no arbitrary constants of proportionality, making it possible to 
compute absolute intensities of diffraction, not just the distribu- 
tions of intensity over the pattern. Furthermore, the phase of 
the diffracted wave is correct instead of being in error by ir/2. 
However, if one is satisfied with just the intensity distributions, 
the two theories give essentially the same results except at large 
angles of diffraction and at small distances, and the Fresnel theory 
is simpler to apply. 

11.10 Diffraction of Microwaves 

The development of sources and detectors of electromagnetic 
waves having a wave length of a few centimeters has made it pos- 
sible to study diffraction at distances which are not great compared 
with the wave length. Measurements have even been made in the 
plane of the aperture.'* These experimental results show that the 
amplitude is not constant over the aperture, contrary to the usual 
assumption in developing the theory of diffraction. In fact, the 
fluctuations in amplitude are greatest in the plane of the aperture. 
The polarization and phase of the waves are also found to vary 
over the aperture. These facts point to the need for a revision of 
the entire theory of diffraction, which has not yet been carried out. 

*The new theory should, however, asymptotically approach, or at 
least approximate, the Kirchhoff-Fresnel theory as one approaches 

♦Andrews, Physical Review^ 71, 777 (1947). 



186 


DIFFRACTION 


the usual optical conditions for observing diffraction. As long as 
the apertures have dimensions of many wave lengths and the 
distances of observation are an even greater number of wave 
lengths, the Fresnel theory accounts for the principal facts about 
diffraction of radiations ranging from x-rays of a few angstrom 
units in wave length (Kellstrom) up to microwaves with wave 
lengths of several centimeters (Andrews). In fact, Andrews shows 
that, even when the conditions of the experiment deviate as 
greatly from those of optics as in his investigations, the results 
computed by the Kirchhoflf formula are still sufficiently precise to 
be useful. One may consider this to be remarkable in view of the 
faulty assumptions on which it is based. However, it must be 
recognized that, when the wave length is not small compared with 
the size of the aperture and compared with the distance at which 
the diffraction pattern is studied, the Kirchhoff and Fresnel 
theories are not entirely dependable and should be used only as 
convenient approximations. 

11.11 Diffraction of X-rays by Crystals 

Crystals are characterized by a periodic structure in three- 
dimensional space. Let a, 6, and c be the respective periods along 
the three crystallographic axes. Although these axes are not al- 
ways at right angles, only the special cases when this is true will 
be considered here. A space lattice is made up of identical points 
or entities whose Cartesian coordinates are integral multiples of 
a, 6, and c respectively. 

When x-radiation passes through such a lattice, coherent wave- 
lets are diffracted from each array of identical points. ^ It is our 
problem to find the relations which must exist between the direc- 
tion of propagation and the wave length in order that the wavelets 
reinforce each other constnictively. Laue solved this three-di- 
mensional diffraction problem by considering the simultaneous 
solution of three linear diffraction problems. Bragg, however, 
showed that the same final result may be obtained by two steps, 
as will be shown in the following. He recognized the fact that all 
the identical points in the three-dimen'sional space lattice may be 
considered to lie on equally spaced, parallel planes. There are 
many possible families of such planes, but only those with a rel- 
atively hi^ density of points are significant. The situation is 
analogous to the many ways in which one may draw equally spaced. 
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parallel lines through an array of points having regular periodic 
spacing in two dimensions. Consider, for example, the various 
rows of plants that one may see on a regularly planted cornfield. 
Each family of parallel rows is characterized by a slope and a 
perpendicular interval between members. The same is true of 
crystal planes. 

Crystal planes may be defined by their intercepts on the three 
crystallographic axes, or in terms of the reciprocals of these inter- 
cepts. For example, a plane which passes through mia on the x 
axis, m2b on the y axis, and msc on the z axis may be designated 
by the integers mim2m^. These integers may also be used to 
specify the entire family of parallel planes. In this case, any 
common factor is divided out, leaving the three smallest integers 
which define the ratio of the intercepts. It is more common, how- 
ever, to designate a family of planes by three integers hkl which 
are respectively proportional to the reciprocals of mi, m2, and m3. 
Thus j j I 

h:k:l = — : — : - 

mi m2 m3 

The reciprocals on the right are multiplied by a common factor to 
obtain the three smallest integers having no common factor other 
than unity. Such values of A, A:, and I are called the Miller indices 
of a family of planes. For example, 100 planes are parallel to the 
y and z axes; 1 10 planes are parallel to the z axis and cut the x and 
y axes at equal multiples of a and 6; etc. 

To show that the members of any family of planes are equally 
spaced, and to derive a formula for this spacing, one writes first 
the equation of one of the planes in the intercept form 

X y z 

— + ^ + 

mia m20 mzc 

Converting this into the direction cosine form, one finds the per- 
pendicular distance P from the origin to the plane by the equation 

P = Lx + My + Nz 

where L, M , and N are the direction cosines of the normal to the 
plane. A comparison of the two equations shows that 

1 1 1 hkl 

L:M:N = 7: — 

mio m20 nizc a 0 c 
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Since = 1, it follows that the distance P to a plane 

of the proper slope passing through any point Xj t/, z is given by 


P = 





Since a:/a, y/by and z/c are the coordinates of the point in terms of 
the unit distances a, b, and c, it is convenient to write them re- 
spectively as Xiy Ply and Zi. For example, a given set of Miller 
indices such as 111 defines planes with 

P — 

n i 1 


Actual lattice planes must pass through points a*i, r/i, Zi whose co- 
ordinates are any three integers. It is quite evident that various 
values of P will be found, but that these will be discrete, changing 
in value by steps of 

1 

AP = =======^ 

[JT^ 1 1 


This is accordingly the distance d between successive planes in the 
family 111. Similarly, for any hkl plane, one finds that 


4 


hi 


+ + ^ 


il 


where A = a/b and C = c/b are called the axial ratios of the 
crystal system. In the cubic system A = C ~ 1, and one may 
write: 


Vh^ A- + 1^ 


Formulas for the interplanar distances in crystals whose axes are 
not at right angles to each other may be found in Clarkes Applied 
X-raySj 3d ed., page 283. 
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The diffraction problem is easily solved in two steps by em- 
ploying the concept of scattering centers in families of equidistant 
planes. First, there is constructive interference between wavelets 
from all points in any one plane, regardless of their separation and 
the wave length of the radiation, if the law of reflection is satisfied. 
In x-ray work it is customary to measure angles of rays with the 
plane itself instead of with its nonnal, as shown in Fig. 11.26. 
Such angles are called glancing angles, and our first requirement 
for constructive interference is that 0' = 6. The second require- 



Fig. 11.26. Bragg’s solution of the problem of diffraction by a crystal. 

ment is that all such ^^reflections’’ from the various planes of a 
given family must be in the same phase. This will be true if the 
path difference AB + BCy Fig. 11.26, is a whole number of wave 
lengths. Since AB = BC = d sin 0, it follows that the intensity 
maxima occur when 

2d sin B — n\ 

where n, an integer, is the order of diffraction. This equation is 
called Bragg’s formula. The maxima are very sharp because of 
the large number of scattering elements in a crystal of ordinary 
size. Because I9' = 0, the x-rays are often said to be reflected from 
the planes of atoms, but this is not actually the case. The fact that 
each wave length requires a different angle 



for its '^reflection” shows that the process is not true reflection at 
all. 

Bragg’s formula, with appropriate expressions for d, is widely 
used in the analysis of crystal structure by means of x-ray dif- 
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fraction. One may determine the periodicities o, fe, and c from the 
directions of three suitably chosen diffraction maxima. However, 
a complete analysis also includes a determination of the distribu- 
tion of atoms in a unit cell of the crystal. This does not affect the 
directions of the maxima, but does affect their relative intensities, 
sometimes reducing certain ones to zero. An analogous situation 
exists in the pattern of an ordinary optical grating, in which the 
periodicity of the rulings determines the directions of the maxima, 
but the groove form determines the distribution of intensity in the 
various orders. The use of intensity measurements in crystal 
structure analysis is important, but will not be discussed further 
here. 

Bragg’s formula is also useful in measuring wave lengths by the 
methods of x-ray spectroscopy. Accurate measurements require 
that the index of refraction of the crystal be taken into considera- 
tion. The index fx is slightly less than unity in the x-ray region 
and is often written as m == 1 — 5. One may designate the glancing 
angle on all planes inside the crystal by Then by Snell’s law 

cos 6 

cos ^ 

The wave length inside the crystal X" is related to that outside by 


X 



Thus Bragg’s law for the crystal interior, where most of the dif- 
fraction takes place, is 

nX" = 2d sin 0" = 2dV 1 - cos^ e" 

Substituting the expressions for X and 6 outside the crystal, where 
the measurements are made, one finds that 

X I cos^ 6 
n - = 2d\ 1 — 

or 

nX = 2d — cos^ 6 
or 

nX « 2d\//i* — 1 + sin^ 8 
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Since m is unity within a few millionths, j ^ -26 so that 


nX = 2 (dyl — ^ sin 0 

\ sin'^ 6 / 

Because of the smallness of the second term under the radical, one 
may use the first two terms of the binomial expansion of the square 
root, finding that 



by the use of the approximate value of sin $ in the small correction 
term in the parentheses. Bragg^s formula may finally be written 
in the form 

nX == 2dn sin 6 

where dn is an apparent spacing which includes a correction for 
refraction. Thus a slightly different value of dn is used for each 
order of diffraction, as noted in Experiment 22, in which the stand- 
ard values for calcite are listed. 


PROBLEMS 

1. Compute the locations and relative intensities of the first maximum and 
the first minimum in the diffraction pattern of a straight edge on a screen 2 
meters from the edge with the light source very far away on the other side, 
the wave length being (a) 5500 A, and (6) 1 cm. 

2. Prove the formula for the locations of the dark bands in the Fraunhofer 
diffraction pattern of a single slit, and explain why the same formula gives the 
locations of the bright bands in the case of Young’s experiment when the single 
slit is converted into two slits by a broad central opaque partition, leaving 
two equally narrow slits. 

3. Describe the Fraunhofer and the Fresnel diffraction patterns for a slit 
whose width is varied from zero to a very large value. Distinguish between 
the several cases, and give a simplified explanation of the diffraction patterns 
with the aid of appropriate vibration curves. 

4. At least how large must a lens be in order to focus light of 5000 A to a 
spot 1 M m diameter if the focal length of the lens is 200 mm? 

5. At least how far apart must two small lights be placed in order that a 
person 5 miles away may distinguish them as separate objects when looking 
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through a telescope whose objective has a diameter of 2 in,? (Use wave length 
- 1/50,000 in.) 

6. What is the size of the image of a star produced by the objective of a 
telescope whose diameter is 36 in. and whose focal length is 30 ft, assuming a 
perfect lens and a wave length of 1/50,000 in.? 

7. The objective of a battery commander’s telescope has a diameter of 
1.78 in. (a) How small is the structural detail which may be resolved with 
this telescope at a distance of 2 miles? (6) At least what magnification is 
required? 

8. How large a mirror is needed to focus microwaves having a wave length 
of 2 cm onto a circular area 10 cm in diameter at a distance of 10 meters? 

9. What limit does diffraction set on the resolving power of the human 
eye if the diameter of the pupil is 2.2 mm and the wave length of light is 
5500 A? Express the result in terms of the smallest resolvable visual angle in 
minutes. 

10. If the resolving power of a photographic film is 50 lines per millimeter, 
at what relative aperture will it begin to be possible to observe a decrease in 
resolution due to diffraction as the lens is stopped down? Let wave length 
equal 5000 A. 

11. Derive the intensity distribution for a grating of N slits of width a 
spaced at intervals b and interleaved by N additional slits of width a/2, which 
divide the original intervals in the ratio of 1 :3. 

12. The objective of a certain telescopic sight has a diameter of 3 in. (a) 
How small is the structural detail which may be resolved at a distance of 1 
mile? (b) If the unaided eye can resolve points subtending 1 minute or 
2.9 X lO'^^ radian, what minimum magnification is required to utilize the 
maximum resolving power? 

13. A grating having 14,440 lines per inch is placed 1 meter from a scale on 
the perpendicular to the scale at its midpoint. If mercury light of wave length 
5461 A is passed through a slit at the center of the scale, where will the first 
order diffraction image be seen on looking through the grating at the scale? 

14. The separation of the Zeeman components of the sodium lines is about 
0.025 A when the field strength is 15,000 gauss. How would you determine 
the suitability of a grating spectrograph for directly observing this effect? 

15. (a) In choosing a prism spectrograph to resolve the deuterium and hy- 
drogen alpha lines (separation 1.8 A at 6562 A), what size prism would be 
needed if dn/d\ = 1500 and one sacrifices half the maximum resolving power 
for a suitable intensity? (6) What focal length lens would give a 0.5-mm sep- 
aration of these lines? Assume a 60® prism at minimum deviation and with 
an index of refraction of 1.600. 

16. Compute the glancing angles at which one finds diffraction maxima of 
the first and second order when x-rays of 1.54 A wave length are reflected 
from a cleavage plane of calcite for which d 3.029 A. 

17. What are the angles of diffraction of x-rays having a wave length of 
1.92 A diffracted by the 100, 110, and 111 planes of rock salt? Lattice con- 
stant - 5.628 A. 



Chapter 12. Polarization and Double Refraction 


12.1 Polarized Light 

When light is transmitted by a tourmaline crystal plate or by a 
sheet of Polaroid, its nature is changed, as can be shown by in- 
serting and rotating a second plate about an axis that coincides 
with the direction of the light beam. If one measures angles of 
rotation <t> from the position in which the transmitted intensity is 
greatest, it is found that the intensity I varies as the square of the 
cosine of <t> t r 2 , 

I = Im cos^ 

Light behaving in this way is said to be plane polarized. The 
intensity formula is kno^vn as Malus’ law, as it was discovered 
empirically in 1810 by Captain Etienne Malus. When ^ is 90° or 
270°, the intensity drops to zero if the polarization is complete; 
otherwise one observes only a minimum. If the light is un- 
polarized, no change in intensity is observed when it is tested with 
a single plate in this way. This and similar experiments are readily 
explained only if light waves are transverse. At one time, when 
light waves were thought to consist of elastic waves in the ether, 
the transverse nature of the waves was considered to be practically 
impossible, since it required the all-pervading ether to have the 
elastic properties of a solid. However, it is now well known that 
light is a member of the family of electromagnetic waves, and that 
these are transverse follows directly from Maxwell’s theory, as 
will be shown presently. 

Light waves coming directly from a source usually vibrate im- 
partially in all directions at right angles to the wave normal. When 
light is plane polarized, the components of the vibrations in some 
plane are transmitted or reflected to the exclusion of the other 
components. The eye is unable to detect such a selection of 
components. Although the intensity is reduced to one half in the 
most efficient polarizer, its rotation causes no change in intensity. 
However, if a second polarizing device operates on the polarized 
light, it will transmit or reflect only the cosine components in its 
plane of vibration. Since the intensity varies as the square of the 
amplitude, Malus’ law follows at once. 
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12.2 Electromagnetic Theory 

Of the many methods by which light may be polarized, the most 
common is oblique specular reflection from the surface of an elec- 
trically insulating medium. The conditions for this effect and the 
degree of polarization obtained are readily derived by the use of 
the electromagnetic theory of light. Let whose components are 
X, y, Z, represent the electric field strength, and let //, whose 
components are a, 7, represent the magnetic field strength. 
Furthermore, let D, whose components are Dy, D^, represent 
the dielectric displacement, which is equal to E plus 4 :t times the 
electric dipole moment per cubic centimeter in the medium. In 
general, Z) is a linear vector function of the E components, such as 

E>x = €iiX + €i2Y + €i3Z 

and similarly for Dy and Dz, The nine coefficients € are the di- 
electric constants. In general the direction of D is not the same 
as the direction of E, However, one may always find at least one 
set of three mutually perpendicular directions in which the com- 
ponents of D are proportional solely to the corresponding compo- 
nents of E, These are the principal axes of the medium. Along 
these axes 


Dx ~ €iX, Dy = €2F, and Dz == C3Z 

where the €^s are the principal dielectric constants. In a 
crystal at least two of them are different, except that in cubic 
crystals, as in isotropic media in general, 


€1 = €2 == C 3 = € 

MaxwelLs fundamental equations for insulating media are 

1 dDx __ dy dp 

c dt dy dz 

1 dDy da dy 

c dt dz dx 

1 dDz dp da 

c dt dx dy 


( 1 ) 
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1 da dZ dY 


c dt dy dz 


1 dd dX dZ 

(2) 

C dt dz dx 


Idy ^dY dX 
c dt dx dy 


(€iX) + ~ ( 62 F) + - 
dy dz 

(*3^) = 0 

(3) 

dot dfi 

dy 

(4) 

1 

+ — = 0 

dx dy 

dz 


The set of equations (1) is a mathematical deduction from Biot- 
Savart’s law for the magnetic field strength about an electric 
current. Displacement currents in dielectrics are included, but it 
is assumed that there are no conduction currents. The latter will 
be considered in the theory of metallic media in Chapter 15. The 
set (2) is a statement of Faraday’s law of induction with the 
magnetic permeability assumed to be unity, i.e., B ^ H, This 
simplification is permissible at optical frequencies, even in ferro- 
magnetic media. Equation (3) expresses the continuity of electric 
flux density in a region containing no free electric charges. Equa- 
tion (4) is the corresponding expression for the magnetic flux, as- 
suming again that the permeability is unity. Derivations of these 
formulas are given, for example, in Forsterling’s Lehrhuch der 
Optikf pages 49-64, or in Richtmyer and Kennard’s Introduction 
to Modem Physics^ 3d ed., pages 51-59. 

From an atomic viewpoint, the local electric and magnetic field 
strengths change very rapidly in the vicinity of electrons and 
nuclei. However, the wave length of light is great compared with 
atomic dimensions, so that the medium appears practically homo- 
geneous. Thus one need only consider the average values of the 
fields for most purposes. The fields E and H in the above equa- 
tions are such averages. 

By differentiating equations (1) with respect to t and 6ub- 
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stituting the time derivatives of the magnetic vector from ( 2 ), one 
readily finds that 


ei d^X 

c2 at^ 
d^Z 


= V*X 


= V^Y 


a /ax dY dZ\ 

ax V ax ay az / 

a /ax aY az\ 

ay V ax ay az ) 




dr 


dY dZ\ 

dz \ dx dy dz / 


(5) 


H Similar equa- 


where V* stands for the operator — r H r 

dx^ dy^ 

tions may be obtained for a, jS, and 7 . 

First consider an isotropic medium in which ei = €2 
so that by (3) the equations (5) all reduce to the form 


C3 


d^X 

df 




( 0 ) 


A particular solution, which is pertinent to this discussion, is 

27r / lx + my + nz\ 

X = A sm — I ^ I 

r \ V ) 

representing a travelling plane wave, the locus of points in the 
same phase at a given time being given by 

lx + my + nz = constant 

This is the equation of a plane whose normal has the direction 
cosines Z, m, and n. Substitution into the wave equation ( 6 ) shows 
that 

€ 



Thus the index of refraction of the medium y = y/t} It is only 
in exceptional cases, however, that one may verify this result by 

1 The symbol m is used for index of refraction, since n is used for one of the 
direction cosintss- 
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using the dielectric constant measured at low frequencies, or by 
using direct currents, and find that its square root is the optical 
index of refraction. It is well known that /x, as well as €, changes 
with frequency. Hence it is to be expected that the above rela- 
tion between them will hold only if both quantities are referred to 
the same frequency. 

That the E waves are necessarily transverse follows from equa- 
tion (3). Thus, if the amplitude A has the direction cosines L, 
M, Nf then 

XT T ^ / lx + my + nz\ 

X = LA sin — ) 

t\ V J 

Y = MA sin — ( ^ ) 

T\ V / 

2tc ( /x + mu -h nz\ 

Z ^ NA^m — [t ) 

T\ V / 

By (3) for isotropic media 

dX dY dZ 

1 -| = LI + Mm + Nn == 0 

dx dy dz 

indicating that the cosine of the angle between A and the wave 
normal is zero, or that the angle between them is 90°. In exactly 
the same way one may show that the H vibrations are also at right 
angles to the wave normal. The latter holds for anisotropic as 
well as isotropic media, whereas the proof for the perpendicularity 
of the electric field vector does not. However, if the dielectric dis- 
placement eE is taken as the light vector instead of E, it follows 
that the waves of D are transverse in any medium. 

If one chooses the z axis in the direction of the wave normal, 
then n = 1, and i = m = 0. Since the waves are transverse, 
Z = 0 and 7 = 0, and since they are plane waves, d/dx = 0 and 
d /dy = 0. If one chooses the x axis in the direction of A , then M = 
iV = 0, and L = 1, so that 

2ir/ 

y = 0 
z = 0 
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Moreover, the Maxwell equations (1) reduce to 
€dX ^ 

C dt 


SO that 


Hence 


dfi € dY da 

— ; 0 

dz c dt dz 


c 2ir 2t / Z 

A cos — ( t 

cT T\ 


dz 


eV , 2ir/ Z\ /- 

jS = — A sin — )== V eX = nX 

c T\ V/ 


Furthermore, the last equation of (2) indicates that dy/dt = 0; 
consequently 7 = 0. The constant of integration is taken equal 
to zero in each case, since possible superposed magnetic fields not 
associated with the electric field X are of no interest. The result- 
ing electromagnetic wave may be described by the graph shown in 
Fig. 12.1. 

It is seen that the magnetic vector is at right angles to the 
electric vector and has a magnitude equal to the index of refraction 



Fia. 12.1. Electric and magnetic vectors of a plane polarized electromagnetic 

wave. 

times the electric vector. The direction of the magnetic vector is 
such that a 90® rotation of X into is related to the direction of 
propagation in the same way as the rotation of a right-handed 
screw is related to the travel of the screw. The magnitude of the 
radiant flux per unit area is given by Poynting^s vector 

5 B. — E X H ergs/cm* sec 
4t 
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m 


which in this case becomes 

S - -mX" 

4ir 

The flux is pulsating, since it is proportional to sin^ (2ir/T)L Its 
average value is half its maximum value, or 

Sir 

The intensity of a light beam is thus seen to be proportional to the 
square of its amplitude, and the constant of proportionality con- 
tains the index of refraction as a factor. 


12.3 Reflection and Refraction 


Let Ep and Eg represent the components of the amplitude of the 
electric vector of a plane wave incident on an interface, Fig. 12.2, 


the components being respec- 
tively parallel and perpendic- 
ular to the plane of incidence. 
The symbols Rpy and Dp, 
D«, refer to similar components 
of the reflected and trans- 
mitted wave. The phase of 
each wave is a function of the 
form 

2ir / lx + my + nz\ 

7 V V / 



Let I, m, n represent the direo f “““ f 

. ^ \ ^ r 1 • • j X the 8 and p components of the ampli- 
tion cosines of the incident ^ electromagnetic wave. 

wave normal, Zi, mi, rii those 

of the reflected wave normal, and I 2 , m 2 , ^2 those of the refracted 
wave normal. The existence of boundary conditions at the in- 
terface 2*0 between the components in the first medium and 
those in the second requires that the periods be equal and that 



If the X axis is chosen in the plane of incidence, then m * 0 and 
consequently mi = m 2 =* 0, so that the reflected and refracted 
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wave normals must lie in the plane of incidence. Moreover, I = l\y 
which means that 0 = dz0' (see Fig. 12.2). The negative sign 
leads to the law of reflection, ii = i; the positive sign would give 
the reflected wave the same direction as the incident wave and is 
therefore rejected. Furthermore, 

L^h. 

“ 72 

leads to 

cos 0 sin i 7i 

cos 02 sin r 72 

which is SnelPs law of refraction. The ratio 7i/72 is the index of 
refraction of the second medium with respect to the first. The 
absolute indices of the media which are referred to vacuo are re- 
spectively 

C C 1X2 

fii = — and fi 2 = — , so that = — 

Vi Vz m 

The standard boundary conditions state that the sums of the 
tangential components of the electric vectors and of the magnetic 
vectors are equal in the first and second media at the interface, 
2 = 0. In view of the laws of reflection and refraction, the total 
phase angles are the same on both sides of the interface, so that the 
sines divide out and one may write for the amplitudes of the electric 
components 

Es + Rs = Ds 

Ep cos i + Rp cos i = Dp cos r 
and for the tangential components of the magnetic vector 

txiEp — fiiRp = tJ^2Ep 

(—HiEs + liiRs) cos i = —h 2 Ds cos r 

The elimination of between the first and the fourth of these 
relations and the use of 1 x 2 / m = sin t/sin r lead to 

Rb sin (i — r) 

Eb sin {i + r) 
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Similarly, one AhcIkS that 

Rp tan {i — r) 

Ep tan (i + r) 

Da 2 cos i sin r 

Es sin (i + r) 

Dp 2 cos i sin r 

Ep sin {i + r) cos (i — r) 

These are Fresnel’s formulas for reflection and refraction. 

When the angles are small, they reduce to 

Rs Rp i — r M 1 

Ea Ep / + r M + 1 

and 

Da Dp 2r 2 

Ea Ep f + r M + 1 

since i = fxr for small angles of incidence. The negative sign in 
the R/E formula indicates a phase reversal if fj, > 1. The ratio of 
the intensity reflected to that incident is given by the square of 
the amplitude ratio, so that 



Thus, if M == 1-5, one finds that the reflectivity is 0.04 or 4 per 
cent. For grazing incidence, i = 90°, it is readily seen that the 
reflectivity is 1.00 or 100 per cent for both s and p components. 
Between these limits, the reflectivity of the s component steadily 
rises, while that of the p component drops to zero when z + r == 
90° and tan (i + r) = oo. In this case, since r = 90° — z, one 
finds that 

sin z sin ip 

= = = tan tp 

sin r cos ip 

a relation known as Brewster^s law. The angle ip at which the p 
component is not reflected is called the Brewster angle or the 
polarizing angle, the reflected light being plane polarized even 
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if the incident light is unpolarized. The curves in Fig. 12.3 show 
the amplitude and intensity relations for the p and s components 
of light reflected by crown glass. 

The intensity relations for the transmitted components are not 
obtained directly by squaring the amplitudes, since the media are 
not the same and the intensity is proportional to os well as to 
Moreover, at oblique angles of incidence, the refracted and 
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i (degrees) i (degrees) 

M (b) 

Fig. 12.3. (a) Variation of reflected « and p components of amplitude with 
the angle of incidence, (b) Variation of reflected « and p components of in- 
tensity with angle of incidence for an insulator having an index of refraction 

of 1.515. 

incident beams do not have the same cross-section. When both 
effects are taken into consideration, it is not diflScult to show that 
the sum of the light flux in the refracted and reflected waves is 
equal to the light flux in the incident wave, as one would expect. 
Thus one may find the transmissivity most readily from 



the result being slightly different for the p and s components, in- 
dicating partial polarization of the transmitted light. 

12«4. Doubly Refracting Media 

In 1690 Bartolinus showed that when light was refracted by a 
calcite crystal there were, in general, two refracted waves. A 
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direction in which there is no double refraction is called an optic 
axis. Calcite has one such axis and is therefore classed as a 
uniaxial crystal. All crystals which belong to the tetragonal, 
hexagonal, and rhombohedral systems are uniaxial. Those be- 
longing to the orthorhombic, monoclinic, and triclinic systems are 
biaxial* Crystals of the cubic system are isotropic. The two 
waves arising from double refraction are plane polarized compo- 
nents of the incident wave. Usually the crystal has a small, but 
equal, absorption coefficient for both waves. However, some crys- 
tals, notably tourmaline and herapathite, absorb one of the com- 
ponents very strongly and are said to be dichroic. In a suitable 
thickness they may be used as polarizing filters for the transmission 
of one particular component of the incident light. If the incident 
light is plane polarized, for example by specular reflection, it may 
be extinguished by suitable orientation of the polarizing filter. 
This is one of the applications of Polaroid filters, which are made 
up of tiny herapathite crystals aligned and imbedded in a suitable 
transparent matrix. 

12.5 Crystal Optics 

The propagation of light inside an anisotropic medium may be 
most readily developed by using the electromagnetic equations. 
A start in this direction has been made in deriving equations (5), 
page 196. One may choose H, or D as the light vector and ob- 
tain equations of somewhat different form for the interior of the 
crystal. However, since light is always observed finally in an 
isotropic medium, the ultimate result is found to be independent 
of the choice of the light vector. In order to obtain the formulas 
first derived by Fresnel for the interior of the crystal, one must 
choose waves of dielectric displacement D. The components of 
D are represented by 

/ lx + my + nz\ 

Dx ~ LA sin w U j = €iA 

/ Zx + my + nz\ 

Dy « MA sin w N — J == € 2 ^ 

( lx + my + nz\ 

t J = €sZ 
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where L, M, and N are the direction cosines of the amplitude A of 
D. Substituting these equations into the three wave equations 
(6) gives one the relations; 


L 

M 

N 




I /IL mM nN\ 


H 1 I 

«1 t2 «3 / 


M 


m /IL mM nN\ 


627" 7" \6i 


N 


€2 


n /IL mM 


+ — ) 
€3 

nN' 
€3 


capital C being used to represent the speed of light in free space. 
These may be simplified by multiplying through by C^7^ and 
letting 


a 


2 _ 





€1 €2 €3 


and 




It is customary to let a represent the greatest, and c the smallest, 
wave velocity. Then 

L(a^ ~ V^) = IG^ 

M{h^ - 72 ) = mG^ ( 7 ) 

N{(^ - 7^) - nG^ 

Since 

IL + mM + nN and I? + M^ + ^ I 

it follows that 

L V + M%^ + ATV == 72 

This is the equation of the polarization ovaloid, which shows 
how the velocity of a wave in a crystalline medium depends on the 
direction of vibration of the D vector. Its plot in polar coordinates 
is a surface whose intersection with the x, y, z coordinate planes is 
shown in Fig. 12.4. For example, in the xy plane, AT = 0, L = cos 
6y M ^ sin Of one obtains the equation of a Cartesian oval 

cos^ 6 + b^ sin^ B — 
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When 0 = 0, one finds that V = dza, and when 6 = 90°, V = 
±6, which are two of the principal velocities. Note the single 
absolute value of V for any given direction of vibration, and vice 
versa. 



Fig. 12.4. Polarization ovaloid. Dependence of wave velocity on the direction 
of vibration of the electric vector D. 


In terms of the index of refraction ix ^ C/V and the principal 
indices a = C/a, P = (7/6, 7 = C/c, the polarization ovaloid may 
be converted into the index ellipsoid 


0} 


m2 

r 


12 + 02 + “ 


¥ 




That this is the equation of an ellipsoid with semiaxes a, p, and 
7 may be shown by considering its intersections with the coordi- 
nate planes. For example, in the xy plane 


or 



sin^ 6 


1 




2 


(fjL COS 6)^ 


+ 


(g sin 0)2 


1 


which is recognized as the equation of an ellipse when one notes 
that X — y cos 6 and y = n^in 6 are the rectangular coordinates 
of any point y, 0 on the curve. 

Since by (7) 

I L rn M n N 

^2 62 - 72 ^ ' c2 ^ "" C2 

it follows from XL + mM -h nN = 0 that 

a2 - 6 * - 72 ''' c* - 72 


( 8 ) 
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Fig. 12.6. Cross-eection of the normal velocity surface, showing the two 
optic axes of a biaxial medium. 


z 



Fig. 12.6. The heavy outline traces one octant of the normal velocity surface. 
The lighter curves are ellipses which indicate the shape of an octant of the 
ray velocity surface, Art. 12.6, the circles connecting the ends of the ellipses 
being common to both ray velocity and wave velocity surfaces. 
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This is the equation of FresneFs wave velocity surface which, as 
will be seen later, is less ambiguously called the normal velocity 
surface. Clearing of fractions, one finds that 
_ ^ 2 ) + ^ 2(^2 _ ^ 2)(^2 _ ^ 2 ) 

+ n^{a^ - F2)(fe2 ^ 72) ^ 0 

The intersections of this double surface with the coordinate planes 
may be found by setting / = 0, m = 0, and n = 0 in turn. Thus, 
for the xz plane, m = 0, i = cos 6, n = sin 6. The two remaining 
factors give = 6^, a circle, and cos^ 6 + sin^ 6, a 

Cartesian oval whose semiaxes are c and o respectively, as shown 
in Fig. 12.5. The two curves intersect at four points which define 
two directions of single wave velocity. These directions are called 
bi-normals or optic axes. In a similar manner one may find the 
intersections of the wave velocity surface with the other two co- 
ordinate planes. Each consists of a circle and an oval, but these 
intersect only in the xz plane. One octant of the surface is shown 
in Fig. 12.6. The difference between the velocities is greatly exag- 
gerated. 


12.6 Ray Velocity Surface 

The direction of the light ray in an anisotropic medium is given 
by the direction of the energy flow or Poynting^s vector S = 
C/iw E X H, The rays are therefore at right angles to E and H, 


Fio. 12.7. 



8(Uh) 


Angular relation between the electromagnetic vectors D, Ey and 
the ray direction S and the wave normal direction N . 


Since the direction of D is not the same as that of E except along 
the principal axes, the light rays do not coincide with the wave 
normals in general. Their space relations are illustrated in Fig. 
12.7, where { indicates the angle between D and E. The direction 
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cosines of the ray S will be indicated by /, and A, and the velo- 
city in the direction of S will be denoted by U. It can be shown 
(for example, consult Drude^s Theory of Optics) that the relation 
between U and /, and h is given by the equation : 


f 


1 1 


+ 


g 


2 


1 1 


6*2 


This is the equation of a surface of two sheets, which is called the 
ray velocity surface or, sometimes, the wave surface. The 
latter name originates from the fact that a Huygens wavelet 
spreading from any point inside the crystal takes the shape of this 
surface. 


12.7 Index Surface 

Still another useful relation is that between the index of re- 
fraction fjL and the direction of the wave normal I, m, n. It may 
readily be obtained from the normal velocity equation by elimina- 
tion of a, 6, c, and F, in favor of the quantities a, p, y, and fx which 
are respectively proportional to their reciprocals. The resulting 
double surface is called the index surface because it describes the 
variation of the two indices of refraction corresponding to any 
given direction of the wave normal. In general shape, this surface 
is like the ray velocity surface, the intersections with the coordinate 
planes being circles and ellipses. 

12.8 Velocities inside Anisotropic Media 

The two possible wave velocities which correspond to a given 
direction of the wave normal Z, m, n, may be obtained by solving 
the biquadratic equation, page 207, for F^. The result is con- 
veniently expressed in terms of the quantities defined by the fol- 
lowing set of equations 

I = l^(b^ + c^); J = m^{c^ + a^); K — n^(a^ -f b^) 

R = l\b^ ^ c^); S = m^{c^ - a^); T - n\a^ ~ h^) 

The two values of F^ can then be written in the form 


2y* = 7 + J + ii:± V{R JrS-T? - ARS 
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Equations from which the wave velocities are sometimes more 
readily calculated are obtained if one expresses the above result in 
terms of the angles gi and ^2, which the wave normal makes with 
the two optic axes. The positive directions of these axes are chosen 
as those which make an acute angle with the positive direction of 
the z axis. Their direction cosines are: 



The angles between the wave normal and these axes are then given 
by the usual equations 


and 


cos gi = III + Tfnmi + /mi 
cos (/2 = Ih + ^^^^2 + ^'^2 


In terms of these two angles the roots of Fresnel’s wave velocity 
equation ( 8 ) are 

2 Vi- = (a^ + c-’) + (a* - c^) cos {gi - g^) 

2^2^ = (a^ + (?) + (a^ — c^) cos (^i + g2) 

By replacing the velocities by the reciprocals of the corresponding 
indices of refraction, one obtains equations for the two indices of 
refraction associated with a given wave normal. 

To each of the two values of V there will correspond only one 
direction of the light vector D. The two sets of direction cosines, 
one for each F, are given by the ratios 


Li:Mi:Ni 


I m n 



Lj2 • M 2 •^2 



The exact values of L, My AT, are found from these ratios with 
the aid of the requirement that the sum of the squares of the direc- 
tion cosines must equal unity. It can be readily proved that the 
two vibration directions are at right angles to each other. Ih 
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uniaxial substances one of them is in the plane of the wave normal 
and the optic axis, whereas the other is at right angles to this so- 
called principal plane. In biaxial crystals or substances, the 
wave normal defines a plane with each optic axis. In this case the 
D vibrations lie in the two bisecting planes. These planes also 
contain the rays which correspond to the respective vibrations. 
It should be noted that these statements and equations apply only 
to the propagation of light wholly inside the anisotropic medium. 
Thus the two values of V and their associated vibration directions 
and light rays are, in general, not the two observed when light 
passes from air into the medium, since in the general case of double 
refraction by a crystal there are two waves of different Z, m, and n. 
In the above discussion it is assumed that the same wave normal 
applies to both waves. In the passage of light from one medium 
to another, this is true only if the angle of incidence is zero. 

It was noted before that the directions of energy flux, the light 
rays, are in general not the same as the wave normals. It is there- 
fore necessary to distinguish between the velocity of propagation 
U of the light in the direction of the ray and the velocity of the 
wave F, the relation being = F/ cos f , where { is the angle be- 
tween the light ray and the wave normal. Fig. 12.7. The ray 
velocity associated with any given wave velocity is accordingly 
always greater than the latter; and still, strangely enough, when 
one plots U on the same polar diagram as F, the former surface 
lies within, and at most touches, the latter. The relation between 
the two surfaces is shown in Fig. 12.6. 

12.9 Double Refraction 

The ray velocity surface is of particular importance in that it 
gives a picture of the manner in which light spreads out in all 
directions from a point inside the crystal. Thus it gives the form 
of the Huygens wavelets in an anisotropic medium and may be 
used in the determination of the reflected and refracted rays and 
waves resulting from the passage of light through an interface be- 
tween two media of which one or both may be anisotropic. 

The application of Huygens’ principle to the general case of 
oblique refraction at the surface of a biaxial substance is illustrated 
in Fig. 12.8. The double wavelet from the point C spreads out as 
shown during the time that the incident wave is travelling from 
B to D. The incident wave is assumed to be perpendicular to the 
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paper, or plane of incidence. The two refracted waves are also 
found to be perpendicular to the plane of incidence, and are re- 
spectively tangent to the two sheets of the wave surface. The 
corresponding wave normals Ni and N 2 consequently lie in the 
plane of incidence. The two rays are found by drawing lines from 
the point C to the points of tangency of the two refracted waves 
and the wave surface. In general, these rays will not lie in the 
plane of incidence; however, it is impossible to show this in a two- 
dimensional figure. If the re- 
fracted wave is travelling in the 
direction of an optic axis in the 
crystal, it will touch the outer 
wave surface at an infinite num- 
ber of points lying on a circle 
around one of the depressions in 
the wave surface. There will 
then be an infinite number of 
refracted rays lying on a cone, 
and because of this the phenom- 
enon is called internal conical 
refraction. 

In many studies of double re- 
fraction it is customary to have 
the light strike the surface per- 
pendicularly. This always results in two refracted waves whose 
normals coincide with each other and are also normal to the sur- 
face. The rays, however, may be at various angles with the 
normal. 

If there exist any special relations among the principal velocities 
a, b, and c, this fact simplifies the problem. If any two of the 
principal velocities are equal, the wave surface consists of a sphere 
and a spheroid tangent to each other at two points which define 
the direction of the single optic axis. The spheroid is prolate or 
oblate, depending on whether the crystal is positively or negatively 
uniaxial. 

Two applications of Huygens' principle to refraction at the 
interface between an isotropic and a negatively uniaxial material 
are shown in Fig. 12.9. The optic axis is assumed to lie in the plane 
of incidence. The directions of the rays are given by the lines from 
C to the points of tangency, while the wave normals Ne and Nq are 



Fig. 12.8. Application of Huygens* 
principle to the general case of oblique 
refraction at the surface of a biaxial 
crystal. 
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by definition the perpendiculars to the two waves. The ray and 
wave normal belonging to the wave determined by the spherical 
wavelets are coincident. For this wave the same laws of refraction 
hold as for isotropic media, and for this reason the corresponding 
ray is called the ordinary ray, although it is plane polarized. The 
other, extraordinary ray, is not in the direction of the corre- 
sponding wave normal and does not obey the ordinary laws of re- 
fraction. This ray is also plane polarized. The D or E vibrations 
associated with the ordinary ray are normal to the principal plane 




Fig, 12.9. (a) Oblique refraction at the surface of a uniaxial crystal. (6) 
Refraction resulting from normal incidence on a uniaxial crystal. 

defined by the ordinary ray and the optic axis. The D vibrations 
corresponding to the extraordinary wave normal lie in the prin- 
cipal plane formed by this wave normal and the optic axis. When 
the optic axis lies in the plane of incidence, the extraordinary and 
ordinary vibration directions are exactly at right angles to each 
other. This is true also whenever the incidence is normal, as is 
illustrated in Fig, 12.9(6). The two directions of vibration are 
called the principal vibration directions of the plate. The one 
for the extraordinary ray is given by the projection of the optic 
axis on the surface of the uniaxial plate. Any incident plane 
polarized wave is resolved into components vibrating in this 
direction and at right angles to it. 

Incident plane polarized light may be obtained in a variety of 
ways. One convenient method is by the use of polarizing filters 
in sheet form, such as those marketed under the name of Polaroid. 
These plates contain a layer of uniformly oriented microscopic 
crystals of herapathite between glass plates or celluloid sheets. 
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Herapathite is an iodosulphate of quinine which is dichroic, mean- 
ing that it not only resolves an incident vibration into two or- 
thogonal components, but absorbs one of them much more strongly 
than the other. In a thickness great enough to absorb one com- 
ponent almost completely, the other transmitted component is also 
reduced appreciably. The degree of polarization falls off at both 
ends of the visible spectrum, making this a somewhat inefficient, 
though conveniently compact, polarizer. 

A method by which one may obtain a polarized beam of large 
cross-section with the least expense is by the use of a reflecting 

\ 



Fig. 12,10. Passage of rays through a Nicol prism. The direction of the optic 
axis is indicated by A, The ordinary ray o is totally reflected, leaving the 
c ray to be transmitted. 

glass plate at the polarizing angle. This method employs the dis- 
covery made by Malus and Brewster that the light reflected by 
any isotropic insulator is plane polarized when the tangent of the 
angle of incidence is equal to the index of reflation of the sub- 
stance. The reflecting power of a glass plate at this angle, which 
is about 57® for ordinary glass, is only 14 per cent for the com- 
ponent reflected. Surface films and other imperfections diminish 
the degree of polarization. The reflected electric vibrations are 
predominantly normal to the plane of incidence. 

The most efficient method for producing plane polarized light is 
still the Nicol prism or one of its modifications. The Nicol prism 
is made of calcite, the ends of which are ground to make the angles 
shown in Fig, 12.10. This prism is then cut diagonally at such an 
angle that, when cemented together by Canada balsam, the or- 
dinary ray is totally reflected at the balsam layer and absorbed in 
the blackened mounting of the prism. Only the extraordinary 
ray, vibrating in the principal plane which it makes with the optic 
axis, is transmitted. This plane of vibration is parallel to the short 
diagonal of the rhombic cross-section of the prism. In order that 
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the conditions for total reflection be satisfied, the direction of the 
incident light must not deviate too much from the direction of the 
long axis of the Nicol prism. This limits the aperture to about 29°. 
Of the other similar forms of polarizing prism, the most common is 
that of Glan-Thompson, which has perpendicular ends and a square 
cross-section. It is somewhat more eflSicient as a polarizer but has 
a smaller field of view. 

In some studies it is necessary to produce wide beams of polarized 
light and to have the rays incident normally on the specimen. If 
a Nicol prism is used alone as a polarizer, this would require one of 
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Fig. 12.11. Polarizing unit for obtaining a wide beam of polarized light from 
a small polarizer P. The quarter-wave plate Q is inserted when circularly 
polarized light is desired, Art. 12.13. 

very large cross-section, the cost of which would be prohibitive. 
Hence an arrangement of lenses similar to that shown in Fig. 12.11 
is employed to accomplish the desired result with the use of a small 
polarizing prism. The diverging lenses L3 and L4 keep the rays 
which pass through the relatively small Nicol prism well within 
its aperture. In fact, the rays are practically parallel and thus as- 
sure that the vibration direction is the same over the entire field of 
view. If they were not parallel, one can see that, as a consequence 
of the different principal planes for each different direction of wave 
propagation, the vibrations associated with each ray would be in a 
somewhat different direction. 

Since the principal planes in any application of crystal optics 
vary with the direction of the light, it is often more convenient to 
refer to the principal section, which is fixed by the orientation of 
the surface with respect to the optic axis. A principal section 
is a plane containing the optic axis and the normal to the crystal 
face or crystal cut. A principal section is also a principal plane 
when the light is incident perpendicularly so that the wave normal 
/ lies in the principal section. Since the angle of incidence is often 
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zero, the two terms are sometimes used interchangeably, although 
a principal section is not always a principal plane. 

12.10 Plane Polari scope 

A plane polariscope consists of two polarizing filters, which may 
be Nicol prisms, mounted on a common axis. These are called the 
polarizer and analyzer, respectively. When one of them is 
rotated with respect to the other, the transmitted light intensity 
varies in accordance with Malus^ cosine-scfuared law. If one sets 
the vibration planes of the polarizer and analyzer at 90° to each 
other, or at some odd multiple of 90°, the light is completely ex- 
tinguished. If one now inserts a plate of anisotropic material be- 
tween the polarizer and analyzer, some of the original light in- 
tensity is restored unless the light happens to be travelling along 
an optic axis or unless either one of the principal vibration direc- 
tions of the plate coincides with the principal plane of the polarizer 
or analyzer. There will be a change in the color of the transmitted 
light when monochromatic light is not used. Since the color is due 
to a superposition of interference effects in the different wave 
lengths, it is logical to consider monochromatic light at first. 

When polarized light of wave length X enters the doubly re- 
fracting plate, its two components in the principal vibration direc- 
tions of the plate are propagated with different speeds so that they 
emerge with the phase difference 

27r 

A = — {ill — ii2)d 
A 

Their amplitudes will be respectively a' cos 0 and a" sin 0, where a' 
and a" are the products of the incident amplitude and the ampli- 
tude transmission coefficients of the plate for the two vibrations. 
Reflection losses at the two surfaces are included in these factors. 
Since for normal incidence on transparent media, the losses due to 
both causes are very nearly equal, we can put a' = a" ~ a for 
most practical purposes. The resultant of two perpendicularly 
vibrating polarized and coherent waves with a phase difference A 
is in general an elliptical vibration. Art. 12.11. The intensity of 
such a combination is independent of <l> and A. However, when 
this light is passed through the analyzer, only the coplanar com- 
ponents of a cos <t> and a sin </> which lie in the principal section of 
the analyzer ^11 be transmitted. These retain the phase dif- 
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ference A, since they both travel with the same ^ed over the same 
distances except in the doubly refracting plate. The amplitudes of 
the transmitted wave components are obtained by a vector di- 
agram of the type shown in Fig. 12.12, where A represents the 
principal plane of the analyzer, and P, that of the polarizer; while 
X and y denote the principal vibration directions of the plate being 
examined. If the principal planes of the polarizing filters are at 

right angles to each other, as shown 
in Fig. 12.12, the wave components 
transmitted by the analyzer have 
the amplitudes: 

ai = a cos (#> sin </>; 

^2 = —a sin <#) cos <#> 

These are equal numerically, the 
minus sign indicating a reversal in 
phase which may be either applied 
to the amplitude, as above, or re- 
garded as a change in A by the 
amount tt. In either case, the resultant of the two waves. Art. 
10.2, is a plane wave whose amplitude is given by 



Fig. 12.12. Amplitude compo- 
nents transmitted by a plane po- 
lariscope with the analyzer and 
polarizer crossed. 


~ a^(2 cos^ <t> sin^ — 2 cos^ <t> sin^ <t) cos A) 


sin^ 2</> sin^ * 


If the polarizing filters are parallel, it is easy to show that the equa- 
tion for A 11 ^ becomes 

A\i^ = ^1 — sin^ 2<l> sin^ 


In many investigations it is customary to use crossed polarizers, 
to which the first equation applies. It shows that the intensity of 
the light transmitted by a plane polariscope depends on the orienta- 
tion of the specimen and on the phase difference which it introduces. 
Note hi particular that, regardless of the value of A, A^ is zero 
when « 0, 7r/2, tt, 37r/2; that is to say, the intensity is zero when 
either of the vibration directions of the plate coincides with the 
principal plane of the polarizer or of the analyzer, these being at 
right angles. By looking for this condition while rotating the 
analyzer and polarizer together so as to preserve ihe 90® setting. 
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one may locate the principal vibration directions of the material 
being examined in the polariscope. This procedure is used in 
photoelastic studies to find the orientation of the stress ellipsoid, 
since its axes coincide with the principal vibration directions. The 
lines of zero intensity observed with any fixed setting of the 
polarizing filters or prisms are called isoclinics. 

For any given value of 4>, the intensity depends on A, as shown 
in Fig. 12.13. Complete darkness occurs when A = m2ir, where 
m is any integer and is called the order of interference. If the 



Fig. 12.13. Dependf^nce of intensity on the phase difference of two waves 
having equal amplitudes and an initial phase difference of ir, for example, 
oi and a 2 in Fig. 12.12. 

value of A varies over the surface of the plate, there will be dark 
bands or interference fringes in the field of view. Along any one 
band, the value of A is constant for any given wave length, and 
therefore (jui — ii^d is constant. If the thickness d is uniform, 
these fringes are loci of constant birefringence, (mi — M 2 )* In 
photoelastic applications this quantity is proportional to the dif- 
ference between the principal stresses in the plane of the plate. 
Accordingly, the stress difference is uniform along any one fringe 
and varies from fringe to fringe by a constant increment which 
depends on the stress-optical constant of the material employed. 

It has been assumed above that monochromatic light is being 
used. If white light is used, it is due primarily to the variation in 
the magnitude of the wave length itself, and secondarily to the 
dispersion in the birefringence, that the value of A differs for the 
various spectral colors. Thus in the transmitted light some wave 
lengths will be in the same phase and some in opposite phase, pro- 
ducing a considerable variation in intensity throu^out the 
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spectrum. This selective interference will cause the transmitted 
light to be colored except where the birefringence is zero. Here 
the phase difference is zero for all wave lengths, and the band is 
achromatic, being perfectly black when the polarizing filters are 
crossed, and white when they are parallel. The locus of points of 
the same color are called isochromatic lines. Because of the 
maximum sensitivity of the eye to light of a yellow-green color, 
the complementary purple locus is quite well defined in several 
orders. The colored bands fade out as A becomes large, and in any 
case they are not as sharp as the interference fringes in mono- 
chromatic light, and hence do not lend themselves readily to 
quantitative work. The principal value of white light is that it 
facilitates the location of the fringe of zero order which shows 
where the birefringence is zero. 

12.11 Elliptically and Circularly Polarized Light 

The light vector in polarized light may not vary in a simple 
harmonic manner in one plane, as in plane polarized light, but may 
rotate with or without change in magnitude. When this is the case, 
the light is said to be elliptically or circularly polarized. Such 
light may be considered to be the resultant of two simple harmonic 
vibrations at right angles to each other with some phase difference 
between them. This is how it is usually produced. When plane 
polarized light passes perpendicularly through any anisotropic 
medium, two orthogonally polarized waves emerge, as was pointed 
out above. These two waves may be represented by the equations: 

where ai — a cos and 02 = a sin <l> are the two amplitudes, and x 
and y denote the components of the light vector in the correspond- 
ing principal vibration directions of the plate. If z is measured 
from the front surface of the plate, its value at emergence will be 
equal to the thickness of the plate, and, because of the difference 
between V\ and V 2 , there will be a phase difference given by the 
usual equation. After passing through the plate the phase dif- 
fidence remains constant, although the phase itself is a function of 
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z and L At any given point, z, there are two simple harmonic 
vibrations of the form: 


X = ai sin cat 

2/ = 02 sin (cat + A) 

The resultant vibration of which x and y are components is, in 
general, no longer plane polarized, since the instantaneous values 
of X and y are related by the equation: 

2xy . , 2 /^ . , . 

(.QS ^ ^ ^ 

ai 01 O 2 «2 


which is readily obtained from the above equations by eliminating 
the time t. This equation shows that the end of the light vector, 
the point x, y, describes an ellipse. The presence of the xy product 
term shows that, in general, the ellipse is inclined with respect to 
the x and y directions. There are several important special (;ases. 
When A = 0, 27r, 47r, • • • , m27r, the equation reduces to that of a 
straight line with the slope a 2 /ai, which is the same as that of the 
original vibration. On the other hand, when A = tt, Stt, Stt, • • • , 
(wi + M)27r, the slope is and the vibration direction makes 

an angle equal to 2 tan~^ a 2 /ai with its original direction. A plate 
of such a thickness that A = tt is called a half-wave plate and is 
frequently used to rotate a plane of polarization through any de- 
sired angle for a particular color. Since the magnitudes of ai and 
a 2 are the sine and cosine components of the incident light vector, 
their relative values can be varied at will by rotating the half-wave 
plate. 

When A = 7r/2, 37r/2, 57r/2, • • *, (m + the vibration equa- 
tion reduces to that of an ellipse 


aj^ a2 


1 


the axes of which coincide with the x and y directions and have the 
values 2ai and 2a2. A plate for which A = 7r/2 is called a quarter- 
wave plate. As before, the quantities ai and a 2 can be given any 
relative value by rotating the plate, that is, by changing the 
azimuth angle <>. In this way the ellipse can be given an ec- 
centricity of any desired value. In particular, if is equal to 45®, 
ai «= a 2 , and the above equation of the form of the vibration re- 
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duces to that of a circle. The electric vector at any point simply 
rotates about the wave normal without change in its magnitude. 
This kind of light is said to be circularly polarized. 

In order to determine the existence and kind of polarization of a 
beam of light, one may use a Nicol prism or other polarizing filter, 
and a quarter-wave plate. The beam is first tested by passing it 
through only the Nicol prism Avhich is being slowly rotated. If 
the light can be extinguished, it must be plane polarized. If its 
intensity does not change, it is either unpolarized or circularly 
polarized. In the latter case, a quarter-wave plate inserted ahead 
of the Nicol prism in any azimuth will change it to plane 
polarized light, which can then be extinguished by the Nicol 
prism. 

If the intensity varies as the Nicol prism is rotated, without 
interposing a quarter-wave plate, the light is either partially plane 
polarized or elliptically polarized. In the latter case, one may find, 
with a quarter-wave plate placed ahead of the Nicol prism, two 
azimuths in which the elliptically polarized light is changed to 
plane polarized light. These two azimuths are 90® apart and cor- 
respond to the coincidence of the ‘‘fast’' axis of the quarter-wave 
plate with one or the other of the axes of the ellipse. The tangent 
of half the angle between the corresponding extinction positions 
of the Nicol prism gives the ratio of the axes of the ellipse. 

12.12 Babinet Compensator 

The Babinet compensator is useful in measuring phase differ- 
ences caused by double refraction. It is made of two wedges of 



Fig. 12.14. Section through the wedges of a Babinet compensator. 

quartz with their optic axes at right angles to each other and in the 
directions of the length and width of the two respective wedges, 
Fig. 12.14. One of the wedges can be displaced by means of a 
calibrated screw. At some point such as A, where the thicknesses 
of the wedges are equal, the phase difference will be zero. It will 
increase linearly in both directions from A. This will result in the 
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transmission of any desired ellipticity, including circularly and 
plane polarized light, at various points along the wedge. At 
regularly spaced intervals, the phase difference changes by an 
increment of 27r, which means that the original vibration is trans- 
mitted. Between crossed Nicols, this light is extinguished, so that 
one sees a set of equally spaced dark bands. The screw rotation 
required to displace the bands by one interval, that is, change the 
phase difference by 2t, gives the required information for translat- 
ing a fringe shift of any magnitude into the corresponding phase 
difference by direct proportion. If the axes of the compensator 
coincide with the axes of the incident elliptically polarized light, 
the phase difference observed will be just t/ 2. This fact is often 
applied to the finding of the orientation of the axes of elliptically 
polarized light. In the general measurement of phase differences, 
the axes of the compensator must be aligned with the vibration 
components between which the phase difference is desired. The 
screw rotation required to displace the zero order band to its 
original position at A gives a measure of the phase difference. 

In a Soliel-Babinet compensator, the two wedges have their 
principal sections parallel to each other, and they are supplemented 
by a parallel plate having its principal section at right angles to 
the principal section of the wedges and having a thickness equal 
to that of the combined wedges in their zero position. The effect 
is then equivalent to that of a doubly refracting plate of uniform 
but variable thickness. Consequently no bands are seen, the in- 
tensity being uniform but undergoing periodic variations as one 
slides one wedge over the other. In white light, naturally, one ob- 
tains colors which run through the various orders of the Newton 
color scale. 

The Babinet compensator measures only the difference between 
the phases of the two components transmitted by any anisotropic 
plate. From this one may obtain the relative retardation (mi — 
M 2 )d, or the birefringence when the retardation is divided by the 
thickness of the plate. 

12.13 Interference in Circularly Polarized Light 

It is often of advantage to examine anisotropic materials with 
the aid of a circularly polarizing polariscope. A quarter-wave 
plate is placed behind the usual plane polarizer, with its fast axis 
at ±45® with the direction of the incident plane polarized light. 
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A clockwise rotation of the fast axis, as in Fig. 12.15, gives right- 
hand circularly polarized light, and the combination of Nicol 
prism followed by the quarter-wave plate is called a right-hand 
circular polarizer. In this case, the rotation of the electric 
vector is relateid to the direction of propagation in the same sense 
as the rotation of a right-hand screw is related to its translation. 
The observer sees it as a counterclockwise rotation. A similar 
combination with plate and Nicol in the reverse order is used at 

the other end as a right-hand 
circular analyzer. The circu- 
larly polarized light transmitted 
by the polarizer may be repre- 
sented by the equations of its 
components 



X = a cos o)t = a sin 


2 / = a sin ojt 

Suppose that these waves strike 
a right-hand circular analyzer 
whi(;h has been rotated through 
90°, so that all corresponding 
vibration directions are at right 
angles to those of the polarizer. 
The slow axis of the analyzing quarter-wave plate will then be in 
the X direction, so that the components it transmits will be 


Fig. 12.15. Production of right-hand 
circularly polarized light. The fast 
direction of the quarter-wave plate is 
45® clockwise of the principal section 
P of the polarizer. 


( TT 7r\ 

ofi' -j ) 

2 2 / 

y — a' sin oaV 


Their resultant is in the original direction P, as can be seen by 
examining Fig. 12.15. Therefore light is not transmitted by the 
analyzing Nicol prism which is at right angles to P. 

If now a doubly refracting plate is placed between the polarizer 
and analyzer of such a circular polariscope, it will transmit two 
waves vibrating in the directions of its principal axes which make 
some angle with P. To find these wave components, one re- 
solves the incident circularly polarized light into components along 
the vibration directions of the plate. Since circularly polarized 
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light has the same components for any mutually perpendicular 
directions, one may use the same equations as given at first, except 
that now the x and y refer to the principal directions of vibrations 
transmitted by the substance to be examined. These components 
are transmitted with a slight reduction in amplitude and with the 
introduction of a relative phase retardation A, so that they may 
be represented by 

/ TT A A\ 

X = a" sin ( cof" H h — | — ) 

V 2 2 2/ 

The double prime on t takes care of the phase retardation in the 
plate, and those on a take care of the reflection and absorption 
losses, whicih are usually small and equal for both components. 
When light is iiundent normally and the substance is not dichroic, 
the primes may conveniently be dropped. The phase difference 
A has been split into halves in order to make it easier to show that 
x' and represent a right-hand and a left-hand circularly polar- 
ized wave travelling together. To do this, these equations are ex- 
panded by the trigonometric formulas for the sine of the sum and 
difference of two angles, as follows: 

/ TT A\ A / T A\ A 

ic' = a sin I H 1 — ) cos — h a cos ( H 1 — ) sin — 

V 2 2/ 2 V 2 2/ 2 

/ A\ A / A\ A 

2 /' = a sin ( ^ ) cos “ ~ ® ^ 

The first terms of x' and y* together represent waves of equal 
amplitude and a phase difference of 7r/2 and therefore make up a 
right-hand circularly polarized wave having an amplitude equal to 
a cos A/2. Similarly, the remaining terms represent a left-hand 
circularly polarized wave having the amplitude a sin A/2. Since 
a right-hand circular analyzer set for extinction will transmit only 
the latter, the transmitted light has an intensity which is propor- 
tional to sin^ A/2. It is important to note that the intensity is the 
same regardless of the orientation of the principal axes of the plate, 
being independent of <!>, but otherwise dependent on the phase 
difference A in exactly the same way as the light transmitted by a 
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Fia. 12.16. Photoelasticity. Each band is an isochromatic line which traces 
the locus of constant difference between the principal stresses. The stress dif- 
ference changes by equal increments from one band to the next. The figures 
(o)> (c), (d) show the effect of a progressive increase in stress because of ten- 

don across a model of a lap weld. Circularly polarized light of 5461 A was em- 
ployed. (Photographs by Professor J, J, Ryan^ University of Minnesota^) 

m 
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plane polariscope with its Nicols crossed. In the latter case, the 
interference due to variation in A is obscured when the value of <t> 
approaches 0° or 90°, Art. 12.10. 

The circular polariscope is frequently utilized in the photo- 
elastic study of stress distribution in transparent models. Fig. 
12.16. A given difference between the principal stress components 
in the plane of the model produces the same interference effect re- 
gardless of the orientation of the stresses when circularly polarized 
light is used. In plane polarized light, on the other hand, the in- 
terference bands disappear when the stresses are either parallel or 
perpendicular to the principal plane of the polarizer. This fact is 
often used to determine the direction of the stresses, while circularly 
polarized light is used to determine the magnitude of their dif- 
ference. Their sum is found by measuring the changes in thick- 
ness of the stressed plate by means of an ordinary interferometer. 
From the sum and difference, the magnitudes of the stresses may 
be found. 


PROBLEMS 

1. The index of refraction of Canada balsam is 1.530, and the index of 
calcitc is T, 658 for the ordinary ray and 1.486 for the extraordinary ray. 
Which of thestj rays may Iw totally reflecU^d in the calcite by a Canada balsam 
film and under what conditions? 

2. The polarizer and analyzer of a polariscope have their principal planes 
parallel, and a crystal plati; is ins(;rted betwc^cm them with its principal st^ction 
at 30° with that of the polarizer. What is the amplitude ratio of the compo- 
nents passing through (a) the crystal plate? (b) the analyzer? 

3. Quartz has a refractive index of 1.544 for the ordinary ray and 1.553 
for the extraordinary ray, when measured with sodium light. What thick- 
nesses of quartz between a crossed polarizc^r and analyzer will produce annul- 
ment of this light, the quartz being cut parallel to its optic axis? 

4. (a) In what general respt^cts is the explanation of the colors of aniso- 
tropic media in a polariscope with crossed polarizers similar to the explanation 
of the colors of thin films in reflected light? (b) How do they differ? 

5. Calcite has a refractive index of 1.658 for the ordinary ray and 1.486 
for the extraordinary ray. What wave lengths in the visible range will be 
annulled when a thickness of 0,01 mm cut parallel to the optic axis is placed 
between a polarizer and analyzer whose principal sections are (a) parallel? 
(b) perpendicular? 

6. A crystal plate 0.1 mm thick having principal indices of 1.5590 and 
1.5567 is placed in a polariscope. (a) What is the difference in optical path 
for the transmitted components? (b) What is the difference in phase in de- 
grees for light whose wave length is 5500 A? 

7. A Rochon prism is made of calcite, each oppositely directed half prism 
having a refracting angle of 30° with opposite angles of 60® and 90®. What is 
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the angle between the transmitted l>eams if the incidence is normal? In a 
Rochon prism the optic axis in one of the half prisms is perpendicular to its 
face and to its refracting edge, whereas in the other half it is parallel to the 
face and to the nifracting edge. 

8. Plane polarized sodium light is incident normally on a birefringent plate 
of 0.01-mm thickness, whose principal indices are 1.5590 and 1.5567. (a) If 
the principal st^ction of the polarizer makes an angle of 30° with one of the 
principal vibration directions of the plate, what is the ratio of tlu^ axes of the 
elliptically polarized light? (/>) What is the inclination of tlu^ ellipse relative 
to the principal section of the polarizer? 

9. A Wollaston prism is made of calcite, each oppositely directed half 
prism having a refracting angle of 30°. What is the angle bejtween t he two 
transmitted beams if the incidence is normal? In a Wollaston prism the 
optic axes in the two half prisms are respectively parallel and perpendicular 
to their bases and refracting edges. 

10. Ckiar Fresmd’s normal velocity equation of fractions and solve the re- 
sulting bitjuadratic equation for 2^^“^, verifying the equation on pag(‘ 208. 

11. Express 2V^ and 21 V in terms of the angles gi and ^ 2 , vtiri tying the 
equations on page 209. 

12. Show that the two wav(is associated respectively with the velocities 
and F 2 (problem 10) arc vibrating at right angles to each other by proving 
that LiZ /2 "h M\M^ -j- N\N% = 0. 



Chapter 13. Optical Activity 


13.1 Optically Active Materials 

Certain materials, such as sugar solutions and quartz along its 
optic axis, have the property of rotating the plane of polarization. 
This property is called optical activity. The angle through 
which the plane of polarization is rotated is proportional to the 
length of path in the active substance and, in solutions, is propor- 
tional to the concentration. In the latter case, the rotation per 
unit length per unit (uincentration is called the specific rotatory 
power, being usually given in degrees per decimeter and gram per 
cubic centimeter of solution. Table 13.1 lists the values for 
various kinds of sugar for sodium light at a temperature of 20°C, 
the symbol c being the concentration in grams per cubic centi- 
meter of solution. Optical activity provides a means for the 
quantitative analysis of solutions of active substances. 

TABLE 13.1 

Sugars Spcjcific Rotatory Power 

Sucrose^ (cane) -|-t>t>A62 -h 0.870 c — 2.35 

Dextrose -f 52.50 -j- 1.88 c 

Fructose —113.96 -f- 25.8 c 

Maltosti +138.48 - 1.837 c 

Lactose +52.53 

Invert sugar —19.447 — 6.068 c 

Specific rotatory power depends on wave length in a manner 
similar to that of index of refraction. Hence a formula of the 
Cauchy type is usually fairly accurate: 

B 

[a]^ A + - 

[a] being the specific rotatory power. Furthermore, it depends 
not only on the temperature, but also on the concentration, as 
shown in the table. In other words, the relation between rotation 
and concentration is almost, but not quite, linear. This effect is 
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sometimes ignored, or one attempts to eliminate it by using nearly 
standard concentrations, such as 0.26 gm/cm,^ in the case of su- 
crose. The temperature and wave length are generally specified 
by a superscript and a subscript attached to the bracket around 
the specific rotatory power. Thus one may write for the rotation 
a due to a length I of solution of concentration c: 


r 

«Lor.o to 


Fresnel showed that optical activity is accompanied by a cir- 
cular double refraction, meaning that in such materials right- and 
left-hand circularly polarized light travels with different velocities. 
He constructed a composite prism as shown in Fig. 13.1, using the 


Fig. 13.1. Fresnel prism for demon.strating circular double refraction along 
the optic axis of quartz. 

two varieties of quartz which rotate equally in opposite directions. 
With it he was able to separate an incident monochromatic plane 
polarized beam into two which were circularly polarized in the op- 
posite sense. It is easy to repeat this experiment with a Fresnel 
prism, a spectrometer, quarter-wave plate, and Nicol prism. Later 
on, von Fleishl performed a similar experiment, using prismatic 
cells to hold solutions of sugar which rotate in opposite senses. 

The splitting of the beam into circularly polarized components 
is usually far too small to observe directly, but the phase difference 
may be the cause of an appreciable rotation of the plane of polariza- 
tion. In Fig. 13.2(a), the linear incident vibration is resolved into 
two oppositely rotating vectors which are in phase at A and 
represent the circularly polarized components. On emerging, the 
relative phase is as shown in Fig. 13.2(6), where the angle 


AOB = — (nr — ni)l 
X 

the resultant becoming a linear vibration rotated through the 
angle a = }iA0B. 

The difference in velocity of the two circularly polarized com- 
ponents can be shown to be a result of asymmetry in structure. 
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In active materials the crystal cell or molecule can have no center 
of symmetry or plane of symmetry. The proof will be omitted 
here. In some materials, the molecules themselves are too sym- 
metrical to cause optical activity in a liquid or amorphous form, 
but the required asymmetry arises from the structure of the crys- 
tal. For example, crystalline quartz is active, but quartz glass is 
not. The crystal structure of quartz shows a spiralling of the 




Fig. 13.2. Rotation of the plane of polarization, (a) The entering plane 
polarized vibration may be resolved into oppositely rotating circularly polarized 
vibrations. (6) The emerging components combine to give a resultant which 
is rotated through an angle a, the phase difference l)eing 2a. 


molecules of Si02, sometimes in the sense of a right-hand screw 
and sometimes in the opposite sense. One of these is right hand or 
dextrorotatory, whereas the other is left hand or levorotatory. 
There is some ambiguity in these terms. In the case of optical 
activity of crystals, it is customary to designate a rotation as right- 
handed if the turning is related to the direction of propagation of 
light in the same sense as the rotation and translation of a right- 
hand screw. On the other hand, in solutions the viewpoint is 
usually that of the observer toward whom the light is travelling, 
and by a right-hand rotation is meant a clockwise one. 

Optically active solutions or liquids usually contain molecules 
in which there are atoms of carbon with their four valences satisfied 
by dissimilar atoms or groups of atoms. The simplest example is 
lactic acid, whose molecule may be thought to consist of a tetra- 
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hedral arrangement of its parts as shown in Fig. 13.3. There are 
two possible forms, which are like mirror images and rotate in op- 
posite senses. They are called enantiomorphic isomers. Often 
one form is produced to the exclusion of the other. If a molecule 
contains two active carbon groups, there may be three arrange- 
ments called optical isomers. If both carbons cause a right- 
hand rotation, the compound has the dextro form; if both carbons 
cause a left-hand rotation, it is leva; while if they compensate one 

another, the material is said to have 
a meso form. The active molecules 
contain neither a center of symmetry 
nor a plane of symmetry. 

13.2 Polarimetry 

In order to measure angles of rota- 
tion, the analyzer of the polariscope 
must be mounted on a graduated circle. 
The instrument is then called a polar- 
imeter. Since it is difficult to set ac- 
curately on the extinction point, a so- 
called ^‘‘half shade” is inserted in 
front of the polarizer. The half shade 
caUvSes light to vibrate in slightly different directions in the two 
halves of the sharply divided field of view. The extinction points 
for the two halves are usually 1 ® to 2° apart, and one sets between 
them for an equal intensity. This can be done quite accurately 
(Experiment 6). 

One kind of half shade consists of a small Nicol prism covering 
half the polarizing Nicol. Each Nicol transmits vibrations in its 
principal plane, and these are set at the required small angle with 
each other. This type of half shade is the Lippich. Another is 
the Comu-Jellet prism, in which the polarizer is cut lengthwise, a 
narrow wedge-shaped portion removed, and the parts cemented 
together. In another type, the biquartz, two plates of quartz of 
the dextro and levo form are mounted in juxtaposition in front of 
the polarizer. They are cut perpendicularly to the optic axis and 
ground to such a thickness that the plane of polarization is ro- 
tated almost 90® in opposite directions in the two halves. For the 
principal Fraunhofer lines, quartz gives the rotations per milli- 
meter shown in Table 13.2. Accordingly, the biquartz gives its 


COOH 



Fig. 13.3. Molecular stru(5- 
ture of lactic acid, showing its 
asymmetry. 
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optimum accuraafr only with the wave length for which it was 
designed. 

TABLE 13.2 

Fraunhofer line A B C E F G K 

Degrees per millimeter 12.67 17.32 21.70 27.54 32.77 42.60 52.15 

The Laurent plate, another type of half shade, consists of a half- 
wave plate of quaitz or mica. It is set so that one of its principal 
vibration directions Ui, Fig. 13.4, makes a small 
angle with the polarizer principal plane PP. 

The light it transmits is plane polarized, QQ, 
and makes twice this small angle with the orig- 
inal vibration. Art. 12.11. The plate covers 
half the field, the other half often being filled 
in with a glass plate of about the same retar- 
dation and dispersive power to obtain a dis- 
appearing boundary when the fields are matched. 

PROBLEMS 

1 . A column of sucrose solution 20 cm long is found yiq 1 3,4. Laurent 
to rotate tlK‘. plane of polarization of sodium light plate. The hori- 
through an angl<? of 10°. W hat is the concentration of ^jontal component 
the solution in grams p<^r liter? of incident 

2. The specific rotatory power of sucrose for sodium vibration PP is re- 

light is 66.5 degrees per decimeter and gram jKir cubic tardedby 180°rela- 
c(»ntimeter of solution. What is the magnitude of the tively to the verti- 
(4r(ailar bin'fringcmce of a solution containing 26 gm of component <ii in 
sucrose pt^r 100 cm’ of solution? passing through the 

3. (a) What thickness of quartz cut perpendicularly half-wave plate, 

to its axis will rotate plane polarmnl sodium light resultant vi- 

through 90 °? (6) What will be the difference in angle bration is then in 

of rotation of this same plate for the F and C Fraun- direction QQ. 

hofer lines? 

4. A solution is made up by dissolving a 26.00-gm sample of sucrose in 
enough water to give 100 cm® of solution. The plane of polarization of so- 
dium light is rotated through 34.15° by this solution in a tube 200 mm long. 
What is the purity of the sucrose if none of the impurities is optically active? 

5. What thickness of quartz should be used in making a Laurent half 
shade for sodium light, the thickness to be not less than 1 mm? To provide 
a disappearing boundary at balance, one should fit a glass plate of nearly the 
same dispcjrsive power and retardation next to the quartz plate. What kind 
of glass, selected from the tables in the Appendix, should be used, and what 
should be its thickness? The dispersive power of quartz is 0.0129. 





Chapter 14. Refraction and Dispersion 


14.1 Theory of Refraction 

It was pointed out that, according to the electromagnetic theory, 
the index of refraction n is equal to the square root of the dielectric 
constant €, and that both these quantities vary with the frequency 
of the radiation. According to the definition of the dielectric dis- 
placement Z), 

D^E + AtP 

and 


D = eE 


where P, the polarization, is the electrical dipole moment per unit 
volume, and E is the electric field strength. It is evident that 

Thus a theory of refraction or dispersion, which is the variation 
of refraction with frequency, reduces to a theory of the nature and 
cause of dielectric polarization P. For molecules having no in- 
trinsic dipole moment, this is the vector sum of the product of the 
charges and their displacements from equilibrium. 

The polarization is proportional to the average field F existing 
in the medium. This in itself depends on the polarization ap- 
proximately as 

P = P + aP 

where a may be proved to be 47r/3 for a cubic crystal and for a 
completely fortuitous distribution of dipoles. At first, assuming 
only one kind of molecule with a polarization p fiF for each 
molecule, the moment per unit volume becomes 

P = Nfi(E + aP) 

so that 

P _ 6- 1 ^ NP 
E 4t 1 — Nfia 
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where N is the number of molecules per unit volume. Thus one 

finds that , ^ . 

4:tN0 = (€ — 1 ) — N(ia{e — 1 ) 

or 

NP[4t + a(€ — 1)1 = c — 1 


The number of molecules per gram is 

p M 

where p is the density, Nq is Avogadro^s number, and M is the 
molecular weight. Then 


4tAop/3 € — 1 


M 


a 

l+j-(e 

47r 


n 


Thus, for a given molecular compound in any state: liquid, gas, 
or solid, one finds that 


- 1 




4tNo^ 

, a constant 

M 


J{ a = 47r/3, this reduces to the simpler form 


or 



= constant 


= constant 


the constant being called the specific refractivity, A knowledge 
of specific refractivity enables one to find € or n for a given sub- 
stance in various states of different density. Debye extended this 
theory to include the case of molecules which have a dipole moment 
even in zero field. The refractivity is then found to consist of a 
constant term plus a term which is proportional to the reciprocal 
of the absolute temperature. Thus 




b 
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where a = AirNon^/^Mk enables one to determine the dipole mo- 
ment fi of a molecule from the temperature variation of its re- 
fractivity, k being Boltzmann's constant. 


14.2 Refractivily 

The refractivity 7? of a mixture of s substances or molecules may 
be readily found from the refractivities rj, r 2 , • ■ • , /’« of the compo- 
nents whose mass per gram of the mixture may be represented by 
mi, m 2 , • • • , m«. Then 

— 1 1 

• “ = W = miri + m2r2 H h m^rs 

+ 2 p 

which is readily justified by lujting that f)iie must sum up terms like 

47rJVo/8i 

TiPi — Pi 

3Afi 

over all the molecules to obtain the total 
— 1 

= ^2P2 + r3P3 H h Vspii = Rp 

+ 2 

Even in the case of a compound, the refractivity as computed 
from the refractivities of the elements using the mixture formula 
sometimes gives satisfactory results. If the atomic weights are 
«!, a 2 , as, • •• and the number of atoms per molecule are ni, n 2 , 
n 3 , • • • , the molecular weight is M = niai + n 2 a 2 + ni^as + • • • 
and the mass of each element per unit mass of compound is 


mi = 


niflii 
~M ' 


Tl2Cl2 

m 2 = ; etc. 

M 


Thus by the mixture formula 

RM = ni(airi) -f n2(a2r2) + • • • 

where the a r terms are called the atomic refractivities, and RM 
is the molecular refractivity. 

It is not alw’^ays possible to obtain good results by considering a 
chemical compound to be a mixture of elements. The computa- 
tion may be refined, without becoming too complicated, by using 
a different refractivity according to the valence of the ion, and by 
adding corrections for the number of bonds and for ^Conjugation'' 
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of bonds. When this is done, the results are generally satisfactory 
except in the case of polar molecules, for which one obtains only 
the temperature-independent portion of the ref inactivity. 


14.3 Dispersion 

To investigate dispersion it is required to determine how the 
polarization p of each atom in the expression 

= < = 1 + 4ir - = 1 + 4ir V' - 
E ^ E 

varies with the frecpiency of the incident light. Thus it is neces- 
sary to develop p/E as a function of the frequency v. This prob- 
lem involves the interaction of a light wave with the electrons in 
an atom. Tt is well known that such problems are outside the 
scope of (classical theory and must be solved by quantum mechan- 
ics. However, one can find the functional form of the above ex- 
pression most quickly by classical theory, even though the con- 
stants must be altered in regard to magnitude and physical inter- 
pretation, as will be shown. 

In the ('lectron theory of Lorentz and Drude one writes 


where c/,, .V/j, and ih are respectively the charge, number per cubic 
centimeter, and displacement from equilibrium of the hth electron 
or ion. We may find r from the differential equation for forced 
vibrations of these particles: 


dhk drft 

f^ih - + hh — — r = ^'hE 

dr dt 


where k is a force constant and h is a damping constant, 
value of E in the incident wave may be written as 


The 


E = Eoe^'^' 


where w = 2Trv. By substituting the solution r = one finds 
the relation 

jhhia + kf^Th = CkE 


Thus 
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which may be put into the following form 

P _ Nheh^ 

E ^ rrihioiQh + iw/i'w - 

where 



is the resonance angular frequency for the hth particle. The 
significance of the complex term is that there is an absorption. 
This can be proved as follows. Define a quantity k by the equa- 
tion 

n = = n(l — Jk) 


Then for an electromagnetic wave 


so that 

or 


1 n — jm 

F ~ V c 


E = Eoe'^^'^‘ = Eoe’T^' ^‘0 


This shows that there is an exponential reduction in amplitude as 
the wave progresses in the z direction, the absorption coefficient 
for intensity I in the equation I = /qc""®* being 

4irnK 

a = 

X 


The complex dielectric constant is given by the expression 


e - n2(l - = 1 + 47r 




m 




On separating this into real and imaginary parts, one finds that 


n\l - = 1 + 47r 



fth 
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and 


2n^K = 47r 


AT ' 

Nh — w 

rrih 


{^Oh‘ ■“ 


Graphs of the optical constants n and k computed from these equa- 
tions have the form shown in P^ig. 14.1. The constant k is usually 



Fig. 14.1. Variation of index of refraction n and index of absorption k with 
angular frequency w in the ludghborliood of an absorption band. 


called the index of absorption, while n is the index of re- 
fraction. When the medium is an insulator, w' is negligible un- 
less 0 ) is close to an absorption frequency coq. Thus at some dis- 
tance from the region of absorption one finds the simpler results 


x = 0 


= 1 + 47r 


eh 

Nh — 

Y~> nth 

^ CCQh^ - 


A graph showing the variation of with angular frequency in the 
vicinity of the first absorption band is sho\^ in Fig. 14.2. Of 
course, the results become inaccurate as w s^proaches wi. On 
passing through each absorption band, the vali\e of should de- 
crease by the amount 

^irNheh^ 
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for the particular resonating particle, as shown for one particle 
in Fig. 14.2. That this is not found to be the case quantitatively 
indicates a shortcoming of the classical theory. At very high fre- 
quencies the equation for v? shows that the index of refraction 
should approach unity from the lower side. The fact that the 



Fig. 14.2. Change in the magnitude of nr on pjissing t hrough an absorption 

band. 


index of refraction of x-rays is less than one is in agreement with 
this expectation. 

14.4 Quantum Theory of Dispersion 

Instead of imagining forced vibrations of electrons, one must 
think of induced transitions between quantized energy states. 
This relates the theory of dispersion to that of scattering. The 
development of this theory is beyond the scope of this book, but 
it is definitely of interest to compare the quantum-theory dis- 
persion formula with that obtained by the classical theory. Ac- 
cording to Kramers, the index of refraction n may be expressed by 
the formula 



where the subscripts i, ifc, and g refer to energy levels, k being 
higher than ^, and g lower than i. The number of atoms per unit 
volume in the energy state i is denoted by Ni. The symbols a* ^ 
and ai^g are respectively the probabilities for upward and down- 
ward transitions induced by the radiation. Under ordinary con- 
ditions, most of the atoms are in the ground state, so that the 
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second term is negligible. If one considers the neighborhood of 
one particular absorpticjn frecpiency Vik^ as for example in the re- 
fractive index of sodium vapor near the D lines, one may write 

^ \ 

" ~ , 2 ) 

This is the quantum theory equivalent of the corresponding clas- 
sical formula 

2 . 

— ] = 

Tm(ph," — v^) 


A comparison of the two formulas shows that 


r 

— corresponds to — - 
m Sir^ 



Thus one may artificially ^ ‘correct’^ the classical formula by the 
use of effective values of c^/m instead of actual values. For example, 
the experiments of Fuchtbauer and Hoffman on the dispersion of 
sodium vapor near the D lines show that the effective value of 
c^/jn is only 0.14 times the actual value. From this result, one 
may compute the transition probability ais^ 2 P- "I'he value agrees 
well with that computed from the wave functions of the sodium 
atom and provides a good check of the quantum-theory formula. 


14.5 X-ray Dispersion 

In the x-ray region one finds absorption edges instead of ab- 
vsorption lines, Art. 18.1. One may divide each continuous ab- 
sorption band, which has a low frequency limit, into a series of 
strips and consider the electrons associated with each edge to be 
distributed among the resulting elementary strips. By integrat- 
ing the electron contributions to p/E, Kramers, Kallman, and 
Mark first derived an expression which describes x-ray dispersion 
quite well. However, the assumed distribution law and the 
assumed effective number of electrons in the K and L levels are 
not always valid. An improved formula which takes these mat- 
ters into consideration was derived by Honl ^ for the neighborhood 
of the K edge. This is 

1 Honl, Zeitschrift fur Physik, 84, 1-16 (1933). 
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Nae^ 

2irmv^ 9 


[ 4 

1(1 - ^kf 


(1 + xMn i 1 - a:-2 I ) 


I 

(1 - ^ 


- + 2x^ + In 
<Z 


Lui V 

I + X }\ 


where x = vkiv, and Na is the number of atoms per unit volume. 
The quantity A* is given by 


At 


(Z - s)2 + -o?{,Z - s)* 
4 

(Z - sf 


hvk 

Rhc 


where Z is the atomic number, s is the screening constant for the 
K level, a is Sommerfeld’s fine-structure constant, R is Rydberg’s 
constant, h is Planck’s constant, and c is the speed of light. Figure 





Fig. 14.3. X-ray dispersion in the neighborhood of an absorption edge at 
X « \k. The curve is from the wave-mechanical theory by Honl. The crosses 
are experimental values for quartz as measured by Larsson. 


14.3 shows a comparison of this formula with the experimental 
data of Larsson, the curve being computed by Honrs formula and 
the crosses being experimental values. 
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PROBLEMS 

1. (a) Compute the ref ractivi ties of N 2 and of CO 2 at normal temperature 
and pressure, (b) What is the index of nn^raction of a mixture of the two 
gas(is containing 20 per cent by weight of CO 2 ? 

2. Compute th(? index of refraction of N 2 O at normal temperature and 
pressure, considering it to be^ a mixture of the two gases instead of a chemical 
compound. What is the discrepancy between the computed and measured 
values? 

3. The values of (n ~ 1)10^ for hydrogen at normal temperature and 
pressure) are 1759.96 at a wave length of 1854.64 k, and 1396.50 at 5462.26 A. 
Assuming normal dispersion and a single principal absorption line in the ultra- 
violet, determine the effective value of e^/m and compare it with the actual 
value. 

4. (a) How does the n^fraction of x-rays change the form of Bragg’s for- 
mula? (h) If the apparent lattice constant of calcite is 3029.04 XU (1 XU « 
10“^' cm) for first order diffraction, while for the third order it is 3029.40 XU, 
what is the index of refraction of calcite for x-rays having a wave length of 
1000 XU? 

5. (a) What is the critical angle for total reflection of x-rays having a wave 
length of 708 XU by a glass surface for which (n — 1) = 1.64 X 10~®? (b) 
What will l)e the maximum deviation of such a totally reflected beam at a dis- 
tance of 25 cm? 



Chapter 15. Optical Constants of Metallic 
Absorbers 

15.1 Metallic Media 

The absorption of the longer wave lengths in metals is due to 
the Joule effect associated with conduction electrons. The con- 
tribution to absorption due to photoelectric excitation and ioniza- 
tion takes place at short wave lengths and will not be considered, 
except in so far as it affects dielectric polarization. 

The absorption in metals is generally so great that the amplitude 
drops to a small fraction of its value in a distance of less than a 
wave length. One should accordingly distinguish between planes 
of equal phase and of equal amplitude, as they may be quite dif- 
ferent. This dis(!ussion is restricted to plane waves. The plane 
of constant amplitude is practically alw'ays parallel to the surface 
regardless of the angles of incidence and refraction. It will be 
found that this fact leads to a variation in the index of refraction 
or wave velocity, and of absorption coefficient, with the angle of 
incidence. The values usually tabulated are for perpendicular in- 
cidence and cannot be applied to oblique incidence without further 
investigation. 

For metalhc media, the fundamental equations, Art. 12.2, become 

IdH 


curl F = 


(1) 

c dt 


1 / dE\ 

curl // = - ^irtrE -f € —j 


(2) 

div A’ = 0 


(3) 

o 

II 

> 


(4) 


where a is the conductivity of the metal, and the other symbols 
have their usual significance. The magnetic permeability is again 
taken equal to unity at optical frequencies. The significance of 
the vector notation is made clear by comparing these equations 
with those given in Art. 12.2. 
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Differentiating (2) with respect to the time t and eliminating 
H by the use of (1) lead one to the wave equation 

_€ d^E 4x0- dE __ d^E d^E d^E 

df ^ at ~ d3^ ^ dy^ a^ 

Choose the xy plane as the surface of the melal, z being then the 
normal, and let the plane of incidence be the xz plane. Then for 
plane waves d/ by = 0. 


15.2 Optical Constants 

A particular solution of the wave equation under these condi- 
tions is 

where 


oj = 2Trp = 


2t 

Y 


Substituting this into the wave equation to determine the neces- 
sary relation between the constants, one finds that 

-- ( — + jItto-w) = — aj^(a^ + b^) 

SO that 

a^ + b^ = ~{e-- j2<rT) 


When the conductivity g is not zero, as in the (;ase of metals, a and 
b cannot both be real. For the general case, they may be written 
in the complex form 


a 

b 


sin r Ki n sin r mi 



cos r k 2 n cos r n#C 2 



The equation of the wave is then 
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which is seen to be the equation of a plane wave, since the phase is 
constant over the plane 

X sin r + 2 cos r = constant 

However, the amplitude varies with x and z, being constant over a 
different plane 

Kix 4- k 2 Z == constant' 
which may be written in the form 

k(x sin a + 2 cos a) — constant' 


where k is the index of absorption. In these equations r is the 
angle with the z axis of the normal to the plane of constant phase, 
while a is a similar angle made by the normal to the plane of con- 
stant amplitude. In materials of high absorption, the locus of 
points of equal amplitude is practically parallel to the surface, so 
that in this case a may be put equal to zero. The wave, writing 
only the real part, is given by 


E = EqC 


2irnK 

^ cos 


2im 

X 


{Vt — (x sin r + z cos r) ) 


The relation between n, /c, a, r, €, and a is obtained from 


a = - (n sin r — jm sin a) 
c 


6 = - (n cos r — jm cos a) 
c 


since the wave equation requires that 
a^ + b^ 

It follows that 


€' = c — j2(TT = n^(l — K^) — j2n^K cos (r ~ a) 

By equating the real parts and the imaginary parts, one obtains 

= € 
and 

2n^K cos (r — a) ~ 2aT 
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The second equation shows that n and k depend on r — a, which 
is practically equal to r since a is very small. For perpendicular 
incidence, r = 0, the relations are 

V(1 - = € 

which are usually given without calling attention to the fact that 
they apply only to normal incidence. 

In the case of normal incidence the wave becomes 


no 

E = EqB ^ cos 27r — (Vot — z) 

X 

so that the intensity decreases exponentially as 

4Tno*o"* 

/ = * 

The absorption coefficient 47rno/coA is very large for most metals. 
In the more general case of r 0 one finds that 


2ir^ 

E = Eoe ^ cos 0 ) 


X sin r + z cos r" 


and consequently 


4irnic 

I = Toe ^ ' 


The relations between the constants for normal and for oblique 
incidence are 

n^{l - K^) = no^(l Ko^) 
n^K cos r = 

To calculate n and k from these and to find how they vary with the 
angle of incidence, one introduces SnelFs law, according to which 


sin^ r = sin^ i 


and 


cos^ r — sin^ i 

Making use of the latter, it is readily found that 
7i^K^ — sin^ i = no^ 

and, of course, 

n^(l — K^) = no^(l — kq) 
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These two equations may be solved simultaneously for 2n^ and 
2n^ K^j giving 


2n^ = {K^(l - - sin^ ^]^ + 4noV}^ 

+ {no^(l - O + sin^ i] 

and 

2n^K^ = {K)^(l “ — sin^ if" + 4no\)^}^ 

- {/io^(l — ico^) — sin^ ^} 

Conversely, 

2n()^ = {n^(l + — 4/A^ sin^ 7i^(\ — k^) 

and 


2n()\)^ = {n^(l + ““ 4n^/c^ sin^ f — n^(l — k ^) 

These may be reduced to Ketteler’s formulas by introducing the 
quantities 

m ^ n cos r and 


giving 

— K‘^ sin^ i == — Kq^ 

and 


mK = no-K^o 


where Xo = Uoko. Using these, one finds that 
2no2 = {(m^ + sin^ ^)2 + + (m^ - + sin^ ^) 

and 


2A;o^ = {(m2 - ^2 + sin2 if + - (rrf- + sin2 i) 

To make clear the order of magnitude of the quantities in a 
typical case and to show how they vary with the following re- 
sults by Wilsey ^ for gold are quoted. That the amplitude de- 


Gold, X « 0.620 fi 


l 

Si 

rti 

0** 

10.03 

0.3104 

20*’ 

10.15 

0.469 

40° 

10.20 

0.722 

60° 

10.85 

0.916 

70° 

10.86 

0.985 

80° 

11.04 

1.033 

85° 

11.72 

1.032 


^ Wilsey, Physical Review^ 8, 391 (1916) 
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creases very rapidly with 2 can be seen by the equation for gold at 
normal incidence 

E = 

In only one eighteenth of the wave length, the amplitude is 1/c of 
the incident value, so that after penetrating to a distance of only 
one wave length one finds that 


E = 


Eq 

Ts 


e 


_Eo 

05,000,000 


Moreover, the intensity varies as E^. In general, metals are the 
best absorbers of light that are known. One can appreciate that a 
direct measurement of the optical constants of metals would be 
extremeJy difficult. Yet this has been done by Kundt, although 
the results are not very accurate because of the difficulty in ob- 
taining uniform films and prisms of small angle, and in the measure- 
ment of their thic^kness and angle. It is interesting that one fre- 
({uently finds that the wave vekxnty, V = c/n, is greater than c, 
since n is often less than unity. However, this is a phase velocity, 
as one can see by the derivation of n = c/V by Huygens' principle. 
One always finds that the group or signal velocity is less than c, 
as is to be expecte^d. Tables of optical constants of metals are 
given by Valasek in the International Critical Tables^ 5, 248-256. 

In testing the theoretical relation between optical constants and 
conductivity 

no^Ko = aT 


one finds that the agreement is good only at very long wave lengths. 
The value of the conductivity which should be used is that which 
applies to the same frequency for which no and kq are measured. 
When this is done, or even approached in many cases, the agree- 
ment is good. In many instances one does not have to go very far 
into the infrared with measurements of the optical constants to 
find that the ordinary direct-current conductivity may be used 
for cr in the preceding formulas. 


15.3 Normal Reflection 

The Fresnel formulas for reflection, Art. 12.3, hold for metals if 
one replaces the index of refraction by its complex value no — 
jrioKQ. This follows from the fact that the fundamental equations 
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have the same mathematical form in e' as those for an insulator, 
and for normal incidence 

e' = € - j2<TT = no^ - j2no^Ko - WqW = («o - jnono)^ 

The reflected wave is then given by 


where 


R = Re 


n — 1 

R = E 

n+ 1 


as in the insulator case, except that n is now a complex quantity. 
Thus for metals 

1 - no + jnoKo 1 - no® - no®Ko^ + i2no/c 

______ ^ 

1 + no — jn^Ko (1 + 

Any complex quantity such as R may be written in the form 


where 


R = A + iR = Va2 + R2 


<l> == tan ^ — 


On carrying out this operation, it is found that the phase shift on 
reflection may be computed by 


tan 0 = 


1 - no^ - no^/co 


The phase difference between the incident wave and the reflected 
wave is decreased by an amount less than tt at any distance — 2 : 
above the reflecting surface. This displaces the nodes of the stand- 
ing waves toward the surface so that the first node is at a point 
below the surface of the metal. 

The normal reflectivity (R of the metal surface may be found 
most readily by multiplying R/E by its complex conjugate, which 
gives the ratio of the squares of the absolute values of the ampli- 
» tudes. Thus one finds that 


(1 ~ rto)^ + Uo^kq^ 
(1 + tiq)^ + no^Ko^ 
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Metals usually have a very high reflectivity which approaches 
unity as the wave length increases. One may write (R in the form 

(Ji I 

(1 + + Uo^kq^ 

Then, since Uo^ko^ is usually greater than one, and no is of the 
order of unity or less, at least in the visible region, one can see that 
the reflectivity is less than unity by a quantity of the order of 
magnitude of 4no/(4 + n^Ko'), which is usually small. However, 
the reflectivity drops greatly in the region of shorter waves. In 
particular, silver, which reflects nearly 96 per cent of the incident 
light in the visible region, has a reflectivity of only a few per cent 
at 3200 A, which rises again at still shorter wave lengths. Thus 
silver makes a poor mirror for ultraviolet light, but thin films 
on quartz may be used as a transmission filter for isolating a nar- 
row band of wave lengths in the vicinity of 3200 A. 

15.4 Reflection and Conductivity 

Since no^Ko = crT while rio^ — == one finds that, as the 

period T increases, the first quantity increases without limit, 
whereas the second remains relatively constant. Thus for low fre- 
quencies or large values of T 

and wo — > 

Then, since wo^(l + becomes large compared with 1 + 2no, 
one may obtain the limiting expression for (R in the form 

4?io 2 

which should hold approximately at long wave lengths. By 
eliminating the period T in favor of the wave length X in microns, 
and changing the conductivity in units of emu/cm® to the re- 
sistivity r in ohms/cm®, one finds that 


1 - m 0.365 

y/r V\ 
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In particular, for X = 12 /x, one finds that the quantity on the 
right has the value 0.105, while experimental observations give 
for the quantity on the left the following values: 

Ag 0.09 All 0.138 Ni 0.12 

Cu 0.12 Pt 0.100 Steel 0.11 

At greater wave lengths the agreement is still better. 


15.5 Oblique Reflection 

The difficulties in direct measurements of the optical constants 
of metals have already been pointed out. These constants may 
be obtained more readily by observations on oblique reflection of 
polarized light, although in this case the results may be inaccurate 
because of the presence of surface films, which arc hard to avoid. 

The Fresnel formulas for oblique reflection may be extended to 
metals. They are, for insulators. 


so that 


Rp = -Ep 


tan (i — r) 
tan (i + r) 



sin (?’ — r) 
sin {i + r) 


Rp cos (i + r) cos i cos r — sin i sin r 
Rs cos {i — r) cos i cos r + sin i sin r 


when Ep and E^ are equal to each other. 

The general or rigorous discussion of the modification of these 
equations to metals is quite complicated. Hence the following 
treatment is restricted to a few important cases where n is so large 
that 1 or sin^ i can be neglected in comparison with 

Inside the metal, the wave may be represented by the equation 

or 


which is mathematically of the same form as that for insulators, 
but with cos r replaced by cos r — Jk. The formula for the am- 
plitude ratio should then apply to metals after making the in- 
dicated substitution in FresneFs formula, the R^s becoming complex 
so that 

Rp cos i cos r — sin i sin r — Jk cos i 
R« cos i cos r + sin i sin r — Jk cos i 
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Eliminating r by Snell's law, 

n sin r = sin i 


and 

one finds that 

Rp 


= — sin^ i == n 


n cos i — sin^ i — jm cos i 


n cos i + sin'^ i — jm cos i 


n cos r 




The amplitude ratio Rp/Rs is conveniently represented by tan 
where ^ may be measured by a Nicol prism after the phase dif- 
ference A = dp — 8s has been compensated. Then 


tan yp = 


(n — sin i tan i) — jm 


(n + sin i tan i) — jriK 
Multiplying this by its complex conjugate gives 
„ (n -- sin i tan iY^ + 

tanV = ^ : .1 r*. 

(n + sin i tan i) + irr 

n^(l + K^) + siir i tan^ i — 2n sin i tan i 

n^{l + K^) + sin^ i tan^ i + 2n sin i tan i 

By putting the expression for tan ^ into the general complex 
form X + jYj one finds that 


Y +nK{n 

tan A = — = 

X 


sin i tan i) — 7iK{ti + sin i tan i) 


— sin^ i taii^ i + 


so that 


tan A = 


2m sin i tan i 


rr{\ + K j — sin^ i tarr i 

These equations may be reduced to a simpler form by using the 
variable a, defined by 

sin i tan i 

tan a == — 

n(l + 

for then it can be shown that 

cos 2^ = (1 + sin 2a 

tan A = — /c(l + tan 2a 
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From these one may readily compute ^ and A for any given pair 
of optical constants n and k and for any given angle of incidence 
i. Typical results are shown in the graphs of Fig. 15.1. 

One finds that the phase difference A is ~7r/2, or == 

+Tr/2, at some angle of incidence. This angle is called the prin- 
cipal angle of incidence % and may be easily located in the labora- 
tory with the aid of a qtiarter-wave plate and Nicol prism. The 

0 

-TT 
1.0 


tan^=^ 


0.9 

0 20 40 60 80 

i (degrees) 

Fig. 15.1. Reflection by metals. Variation with angle of incidence i of the 
phase difference A between reflected p and 8 components. The lower curve 
shows the variation with i of the ratio of their amplitudes. 

value of ^ at the principal angle of incidence, denoted by is 
called the principal azimuth. It may be found from the extinction 
setting of the analyzer. 

Since tan A = oo at the principal angle of incidence, it follows 
that a = 45° in this case. Then we have the following relations: 

sin I tan t == n(l + 
cos 2i? = (1 + 
sin 2^/ = k(1 + 

From these one obtains the useful formulas 

tan 2\p ^ K 
sin I tan i cos 2^^ »= n 



and 
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These enable one to measure the optical constants n and k ap- 
proximately. The accuracy is limited by the error inherent in 
locating the angle I and by the approximations used in deriving 
the above formulas. 

15.6 Comparison with Insulators 

The amplitudes of the reflected components in the case of in- 
sulators may also be written in the complex form 

Rp = and R® = /2*e^** 

so that 

— = — tan \l/ 

Ra Rs 

Since the amplitude components Rp and Ra for the incident light 
are considered positive and real, the negative sign in the Fresnel 
equations for reflection indicates that Bg = t for all angles of in- 



0 10 20 30 40 50 60 70 80 90 


i (degrees) 

Fig. 15.2. Reflection by an insulator. Same quantitk^s as in Fig. 15.1 to show 
difference between reflection by metals and by insulators. 

cidence, while 5p = tt up to the polarizing angle and is zero beyond. 
Thus the phase difference A = - 6, = 0 up to the polarizing 

nnglp and drops to the value —ir thereafter, as shown in Fig. 15.2. 
Simultaneously, the ratio of the amplitude components given by 
tan ^ decreases from imity to zero as the angle of incidence ap- 
proaches the polarizing angle, after which it rises to unity again. 
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A comparison of these results with those for metals, Fig. 15.1, 
shows that the discontinuity in A is replaced by a gradual decline, 
whereas the value of tan never drops to zero but has a rather 
high minimum. Thus metals do not have a polarizing angle. 

In practice, one finds that insulators do not strictly follow the 
ideal curve obtained by the use of the Fresnel e(|uations, but merely 
approximate it, the deviations being in the direction of the results 
obtained for metals. Thus it is found to be extremely difficult, if 
not impossible, to obtain plane polarized light by reflection from 
an insulator. Naturally, the best results are obtained when the 
surface is as perfectly smooth and clean as it is possible to make it. 
The light reflected at the Brewster angle is then found to be el- 
liptically polarized, but with one axis very much greater than the 
other. Thus Jamin observed for a freshly split surface of fluorite 
an axial ratio of 0.0085, while for a surface of clean w^ater this ratio 
could be reduced to 0.00035. 

15.7 Total Reflection 

The phenomenon of total reflection inside prisms of glass or 
other transparent material is often preferred to metallic reflection 
in many optical instruments. The reflectivity is practically per- - 
feet (ex(!ept for diffraction due to the boundaries) and it does noJr 
deteriorate with time as does the reflectivity of metallic minors. 

Total reflection occurs w'hen the sine of the angle of incidence 
exceeds the relative index of refraction n. This naturally requires 
that the relative index of refraction be less than unity, which is the 
case when the index of the second medium is less than the index 
of the first. For example, this condition is satisfied w^hen there is 
internal reflection in glass. Then, if sin i is greater than n, it 
follows that 

sin i 

sin r = 

n 


is greater than unity, and that 

cos r = — — sin^ i — 
n 

is purely imaginary, the negative sign of the radical being chosen 
to obtain an exponential decrease in the amplitude of the wave in 
the second medium. One might jump to the conclusion that, 
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since the angle of refraction is complex, there can be no refracted 
ray and that conscHjuently total reflection takes place. Another 
method of analysis proves to be more informative. Having been 
introduced to the use of complex expressions for optical waves, 
one may substitute the above expressions for sin r and for cos r 
into Fresnel's ecpiations for reflection. The mathematical opera- 
tions are perfectly legitimate, and the physical significance can 
best be established after deriving the results. Since the reflected 
amplitudes will surely be complex, one had best write them in the 
complex polar form, thus: 

Es sin (f + r) 

and 

tan (/' — r) sin (i — r) cos {i + r) 

Ep tan (i + r) sin (i + r) cos (i — r) 

If one expands these sines and cosines of the sums and differences 
of two angles and notes that cos r is imaginary, the following 
relations are seen to hold between certain functions and their 
complex conjugates, which are marked with an asterisk. In- 
cidentally, complex conjugates are identical quantities but with 
the sign of each imaginary term reversed. Thus 

sin {i — r) = — sin (^ + r)* 

cos (f — r) = — cos (i + r)* 

and vice versa. 

If one multiplies both sides of Fresnel's reflection formulas by 
their complex conjugates, he finds, because of the above relations, 
that 


I/?P 2 

R, ^ 

— =1 and 


\Ep 

E, 


This indicates that the reflectivities are unity and that conse- 
quently there is total reflection. That a phase shift accompanies 
total reflection is obvious from the complex form for the ampli- 
tudes. Thus total reflection is similar to metallic reflection in that 
the reflectivity is high and there is a phase shift differing from 
zero or ir. 
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The difference in phase between the p and s components 


A — bs 


is of some interest, since it is utilized in the Fresnel rhomb, a de- 
vice for producing elliptically or circularly polarized light by two 
total reflections. From the totality of the reflections it follows 
that 


Rp 


R. 

Ep 

= 1 and 



= 1 


so that the ratio of the PYesnel formulas leads to the result: 


If one writes 


cos (t + t) 
cos (i — r) 


cos {i — r) = 


it follows that 


Therefore 
so that 


cos {i + r) = —pe 


A = — 5* = TT — * 2^ 


A 

tan — == cot 6 
2 


To obtain an expression for expand cos {i — r) and substitute 
for cos r and for sin r, obtaining 


cos (i — r) 


sin^ i 


cos i\/sin^ i — 


n 


- J- 




Thus one finds that 
A 

tan — = cot 6 = 
2 


sin^ i 

cos z v sin^ i — 


by which one may compute the phase difference for a given angle 
of incidence in excess of the critical angle. At the critical angle, 
sin ic = n, one finds that 


A 

tan — = 00 , so that A = ir 
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Likewise, at grazing incidence, i = 7r/2, one also finds that A = 
tt} Between these values of i there is a maximum value of A, 
which can be found by differentiating the expression for tan 
(A/2) with respect to i. The angle at which this maximum occurs 
is accordingly given by 

2n2 


and at this angle 


sin'' im = 


A.„ 

tan — = 
2 


1 + 


2n 


n" 


For air with respect to crown glass, n = 1/1.52, one finds, for ex- 
ample, that im = 51 ° 1' and A exceeds tt by 46° 38'. One can easily 
show that the latter angle is just 45° when i = 47° 33' and when 
i = 55° 28'. Two total reflections at either of these angles of in- 
cidence produce a phase difference of 90° between the Rp and Rg 
components. This phenomenon is applied in the Fresnel rhomb, 
which may be used like a quarter-wave plate in producing or 
analyzing circularly and elliptically polarized light. 

There is a wave which penetrates a short distance into the 
second medium when total reflection occurs. It can be proved, 
however, that there is no energy flux away from the surface. The 
penetration may be demonstrated by bringing a second surface 
very close to the totally reflecting surface. The reflection then 
ceases to be complete, and there is some flux into the second me- 
dium across the narrow^ gap. 


PROBLEMS 

1. Compute the reflectivity of evaporated aluminum from the values of 
the indices of absorption and refraction for a wave length of 5461 A:ko * ** 3.5, 
no 1.15. 

2. Compute the pha.st^ shift on perpendicular reflection by a surface of 
evaporated aluminum for a wave length of 5461 A. 

3. What should be the angle of incidence such that two total reflections 
inside crown glass would result in a 90° phase difference between the s and p 
components if the index of refraction of the glass is 1.5263? 

4. The indices of refraction and absorption for steel are respectively 2.46 
and 1.36 for a wave length of 5893 A. What are the values of the principal 
angle of incidence and the principal azimuth? 

* The value of A may be reduced by ir, to agree with other texts, by re- 

versing the positive direction of Rp in Fig. 12.2. 
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5. (a) Compute the phase change on normal reflection at a st(?ol surface, 
using the data given in problem 4. (h) In using Johannson gauge blocks, 

one observes interference fringes in the wedge-shaped air space between the 
upper surface of the steel block and the lower surface of a test plate of quartz. 
At what thicknesses of air film will the interference minima occur in reflected 
sodium light? 
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Chapter 16 . Thermal Radiation 

16.1 Emissivity and Specific Intensity 

Defining emissivity e as the emitted radiant flux in watts per 
square centimeter, and absorptivity A as the fraction of the in- 
cident flux that is absorbed, Kirchhoff showed that the ratio c/A 
is a constant for thermal radiators. If this were not true, one could 
not maintain a uniform temperature between bodies in a uniformly 
heated, isolated enclosure. Thus for several thermally radiating 
materials 

Ax A2 A^ 

where E is evidently the emissivity of a perfect absorber or black 
body for which .1 = 1. Kirchhoff^s law shows how the emissivity 
of any tluTmal radiator may be obtained from the emissivity of a 
black body at the same temperature, which turns out to be the 
most efficient thermal radiator. The laws which apply to the 
radiation by a black body will be discussed in this chapter. 

Specific intensity i is defined as the radiant flux per unit area 
and unit solid angle. It is Similar to the quantity B discussed in 
Chapter 6, where it was shown that the total flux dF from an 
clement of area da into a cone of half aperture U is given by 

dF = irida sin^ U 

If one considers the emission into an entire hemisphere, U = 7r/2, 
one finds that the emissivity e = dF/da is related to specific in- 
tensity by the formula 

e = iri 

16.2 Black-body Radiation 

In practice, a black body is usually a uniformly heated en- 
closure with a relatively small aperture through which the radia- 
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tion escapes to the analyzing and measuring apparatus. The 
radiation inside the enclosure must be independent of the direc- 
tion of propagation in regard to its energy, spectral composition, 
and polarization. This can be shown by introducing a perfect 
mirror, grating, or polarizer,*^ none of which may upset the tem- 
perature equilibrium, if no work is done, without violating the 
second law of thermodynamics. 

The energy density of radiation u is related to the emissivity 
e and to the specific intensity i. Consider an arbitrary element of 
area da inside a black-body enclosure. The radiant energy passing 
through it normally into a cone element dQ is 

i d^l da 

If the narrow cone is inclined at an angle 6 with the normal to the 
element of surface 

dF = i cos 6 do, da (1) 

The energy density u is composed of the energy in all such pencils 
of rays, the radiant flux per unit area normal to each pencil being 
given by 

dF do, 

— wc — 
da 4 :t 

where c is the speed of light. If the flux is oblique, then 

dn 

dF = uc cos 6 — da 
47r 

Since this must be identical with equation (1), it is seen that 

4iri 4e 
c c 

giving the relation among the three quantities usually employed 
in discussions of radiation. 

Thermal radiant energy is distributed continuously throughout 
a theoretically infinite range of wave lengths. The distribution 
function for emissivity e\ is such that the flux between any two 
wave lengths Xi and X 2 may be found by integration 
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The quantity ex is thus the radiant flux per unit area and unit 
wave length increment. Similar distribution functions may be 
defined for u and i and are related by the equations 

^ 4x4 ^ 4ex 
c c 

or, for frequency distributions, 

4ey 
c c 

The relation between the two kinds of distribution functions is 
found as follows. Because 

du du d\ du 

Up = — = and ux = — 

dv d\ dv d\ 

then, since 

c 

X = - 

V 

it follows that 

c c 

I M, 1 = -5 MX and MX = -5 1 M, 1 

j' X 

The general principles of thermodynamics enable one to derive 
the general forms of the functions which describe the thermal 
radiation from a black body. However, one must turn to quantum 
theory to obtain the exact distribution function and to derive ex- 
pressions for the radiation constants in terms of fundamental 
physical constants. Planck was the first to carry out the complete 
solution of these problems, as will be shown presently. 

The law for the total rate of radiation of all frequencies was 
first given empirically by Stefan and later derived by Boltzmann. 
One makes use of the first law of thermodynamics and the ex- 
pression for the radiation pressure, p = w/3. The Stefan-Boltz- 
mann law states that 

u = aT^ 

In its application it is restricted to black-body radiation. In this 
case, the experimental value for the constant a in the above 
formula is 

a = 7.652 X 10”^® erg/cm*"* deg^ 

The theoretical value will be derived in a separate discussion. 
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The radiation from a black body is distributed continuously 
throughout the spectrum. By means of thermodynamic argu- 
ments, Wien was able to show that the radiation between the 
limits X and X + dX is displaced by a change in temperature in acv 
cordance with the law 

T 

XT = constant or - = constant 

V 

At the same time, the energy density is changed proportionately 
to Thus, for example, the wave length \rn of maximum 

energy density changes in accordance with 

\mT^h 

where ft is a constant whose empirical value is 0.2897 cm deg. At 
the same time, the value of the energy density (changes by a factor 
X,n~’^ or as T^, since \niT is constant. The two effects may be 
combined in a general displacement law of the form 

ux = \-^F{\T) 
or 

where /(XT) and F{\T) are different functions of the product XT. 
One may write the distribution law in terms of freciuencies, its 
form becoming 



where <t>(T/v) is a function of the quotient T/p, Neither the con- 
stants nor the forms of these functions can be determined by means 
of thermcxiynamics alone. One may, however, test the indicated 
form of the distribution law by plotting u\/T^ against XT for black- 
body radiation. The points are found to fall on one curve, Fig. 
16.1, regardless of the temperature; whereas if one just plots u\ 
against X, he obtains a different curve for each temperature T. 

Max Planck in 1900 applied the quantum theory to derive his 
famous distribution formula, from which the formulas discussed 
above may also be obtained. He imagined a uniformly heated 
enclosure filled with ‘‘oscillators^' in equilibrium with the radiation. 
He assumed finite elements of energy c distributed at random 
among the oscillators. Only the number of quAnta of energy per 
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oscillator is of importance. The number of ways W by which a 
distribution may be realized is proportional to the probability ? of 
the distribution. Representing the number of quanta by P and 
the number of oscillators by iV, one may divide the P quanta into 
N groups by means of N — 1 partitions to achieve one possible 
distribution thus: 

€€| ej €C€| €ecc| e etc. 

The number of ways in which these N + P — I objects can be 
arranged is (iV + P — 1)!, but of these, (N — 1)!P! are identical. 



0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 
XT 

Fig. 16.1. Distribution curve from which the radia-lion density u\ in a black 
body may be determined for any temperature T and at any wave length X. 


Thus the total number of different ways in which one may dis- 
tribute the P quanta among the N oscillators is 

(N + P - 1)! 

W = ^ 

(iVT^ 1)!P! 

which is proportional to the probability of this particular system 
P, N. 

Let Sn denote the entropy of the system. Boltzmann has shown 
that entropy is related to probability as follows: 

Sn = klogeW 

The basis for this equation is fundamentally the fact that the 
entropy of a combination of systems, or parts of a system, is the 
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sum of the entropies of each, while the total probability is the 
product of the probabilities of the parts. By combining the above 
two equations, one finds that 

Sn = *llog (AT + P ~ 1)! - log {N - 1)! - logP!} 

Using Stirling's approximation for large factorials, namely, 

logiV! ^NlogN - N 

the remaining terms in Stirling’s formula being relatively small 
when N is very large, it is found that 

= A:{(iV + P - 1) log (AT + p - 1) 

~ (AT - 1) log (AT - 1) ~ P log P} 

Let U be the average energy per oscillator, so that 

_ P6 U 

V = — or P = AT- 
N € 

Eliminating P by the use of this formula and neglecting unity in 
the first logarithm because it is relatively small when P and N are 
very large, it is found that 

Sn = k l^iV + iV - - 1^ log AT ^1 + 

V U\ 

- {N - l)log(iV - 1) - iV-logiV- 

e € J 

The average entropy per oscillator is then 

According to the second law of thermodynamics, the absolute 
temperature T is derivable from the entropy by the operation: 

dS _ 1 
dU T 

Hence 
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and therefore 


kT 


log 


1 + jU/e) 
W/t) 

« 


Solving this for the average energy V of an oscillator, one finds 
that 


r7 = 


6 




1 


The energy density Up of the radiation in equilibrium with the 
oscillators is related to TJ by the equation 


Up 




This may be derived in various ways, for example, by computing 
the radiation from a Hertzian os(‘illator by the use of classical 
electrodynamics, as shown by Page in Theoretical Physics, pages 
479-481. 

By combining the last two equations, one finds that 

c 


According to Wien\s displacement law, the correct formula for 
Up must be of the form 

Up ^ <t> 

It is readily seen that Planck^s formula will have the required 
form if the quantum of energy c is proportional to the frequency. 
Accordingly, one writes 

€ = fev 



and Planck^s radiation formula becomes 


Up 


8whp^ . « 

(f 


1)’^ 


The constant h is appropriately called Planck’s constant. Its first 
appearance in physical theory was in Planck’s development of the 
equation for the energy distribution of thermal radiation. It is 
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evident that the other distribution functions for specific intensity 
or emissivity can be readily obtained from Uy. 

The Wien displacement formula, \„iT = constant, may be shown 
to follow from Planck^s law by changing iiy to u\ and differentiating * 
with respect to X to find the condition for a maximum in The 
resulting formula is 

ch 

KT = 

4.9651fc 

in which the constant quantity on the right is expressed in terms 
of the fundamental physical constants //, c, and k. They may be 
measured by entirely independent methods, providing a check of 
the radiation theory. 

Similarly, one may also obtain the Stefan-]k)ltzmann law by 
integrating ® Planck's distribution law to obtain the total radiant 
energy of all wave lengths or frequencies. In this way it can be 
shown that 



One may compute values of h and k from the experimental values 
of the constants in the last two formulas, using Michelson's value 
for the speed of light c. The determinations are in good agreement 
with standard values, although this is not a particularly accurate 
method for determining Planck^s constant h and J3oltzmann’s 
constant k. Moreover, one may obtain a value for Avogadro's 
constant Nq by dividing k into the universal gas constant R per 
mole and may then obtain the value of the electronic charge e by 
dividing No into P^iraday's constant of electrolysis. The results 
are astonishingly good. 

The Ray leigh-J cans classical distribution formula is obtained 
from Planck's when hv/kT is so small that one may represent the 
exponential in the denominator by the first two terms of its series 
expansion as follows: 

^ I 

kT 

^ Richtmyer and Kennard, Introduction to Modern Physics^ McGraw- 
Hill, 4 ed., 1947, page 181. 

* Richtmyer and Kennard, Introduction to Modern Physics ^ McGraw- 
Hill, 4 ed., 1947, page 182. 
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One then finds that 





kT 


This formula, which may be used at long wave lengths or low fre- 
quencies, was first derived by Rayleigh and by Jeans, using purely 
classical, non-quantum theory. At the other extreme, when the 
exponential term is very large compared with unity, one obtains 

Wien’s distribution formula 


Uy 




^-hy/kT 


This is a useful approximation in the visible region if the temper- 
ature is not too high, as is true of most incandescent light 
sources. 

16.3 Selective Thermal Radiation 

If the absorption coefficient is denoted by A, the emissivity of 
any thermal radiator will be A times that of a black bod}^ in ac- 
cordance with Kirchhoff^s law. For a constant value of A, the 
intensity is reduced without a change in the form of the distribu- 
tion curve or the location of the wave length at which the intensity 
is greatest. The radiator is then referred to as a gray body. 

For metals, however, the absorption coefficient often varies as 
the square root of the absolute temperature divided by the wave 
length, while in other cases it may vaiy in a complicated manner. 
It follows that the form of the distribution curve and the magnitude 
of the total emission are altered. In general, the total emission no 
longer varies as the fourth power of the absolute temperature; 
for metals, it usually varies as the fifth power. Some materials, 
such as oxides of the rare earths, have sharp absorption bands and 
consequently show a relatively high emission at these wave 
lengths. Selective thermal radiation is often utilized in the con- 
struction of incandescent sources of light. For example, because 
of such selectivity, the tungsten filament and the Welsbach mantle 
radiate a larger portion of their radiant energy in the visible re- 
gion. 
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16.4 Color Temperature 

The color temperature of a body is that temperature of a black 
body which has the same ratio of specific emissions as the selective 
radiator in two intervals, Xi to Xi + d\i and X2 to X2 + d\2. In 
general, the color temperature may have various values according 
to the choice of the two wave lengths. However, if Xi and X2 are 
in the visible region, the color temperature is often quite unam- 
biguous and may be loosely defined as the temperature of a black 
body which has the same color as the selective radiator. 

For several metals, log niay be expressed as a linear function 
of 1/X. One may then write Wien’s distribution law in the form 

where T is the a(*,tual absolute temperature of the selective ra- 
diator. For a black body at the temperature Tc, the correspond- 
ing distribution formula is 


Eb = 

The ratio of the emissivities E/Es will be the same at all wave 
lengths, or any pair whatsoever, if 


C2 — ocT C2 

XT ” xfo 

or 

1^1 a 

By definition, Tc is the color temperature of the selective radiator 
whose actual temperature is T, The quantity Tc is perfectly un- 
ambiguous if the absorptivity follows the law assumed above, in 
other words, if 

For a gray body A\ is independent of wave length, and conse- 
quently a is zero. Then it is seen that Tc = T, indicating that the 
color temperature of a gray body is equal to its true temperature. 
Usually, a is positive, if the law holds even approximately, and the 
color temperature is greater than the true temperature. A few 
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examples of the color temperatures of some well-known sources 
are as follows: 


Color Temperature 


Source (T,), "K 

Hefner flame 1840 

Normal carbon filament 2080 

Normal Mazda lamp 2380 

Normal nit rogen-filled lamp 2600-2900 

‘4)aylight lamp” (incaiid.) 4500 

No. 1 pholoflood 3480 

No. 2 photoflood 3430 

100-watt houstdiold lamp 2830 

Mean sunlight 5600 


PROBLEMS 

1. Planck’s distribution law is often simplified in the visible region by 
dropping the 1 in the demominator, which gives Wien’s distribution law. For 
what UuiifKjratures will the computed intensities accurate to 0.1 per (5ent? 

2. The absorption coefficient of a metallie surface radiator is approxi- 
mat(ily proportional to the squani root of the quotient of the absolute tem]x^ra- 
tun; divided by the wave length. What will be the algebraic form of the 
Planck distribution formula for this kind of selective thermal radiation? 
How will the distribution compare with that for a black body? 

3. If the intensity at wave length 0.665 m in the spectrum of a black body 
at the melting point of platinum, 1750°C, is 100 arbitrary units, what is the 
temperature of a black body giving just half this intensity? This problem 
suggests how a “radiation scale of temperature” may b(} established. 

4. (a) Compute the energy density per unit wave length interval at a 
wave length of 1 /t for a black body at 2000 (b) WTiat is the specific inten- 
sity of the radiation coming from a small hole in a uniformly heated enclo- 
sure at this temperature and wave length? 

5. F’rom the experimental values 0.2897 cm deg for Wien’s constant, and 
7.652 X 10*“^® erg/cm^ deg'^ for Stefan-Boltzmann’s constant, compute the 
values of Planck’s constant h and Boltzmann’s constant k. 
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17.1 Discontinuous Spectra 

The emission and absorption spectra of gases and vapors are 
discontinuous, with the exception of certain broad continua as- 
sociated with molecular and solid-state energy levels. Tln^y may 
be excited thermally by means of a flame or by an electric furnace, 
preferably operated under reduced pressure. However, one usu- 
ally employs an electric, glow discharge, an arc, or a spark. 

Radiating atoms or ions give rise to line spectra, whereas 
radiating molecules are characterized by band spc:ctra. The 
latter consist of many lines which are so close together that they 
are not usually resolved by a single-prism spectroscope. Because 
the lines have a non-uniform distribution in frequency and in- 
tensity, they frequently appear as groups of broad bands with 
sharp edges or ^‘band heads^^ which may be either on the high- or 
on the low-frequency side. A good grating is needed to study the 
structure of band spectra. 

Although line spectra usually show no obvious evidence of 
orderliness in structure, they are highly characteristic of the 
emitter and the physical conditions under which they are excited. 
This is stated con(;isely in the law of Bunsen and Kirchhoff (1859) 
as follows: ^Tnder given conditions, each element emits a per- 
fectly definite spectrum which is characteristic of that element 
alone.” Applications of this law have led to the discovery of new 
elements, to spectrochemical analysis in industrial laboratories, 
and to the study of atomic structure as well as the processes oc- 
curring in light sources, including the stars. 

In astronomical spectroscopy one frequently encounters the 
Doppler-Fizeau effect, which is the change in the observed fre- 
quency or wave length of light when there is relative motion of the 
source with respect to the observer. For example, consider the 
source to be approaching the observer with a velocity component 
V. The number of waves v emitted in one second will be contained 
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in an interval c — v. Thus the wave length in the line of sight will 
be 

^ c — V 

V 

The observed frecjuency is the number of these waves passing the 
observer per second, their velocity relative to him being c. Then 



V being the frequency at the source, or at the observer in the 
absence of relative motion. 

This effect has been used to measure the velocity of streams of 
ionized gas in the laboratory as well as in the solar atmosphere. 
The velocities of many stars relative to the earth have also been 
determined by the Doppler effect. An interesting observation is 
that the more distant stars and galaxies are in g('neral moving 
more rapidly away from the earth than those less distant. 

17.2 Spectral Series 

The first evidences for orderly structure in line spectra was found 
in 1885 by Balmor in the spectrum of atomic hydrogen, Balmer 
observed that the wave lengtlis of the lines in the visible and near 
ultraviolet spectrum of a glow discharge in hydrogen could be 
represented by the relatively simple formula 

T? 

X = 3645.6 

- 4 

the number n taking on successive integral values starting with 
three, the resulting wave length being in angstrom units. Since 
the advent of the quantum theory, it has been preferable to write 
this formula in terms of frequencies v or wave numbers v. Thus 

V = 109 677 (^ - ^) : n - 3, 4, 5, • • • 

gives the number of waves per centimeter in vacuo. The lines 
related by a formula of this general character are said to be mem- 
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bers of a spectral series. The names of some of the spectral 
series of hydrogen and their formulas are: 


Lyman series: v = 109,677 | 

f 1 


n = 2.3- 

i 

i 1 

i\ 


Balmer series: p = 109,677 j 




( 1 

i\ 

n = 4. 5 • • • 

Paschen series: p = 109,677 j 




etc., for the Brackett series and the Pfund series. 

As the value of n increases, the intensity of the lines diminishes. 
Usually one can observe only the first four or five members of any 
series, although as many as forty have been measured in the 
Balmer series. Figure 17.1 shows the general appearance of a 
spectral series. 

The spectra of hydrogen and of hydrogen-like atoms may be 
most readily deduced by an application of Bohr^s theory, l^hese 
atoms have the simple structure of a nucleus and a single planetary 
electron. They include hydrogen, singly ionized helium, doubly 
ionized lithium, etc. Let Ze and M represent the charge and mass 


\ 

I 

I 

J - Ill 11.1 

Fig. 17.1. A typical spectral series. 

of the nucleus, and let —c and m represent the corresponding 
quantities for the single electron revolving in an orbit at a distance 
a from the nucleus. For simplicity, the orbit is assumed to be 
circular. The potential energy of the system is 

Ze^ 

a 

and the kinetic energy is where I is the moment of inertia 

about the center of mass, and <a is the angular velocity. Writing 
the kinetic energy in terms of the individual masses and their 



SPECTRAL SERIES 


273 


separation, one finds that 


= (7t^Y4 M (-- ^Yl aV 

2 2 1 \M + m/ \m + m/ J 

2\M + m/ 

Since the electrostatic; attraction is equal to the centripetal force, 
Ze^ 


= mo3"r 


or 


Ze^ 


M 


a 


- - = nio)^ 

2 M + 7n 


/ mM \ 

a = I I u)^a 

\M + m/ 


Substituting this result into the expression for tlie kinetic energy, 
one finds that 

2 2 a 

Thus the sum of the kinetic and potential energy is given by 


E = 


1 Ze^ 

2T~ 


Since atomic spectra are discrete, Bohr inferred that the energy 
must also have only certain allowed values. The orbits were ac- 
cordingly restricted to those having an angular momentum equal 
to an integral multiple of h/2Tt, where h is Planck's constant. Thus 


I(jo = n 


2ir 


or 



Squaring both sides of this equation and dividing them respectively 
by the two sides of the centripetal force equation to eliminate 
one finds that 
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/ Mm \ g 

\M + 'fn) ‘^ir^Ze^ 

which leads to 

. (Af + m)h^ 

a = ~ - ~~- 

AT^MmZe/ 

giving the radii of the allowed orbits. The expression for the en- 
ergy of the rith state is accordingly 

Ze^ 27r^mc^Z^ 



Bohr further assumed that these states are non-radiating, but that 
during a transition from any state to one of lower enei’gy a single 
quantum is emittc^l in a(f(!ordance with 

hv = - En, 

where v is the frequency of the radiation. In terms of wave num- 
bers this reduces to 

E E 
he he 


One may think of this expression as a difference between two 
spectroscopic terms in wave-number units. Letting 

— — = 109,737.42 cm“"i 
h'^c 

these term values Tn reduce in this casc^ to 


he 1 + (m/Af) 

The wave number of a spectral line arising from a transition from 
an energy level 712 to a level ui can be computed from 


P = Tn, - Tn, 


/ 1 

1 + (m/M) Vn,^ 



For hydrogen, since Z — 1 and M/m = 1836.6, this reduces to the 
empirical formula already given, the Balmer series being obtained 
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if ni = 2 and 1 x 2 = 3, 4, 5, • • For singly ionized helium, Z = 2, 
one obtains the Pickering series when ni = 4 and ^2 = 5, 6, 7, 
8, • • It is easy to see that every other line of this series would 
coincide with a Balmer series line if it were not for the term m /M 
in the denominator. Even the isotopes of hydrogen give slightly 
different wave lengths because of the finite and different values of 
the nuclear masses M for each isotope. 

Shortly after Palmer’s discovery, Rydberg showed that there 
are spectral series in the spectra of other elements and that these 
may be represented by a formula similar to that given above, 
namely. 


or, simply 


^ _ R R 

+ (t\Y (% + 0 - 2 )^ 

P = Ti - T2 


In these formulas H is the Rydberg constant and is essentially 
the same for the an^ spectra of all elements. There is, however, a 
small (change due to nuclear mass, as explained above. For any 
one series, Ti is a fixed term representing the convergence limit, 
and T 2 is the running term, wliich takes on successively de- 
crciasing values as ?i 2 increases by steps of unity. The quantity a 
is a quantum correction which characterizes each series of terms. 
It is not entirely independent of n. 

In the case of the alkalis and often other elements, one finds 
several superimposed series, of which the most important are 
designated as the principal P, sharp aS, diffuse />, and fundamental 
F series. They are distinguisluHi by different values of a; thus one 
may write the principal series as 


— TooP 


R 


(n - (Tpf 


where n = 2, 3, 4, • • • for Li, n = 3, 4, 5, • • • for Na, etc. For the 
sharp series one writes similarly 

R 


It has been found that T^p is equal to the greatest value of the 
running term for the sharp series. Thus, for sodium, where n = 
3 for this term. 
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R 

which may be written symbolically as 3S, The running terms are 
specified by the indefinite number n, those for the principal series 
being designated as nP terms. For sodium, rii = 3, the various 
series may be designated by 

vp = SS ~ nP 

PS = SP - riS 

pjj = 3P — nD 

pp = 3D — nF 

The indicated relations between the fixed and running terms of the 
various series are in accordance with empirical laws. 

In order to account for the fine structure of the above terms, 
the quantum number J was introduced by Sommerfeld. It in- 
dicates the magnitude of the total angular momentum of the atom 
in Bohr units of /i/27r. This ‘‘totaP^ is in most cases merely the 
vector sum of the orbital angular momentum L and the electron 
spin momentum S, The above term symbols aS, P, Z), P, (7, etc., 
respectively indicate that L has the values 0, 1, 2, 3, 4, etc. The 
value of L for one valence electron is equal to the orbital quantum 
number I for that electr^m; but if there is more than one valence 
electron, L is any one of the various vector sums of I which differ 
by unity from zero to the maximum possible. The same may be 
said of Sj the total spin, which is obtained from s = 3^ for each 
individual electron by vector addition. For each possible J value 
there is a corresponding sublevel of the spectral term. The total 
number of these sublevels is 2S + I if L > S, and 2L + 1 if 
L < S. It is customary, in either case, to call 2S + 1 the mul- 
tiplicity of the term and to indicate it by a superscript to the left 
of the term symbol. The J value is written as a subscript. Thus 
for the D lines of sodium one may write 

V = for X 5896 A 

V = - Z^P^ for X 6890 A 

Other lines have similar designations. The entire spectrum 
may be conveniently summarized by means of transitions be- 
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tween the levels of a term diagram or energy-level diagram^ 
Fig. 17.2, each spectral term corresponding to an energy level in 
the theory of atomic structure. There are certain selection 



Fig. 17.2. Energy-level diagram for the sixlium atom, showing the transitions 
commonly observed in the emission spectrum. The wave lengtlis are in ang- 
strom units. 

rules which restrict the possible combinations of terms principally 
to those for which AL ~ dbl and AJ = d=l. For atoms with 
more than one electron outside of closed shells, AL may also be 
zero. However, other weak lines called forbidden lines are some- 
times detectable. Because of the selection rules, it is convenient 
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to separate the terms into columns of different L values. Then 
any one term can combine generally with terms in adjacent col- 
umns (AL = zbl) subject to the indicated limitations on the 
values of AJ. Downward transitions correspond to emission, 



Fig. 17.3. Energy-level diagram for the mercury atom, showing some of the 
transitions commonly observed. 

whereas upward transitions, for which the same selection rules 
hold, correspond to absorption frequencies. At ordinary tem- 
peratures, the absorption will be almost exclusively from the 
ground, or lowest, state because of the enormous preponderance 
of atoms in this state. Thus the observed absorption spectrum. 
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consisting mainly of the principal series, is simpler in structure 
than the emission spectnirn. 

Energy-level diagrams for sodium and mercury are shown in 
Figs. 17.2 and 17.3, with the transitions ordinarily observed in the 
laboratory indicated. Because mercury has two valence eh^ctroiis, 
S may have the values zero or unity. The former value gives rise 
to the singlet states, whereas the latter giv(!S the triplet states. 
Exact values of the spectroscopic terms may be found in Bacher 
and Goudsmit\s Atomic Energy States. 

17.3 Wave Mechanics 

Although the energy levels of hydrogen-like atoms may be 
computed accurately by Bohr^s theory, it has been found im- 
possible to develop a satisfactory extension of the theory to more 
complicated systems. Even in regard to the hydrogen problem, 
Bohr’s theory is not entirely satisfactory because (a) it introduces 
the quantization of angular momentum by a perfectly arbitrary 
assumption, (6) it does not give a method for computing relative 
intensities of lines, (c) it gives an incorrect fine-structure pattern. 

Three different forms of a new theoiy have been developed since 
1926, principally by Schrodinger, Heisenberg, and Dirac. Schro- 
dinger’s wave mechanics lends itself most readily to a brief 
description. It is based on the concept introduced by De Broglie, 
that material particles are associated with waves having a wave 
length given by 

h 

X = — 
mv 

called the De Broglie wave length, where m is the mass of the 
particle, v is its velocity, and h is Blanches constant. This formula 
has been verified directly by measurements of diffraction angles of 
electron beams using crystals as gratings. 

In wave mechanics, the quantized states of an atom correspond 
to the various possible stationary De Broglie wave patterns, each 
being characterized by integral numbers of nodes. For example, 
corresponding to a simple circular Bohr orbit in the old theory, 
there is now a stationary wave with an integral number n of waves 
in a distance equal to the circumference 2irr of the orbit. Thus 

h 

n — = 2irr 
mv 
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This leads to the equation for angular momentum 

h 

mvr = n — 

2ir 

which Bohr arbitrarily adopted in specifying the allowed orbits. 

The above is only an enormously simplified illustration, but it 
serves to reveal a physical foundation for Bohr^s quantum con- 
dition. In general, one must proceed to solve Schrodinger^s 
equation, which is a differential equation for waves in three dimen- 
sions, and then adjust the constants in the solutions to fit ap- 
propriate boundary conditions. Acceptable solutions must be 
single valued, finite, and continuous, and must vanish at infinity. 
Three integers automatically appear in each solution in the role 
of quantum numbers. They are related to the numbers of various 
kinds of nodal surfaces in the three-dimensional stationary vibra- 
tion. The square of the amplitude of the wave gives the prob- 
ability of finding the electron at any location. One may alter- 
natively compute the probable momentum, but not at any definite 
location, so that orbits, as continuous trajectories, cannot be de- 
termined. Hence one now speaks of wave functions instead of 
orbits, the wave functions being acceptable solutions of Schro- 
dinger’s equation. In some problems in atomic physics, it is con- 
venient to consider the orbital electrons as an ^ ^electron cloud” 
about the nucleus, the density of the cloud at each point being 
proportional to the square of the amplitude of the wave function. 
Examples of such clouds for the hydrogen atom are illustrated by 
White in the Physical Review y 37, 1417 (1931). 

The energy values required in Schrodinger's equation in order 
to obtain each acceptable wave function give the sequences of 
energy levels observed in spectroscopy. Transitions between 
levels can be proved to give the observed frequencies. One may 
also compute the transition probabilities and thus obtain the 
relative intensities of spectral lines and derive the selection rules 
for transitions. The results previously derived by an application 
of Bohr^s theory to hydrogen-like atoms are checked exactly, but 
one may proceed much farther with the new theory. For a dis- 
cussion of the theory and applications of quantum mechanics, the 
reader is referred to Pauling and Wilson^s Introduction to Quantum 
Mechanics, 
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17.4 Spectrochemical Analysis 

Speetrochemical analysis is based on the law of Kirchhoff and 
Bunsen, Art. 17.1. While studying the spectra of the alkalis, they 
were able to discover and isolate two new elements, rubidium and 
cesium, by means of spectral lines. They also investigated the 
solar spectnim and explained the Fraunhofer lines as due to the 
absorption by various elements in the atmosphere of the sun or of 
the earth. At least fifty-nine elements have now been identified 
in the solar atmosphere. 

For the purpose of spectrochemical analysis, the most suitable 
source often depends on the character of the material to be an- 
alyzed. Conducting solids maj'^ be used as electrodes in an electric 
arc or spark. If only a small sample is available, or if the material 
is non-conducting, it may be necessary to pack it into holes drilled 
into rods of pure graphite, silver, or copper. Of course, blank tests 
with the electrodes will have to be run in order to determine which 
lines are due to the electnxies themselves. In this test it must be 
noted that the altered discharge, after the sample is inserted, may 
cause the intensification, or even appearance, of some weak lines in 
the electrode spectrum. Solutions or liquid samples may be placed 
in a cup which serves as a lower electrode, or they may be dried 
on the end of a pure graphite rod. Sometimes an atomized spray 
of solution is injected into a flame, as in the method developed by 
Lundegard. Gases are conveniently analyzed by the use of an 
electrical discharge in a tube at low pressure. If high-frequency 
current is used, the electrodes may be outside the tube, thus 
avoiding possible contamination of the gas, as in Experiment 11. 

The temperatures of most sources dissociate molecules, so that 
only the line spectra of the elements are observed. This is usually 
advantageous. On the other hand, a flame or a gaseous discharge 
tube will often give band spectra due to molecules and parts of 
molecules. 

In order to detect small amounts of any element, one must 
examine the spectrum for the sensitive lines. They are often in 
the ultraviolet. Table 17.1 by Hartley shows what is meant by a 
sensitive or persistent line. The source was a spark to the sur- 
face of a solution containing cadmium chloride. Evidently wave 
lengths 3260.2 and 2321.6 A, in the central part of the table, dis- 
appear between 1 and 0.1 per cent cadmium, whereas X 2265.8 
can be observed even with concentrations of 0.001 per cent and 
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somewhat lower. Similar persistent lines in the spectra of various 
elements are given in many spectroscopic tables and are usually 
listed by element as well as by wave length. Their presence or 
absence in a spectrum should be ascertained before one concludes 
that any particular element is present or not. Their absence, 


TABLE 17.1 

Wave Lengths Observed at Low C’on('entrattons of Cadmium 


1% 

0.1% 

0.01% 

3609.6 A 

3609.6 A 

3609.61 

3466.7 

3466.7 

3466 . 7 

3465.2 

3465.2 

3465.2 

3402.8 

3402.8 


3260.2 



2747.7 

2747.7 


2572.3 

2572.3 


2321.6 



2313.5 

2313.5 

2313.5 

2288.8 

2288.8 

2288.8 

2265.8 

2265.8 

2265.8 

2196.4 



2146.8 




0 . 001 % 


2265.8 


however, may merely mean that the element is not abundant 
enough to detect with the source, spectrograph, and photographic 
technique used. This possibility must be tested by the use of 
chemically similar samples of known concentration. 

Tables such as the M.I.T. tables of wave lengths list about 
100,000 lines between 2000 A and 10,000 A or, on the average, 12 
lines per angstrom unit. Hence the measurement of the wave 
length of a line to 1 A is far from sufficient for unambiguous iden- 
tification. However, a knowledge of the probable composition of 
the source often helps exclude some interfering lines. It is ad- 
visable to look for typical groups or combinations of lines with 
characteristic separations and intensity distributions. The greater 
the number of lines that one can find with the proper relative in- 
tensities, the surer one may be of the presence of any given element. 
A single line would require a measurement to an accuracy of better 
than 0.05 A for positive identification, and such accuracy is often 
impossible to attain. 

The sensitivity of trace detection varies greatly. In general, 
metals can be detected more readily than non-metals. In the case 
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of the alkalis it is not particularly difficult to detect concentrations 
of only one part in a million. On the other hand, it is interesting 
that von Tongeren reports a sensitivity of only 0.3 per cent tin in 
cassiterite, the chief ore of tin. Sawyer is of the opinion that this 
low sensitivity is due to the use of visual lines instead of the more 
sensitive ultraviolet lines. In general, the accuracy of spectro- 
chemical detection of traces is superior to that obtained by chem- 
ical wet methods and as good as or better than the colorimetric 
methods. The speed is generally greater if suitable charts are 
available. 

The basis of quantitative spectrochemical analysis is generally 
some modification of the homologous line-pair method of Gerlach 
and Schweitzer. Homologous lines are lines whose intensities 
vary in approximately the same manner with dis(^harge con- 
ditions. One of the lines of the pair is due to the element being 
measured, while the other is a neighboring line due to some ele- 
ment present in equal amounts in the various samples. The latter 
may be a line of the matrix or of some element added to each 
sample in equal amounts. The vapor pressures of both elements 
and the excitation functions of both lines should be similar. Many 
such line pairs may be found listed in the literature. As an example 
a portion of one of Gerlach and Schweitzer^s tables is given (Table 
17.2). By the use of such tables and a visual examination of the 


TABLE 17.2 

Analysis of Cadmium in Tin 


Wave Lengths 
of Lines, A 

Intensities Equal 
at % by Wt. of Cd 

Remarks 

Cd X 34041 

Sn X3341) 

10% 

Give short exposuni; fixed point sharp; 
ext^t^mely invariant. 

Cd X 34041 

Sn X 32191 

0.5% 

Give long exposure; fixed point sharp; 
extremely invariant. 

Cd X 34661 

Sn X 32191 

0.15% 

Give long exposure; sharply defined; 
very invariant. 

Cd X 22881 

Sn X2282J 

0.01% 

Extremely long exposure; somewhat in- 
definite fixed point; very invariant. 


lines, one may determine concentrations with an accuracy of about 
25 per cent. To obtain greater accuracy it is necessary to measure 
the relative intensities of some line pair for a series of known 
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samples and for the unknown sample. One must use a suitable 
light source, good photographic technique, and an accurate method 
for measuring photographic densities. The densities should be 



0.05 0.10 0.15 0.20 

96 Cd 

Fig. 17.4. Example of a calibration cui’ve for quantitative spectrochemical 

analysis. 


between about 0.3 and 1.0 for the best results. An example of an 
analytical curve is shown in Fig. 17.4. To measure the intensity 
ratio, one must first apply a suitable method of plate calibration 

to establish the variation of 
density with the intensity of 
the spectral line. A typical 
characteristic curve giving this 
relation is shown in Fig. 17.5. 
The logarithm of the intensity 
ratio for a line pair is readily 
found from such a curve by 
the measurement of the den- 
sities of the two lines being 
compared. To obtain a curve 
of this kind, one must impress 
on the plate a suitable series 
of calibration marks of known 
relative intensity. These may be obtained in various ways, as 
explained below. 

The reciprocity law states that photographic density is a 
function of the product of the intensity and the time of exposure. 



- 1.0 


1.0 

Log/ 


2.0 


3.0 


Fig. 17.5. The characteri.stic curve of 
a photographic plate. 
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If one could show that the reciprocity law holds for a given emul- 
sion, he might calibrate the plate merely by using a sequence of 
increasing exposure times. However, this law is extremely un- 
reliable at low and at high intensities, the exact range of its valid- 
ity depending on the emulsion. One therefore obtains more trust- 
worthy results by varjdng the intensity. This can be done (1) by 
applying the inverse square law; (2) by a stepped slit, after Duf- 
fendack; (3) by the use of calibrated wire screens, after Harrison; 
(4) by a neutral absorbing wedge, after Follet; or (5) by the use of 
close groups of spectral lines of known relative intensity, after 
Vincent and Sawyer. 

A popular calibration technique employs a rotating stepped 
sector or logarithmic sector which varies the average intensity 
logarithmically along the length of the slit. Such a rotating screen 
really varies the total time of exposure by the use of intermittent 
flashes of the same frequency but of different duration. It has 
been shown empirically, however, that, if the rate of rotation of the 
sector is above some (critical value, the photographic density ob- 
tained is the same as for a continuous exposure to the time average 
of the intensity. Webb is of the opinion that the frequency must 
be high enough so that no more than one quantum of radiant 
energy strikes a given grain of silver halide during each flash. 
Sawyer states that for some fast emulsions no critical frequency 
can be found. At any rate, it appears that this method of plate 
calibration should be tested for the emulsion used, before relying 
on it. 

Instead of plotting densities against log intensities, as in the con- 
ventional characteristic curve, it is more convenient to plot 
galvanometer deflections against intensities, using log-log or semi- 
log paper. It is preferable to “reverse^^ the galvanometer scale so 
that the higher readings correspond to the greater densities (less 
transmitted light). A plate calibration curve of this kind is similar 
in form to the characteristic curve shown in Fig. 17.5. The log- 
arithm of the ratio of the intensities of any two analysis lines may 
be readily obtained from the two corresponding galvanometer de- 
flections. 

The light source used for quantitative work must be selected 
with care if one is to obtain reproducible results. One popular 
light source is the a-c arc developed by Duffendack.^ The trans- 

1 Duffendack, Industrial and Engineering Chemistry^ 10 , 161 (1938). 
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former used is a conventional pole-type transformer used for power 
distribution in cities. The input voltage of 110 or 220 volts is 
stepped up to about 2300 volts and supplied to the arc gap be- 
tween graphite electrodes through a ballast resistance to limit the 
current to about 2.5 amperes. Solutions are dried on the ends of 
the graphite electrodes with the aid of an infrared drying lamp. 
Another popular source is the Fuessner spark, for which the cir- 
cuit diagram is given in Fig. 17.6. A voltage of about 15 to 20 
kilovolts is applied across a condenser of 0.003 to 0.2 microfarad, 
which discharges through an inductance of 0.01 to 0.05 milli- 



G 


Fig. 17.6. Circuit diagram of a Fucssiitr sj)ark source S. T, high-voltage 
transformer; C, condenser; L, inductance; E, resistance; G, rotary spark gap. 


henry, a rotary spark gap, the source gap, and a damping re- 
sistance. The rotary gap is operated by a synchronous motor, 
and the phase of the contacts is adjusted so that a train of sparks 
passes across the source gap at the peak of each a-c cycle. The 
oscillations are damped by the resistance and by the use of an air 
blast. The capacitance of the condenser and the kva rating of 
the transformer must be selected so that the condenser becomes 
practically fully charged in each interval between breakdown of 
the gap. 

The spectrograph should have a sufficiently high dispersion to 
separate the lines to be measured with a slit width of 20 to 50 /x- 
The wide slit is used to obtain a flat-topped line suitable for den- 
sitometry. The background of scattered and reflected light should 
be low because it is difficult to make accurate corrections for any 
appreciable background. 

17.5 Band Spectra 

The dense groups of lines often observed in the spectra of arcs 
arise from the radiation of molecules. In a spectroscope of low 
resolving power, the structure is not resolved and one often finds 
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what appears to be a group of continuous bands which usually are 
sharply bounded on either the violet or the red side. These bands 
sometimes occur in a large number of groups. With a spectro- 
scope of high resolving power, one observes that the intensity 
distribution in a band is not continuous, but that each band con- 
sists of many lines which are very close together at the band head. 
The variable spa(ung of the lines, as well as their intensities, ac- 
counts for their general appearance as continuous bands at low 
resolutions. Molecular spectra of simpler structure than those in 
the visible and in the ultraviolet are found in the near infrared and 
in the far infrared regions. Although the complexity of molecular 
spectra naturally increases with that of the molecule, many of the 
characteristics of these spectra are shown by considering a dia- 
tomic polar molecule such as one of the hydrogen halides. 

As before, we will consider the frequeru^y radiated or absorbed 
to be proportional to the difference between the energy of two 
stationary states. The kinds of energy which must be considered 
in establishing molecular energy levels are: (1) rotational, (2) 
vibrational, and (3) electronic; the third being due to changes in 
electron configuration, as in atomic spectra. 


17.6 Rotational Bands 

Consider a dipole, Fig. 17.7, rotating about a principal axis 
normal to the line joining the nuclei of the two atoms and passing 
through the center of mass, C.M. According to 
Bohr^s theory, the angular momentum will be an 
integral multiple of /?/27r, that is 

h 

K— ] = 0, 1, 2, 3, • • 

27r 

where I is the moment of inertia, co the angular 
velocity, and h Planck^s constant. The moment 
of inertia is 



I = 


mim2 
mi -f m2 


Fig. 17.7. A di- 
atomic molecule 
rotates about an 
axis through its 
center of mass. 


where mi and m 2 are the masses 01 the atoms, and r is the separa- 
tion of their centers of mass. The rotational energy is then 


Ek = - 

2 


8 ^ 
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Wave mechanics leads to a similar result except that one obtains 
the factor K{K + 1) instead of K^, Thus the correct expression is 


Ek 


= K{K+\) 




To show the similarity of this expression to the classic*, al result 
except for a “zero-point’^ energy and half-integral quantum num- 
bers, one may easily transform the above expression algebraically 
into the form 


Ek = 





1 

4 ^ 


Either expression for Er defines a sj^stem of energy levels be- 
tween which downward transitions indicate emission, and upward 
transitions indicate absorption. As usual, the observed transi- 
tions are restricted by selection rules. For spontaneous emission 

K 
6 

5 

4 

3 
2 

0 

_ 1,0 2,1 3,2 4,3 5,4 6,5 

Spectrum 

F'ig. 17.8. Rotational energy levels and allowed transitions. The resulting 
spectrum is shown below the vertical arrows. 




of light, K decreases by unity, while for absorption, K increases 
by unity. An energy-level diagram, indicating some transitions 
resulting in emission, is shown in Fig. 17.8, with the associated 
spectrum given below it. The emission frequencies are given by 

•'ic+i.A- = [(A' + 1)(A + 2) - A(A + 1)] = 
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Thus the lines should have a uniform spacing of 


h 



Experimentally, one finds that this is not quite the case, presum- 
ably due to the increase in I at higher rotational frequencies, which 
causes a stretching of the molecular bond. Thus Czerny finds 
experimentally that the wave numbers in the rotational spectrum 
of hydrogen chloride are given by 

V = 20.794M - O.OOKUA/**^; M = 1, 2, 3 • • • 

These bands are in the extreme infrared. 

When M is small, one may neglect the second term, obtaining 
a spacing of 

= 20.794 cm ^ 

This gives a value for I of 2.t)() X 10“^® gm cm^, or a separation 
Vjetween nuclei of 1,28 X 10“® cm, which is of the correct order of 
magnitude. 

17.7 Vibration-rotation Bands 

At greater molecular energies, the atoms in the molecule may 
vibrate along the line joining their nuclei with the accompanying 
exchanges of kinetic and po- 
tential energy typical of simple 
harmonic motion. The poten- 
tial energy of the molecule 
varies with the distance be- 
tween nuclei in the manner 
shown by the heavy line in 
Fig. 17.9. The equilibrium 
separation corresponding to a 
minimum potential energy is 
denoted by ro. Near this value 
of r the curve approximates a 
parabola, E = so that 

the restoring force is F = kr and the vibrations are practically 
harmonic. Quantum mechanics leads to values of vibrational 
energy Ev given by 



Fig. 17.9. Potential energy curve with 
seven vibrational levels indicated. 
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Ev (v + }^)hvo] t; — 0, 1, 2, 3, • • • 
where vq is the classical frequency, 




m being the mass and k the force constant. The vibrational en- 
ergy levels are represented in Fig. 17.9 by the horizontal lines. 



P branch R branch 

Fia. 17.10. Finergy-lovd diagram for a vibration-rotation band. The solid 
lines with arrows pointing downward indicate allowed transitions. The re- 
sulting spectrum is shown below. 


Associated with each vibrational energy, the molecule may have 
various amounts of rotational energy, as was explained in Art. 
17.6. If one neglects interaction between vibration and rotation, 
the combined energy is 


E = 



K(K + l)h^ 


For a harmonic oscillator, v may change only by unity. Actually, 
one may also find bands due to greater changes in v, but they are 
generally quite weak. Figure 17.10 shows a portion of an energy- 
level diagram for vibration and rotation with some of the allowed 
transitions indicated. The frequencies of spectral lines emitted 
or absorbed are given by 
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where the upper signs apply if K decreases on emission {R branch) 
and the lower, negative, signs are used if K increases (P branch). 
The intensities of the members in both branches rise to a maximum, 
as X" increases, the location of the maximum being farther from 
the center of the band at higher temperatures. Such bands, having 
the general intensity distribution and structure shown in Fig. 
17.11 , appear in the near infrared. If the re'^olution of the spectro- 
scope is too low to show the rotational structure, one observes only 
the two peaks, which respectively correspond to the envelopes of 



Fig. 17.11. Variation of intensity of the lines in the P and R branches of a 
vibration-rotation band. 

the P and R branches. The separation of neighboring lines in the 
rotational fine structure is approximately that given for the rota- 
tional bands, except that the innermost lines are twice as far apart. 

Experiment shows the expected agreement between the line 
separations for low values of K in the rotation and in the vibration- 
rotation bands. In the latter case, the value for Av in the spectrum 
of hydrogen chloride is found to be 20.8 cm"\ which is in excellent 
agreement with the rotational value given before. As K increases, 
the value of / is no longer constant and the separations are found 
to be unequal. 

17.8 Electronic Bands 

Electronic energy levels of molecules are analogous to the energy 
levels of atoms. Various configurations of electrons, or combina- 
tions of wave functions, occur which are classified primarily ac- 
cording to the components of electronic angular momentum along 
the polar axis of the molecule. Thus the symbols 2, tt, and A 
represent energy states in which this component of angular mo- 
mentum is respectively 0, 1, and 2 Bohr units. Furthermore, these 
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states may be singlet, doublet, or triplet, according to whether the 
electron spin resultant is 0, or 1 Bohr unit. For further details 
of classification, the reader is referred to books dealing with molec- 
ular spectra. Because of the large energy difference between the 
electronic levels, the spectra resulting from transitions between 
them are generally in the visible or ultraviolet regions. If all three 
forms of energy, electronic, vibrational, and rotational, are con- 
sidered, the frequency condition becomes 

hv = hve + (E,' - E,n + (E/ - Er") 


where hve is the difference between the energies of the electronic 
levels, and the changes in vibrational energy and in rotational 
energy are respectively denoted by (Ev — E^") and (E/ — E/'). 
In the rotational term, it must be noted that the moments ol‘ in- 
ertia are usually quite different in the initial and final states, since 
these correspond to different electron configurations. Figure 17.12 
shows part of the vibrational-rotational structure of two electronic 
levels, as well as some of the transitions between the rotational 
states associated with v' — 1 and v'^ = 0. Substituting the ex- 
pressions for vibrational and rotational energy into the frequency 
formula leads one to the following expression for the wave numbers 
of a single band: 


P — Ve + 


v'po 




+ 


h \K\K^+\) 


X"(A^" + 1)" 

y, _ 


The selection rule for K is A A = 0 or dbl. Each of these three 
possibilities gives rise to a different “branch.” If we let 


Pe H = A 

c 




V/' /"/ 

8v^c \r 1 ") 

these branches may be written as follows in terms oi K — K": 
1. P branch: K’ = K" - I = K - 1 

fp = ^ - 2BK + CK^; if = 1, 2, 3, • • • 
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2. Q branch: X' = K'' = K 

vq-^A+CK + CK^) ^ = 0 , 1 , 2 , ••• 

3. R branch: K' = X" + 1 = X + 1 

vr^A+ 2B(K + 1) + C(K + l)^• = 0, 1, 2, • • . 

Each equation represents a parabola, or rather a portion of one, 
since K is always positive. Either the P or the R branch turns back 
over the band, depending on the sign of C, which depends on the 

Electronic 

levels Vibrational 

I Rotational structure — — — s= 2 

\k' ^ 



Large difference in energy 



K\K^ 4,5 3,4 2,3 1,2 0,1 1,0,2,1 



6,5 5,4 4,3 3,2 

R 


Fig. 17.12. Energy-level diagram for an electronic band. The band structure 
is indicated below the vertical arrows. 

relative magnitudes of /' and The band shown in Fig. 17.12 
is for a negative C, or /' greater than The band head is at 
the ^‘blue^^ edge of the band, which is said to be degraded toward 
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the red. It will V)e noted that, if C = 0, the Q branch is a single 
line. The Q branch does not appear at all if the total angular 
momentum around the internuclear axis is zero for both states, 
for then AK = 0 becomes a ^‘forbidden transition.’’ Consequently, 
there is no Q branch in electronic bands resulting from S — 2 
transitions. Some bands show a doublet structure as in Fig. 17.13, 
which is a band in the absorption spectrum of oxygen. 

The energy levels of liquids and solids are broadened because of 
the proximity of the molecules. This is in accordance with a form 



Fig. 17.13. Spectrogram of an oxygen absori)tion band in the red region of 
the solar spectrum. The band head at the left, wave length 6870 A, is the 
Fraunhofer *Uine” B. {Photographed by H. A. Rowland.) 


of Heisenberg’s principle, which states that a short lifetime, or 
small uncertainty in duration of a state, is accompanied by a cor- 
respondingly large uncertainty in energy, i.e., AE At ^ h. There 
may also be a displacement of a level due to the change in potential 
energy arising from the charges on surrounding atoms. Conse- 
quently, the absorption bands of solids and liquids are generally 
very broad with no perceptible fine structure, in contrast with 
those due to the same material in the vapor state. Compounds of 
the rare earths are exceptional in having relatively sharp absorp- 
tion lines. They arise from transitions between filled levels and 
the unfilled 4/ subshell, which is buried under completed 5s, 5p, 
and 6s subshells and is therefore quite free from external influences. 

17.9 Microwave Absorption 

Pure rotational spectra of molecules sometimes extend into the 
microwave region, where accurate measurements may be made of 
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differences between closely spaced energy levels. It is also rel- 
atively easy to measure the absolute absorption coefficients from 
which transition probabilities may be determined. The spectra of 
most molecules are quite simple in the microwave region, where 
the wave lengths are of the order of magnitude of one centimeter. 
Because of the simple spectra, the transitions may be identified 
without great difficulty. Water vapor, for example, has a strong 
absorption band at 0.7418 cm"^ or at a wave length of 1.35 cm. 
The absorption here amounts to about 4,7 per cent per kilometer 
and gram of water vapor per cubic meter. This absorption is of 
importancje in radar and has consequently been studied rather 
thoroughly.^ 

The absorption by water vapor is fundamentally due to its 
dipole moment. Since oxygen is electrically non-polar, one would 
expect, at first sight, no absorption of microwaves by dry, un- 
ionized molecules of oxygen. The oxygen molecule, however, is 
paramagnetic, having a permanent magnetic dipole moment. This 
permits an absorption due to upward transitions induced by micro- 
waves between states of different magnetic moment. This ab- 
sorption should be weaker than the electrical dipole absorption be- 
cause the Bohr magneton is smaller than the Debye unit of elec- 
trical polarity. Thus it is only in extremely long paths that the 
(jffect should be observable. The absorption maximum is com- 
puted to lie at a wave length of about 0.5 cm, and the amount of 
absorption due to the oxygen in dry air at this wave length, at 
300 °K and an air pressure of 76 cm of mercury, is predicted to be 
27.6 per cent per kilometer. This falls to less than 2.5 per cent at 
wave lengths above 0.56 cm and at wave lengths below 0.45 cm. 
Of course, the absorptivity varies exponentially with distance, 
there being a constant percentage reduction in intensity in each 
unit distance. 

The equivalent frequency differences AW/h between hyperfine 
structure components and between Zeeman effect components of 
an energy state, Art. 19.4, are frequently located in the microwave 
region. By subjecting atoms or molecules to magnetic fields of the 
equivalent frequencies, one may often induce transitions between 
these spectroscopically nearby levels. The transitions which may 
be induced are subject to the usual rules for allowed changes in the 

* Van Vleck, Physical Review^ 71, 425 (1947); King, Hainer, and Cross, 
Physical Review y 71, 433 (1947). 



296 


LINE AND BAND SPPXTRA 


quantum numbers. Instead of observing absorption, one may 
detect the occurrence of transitions by utilizing the associated 
change in magnetic moment of the particles in a narrow beam pass- 
ing through oppositely directed, non-homogeneous magnetic fields 
at A and B, Fig. 17.14. The beam which is originally projected 
through narrow slits along the solid curve in Fig. 17.14(b) will be 
deflected, as shown by one or the other of the dotted lines, when 
the magnetic moment has been changed at C. In this event, the 
beam will miss the exit slit at D and there will be a reduction in the 



Fig. 17.14. (a) Molecular beam apparatus. The beam from th(^ source S 

leaving at an angle with SCI) is deflected in the direction of dll/dz in the non- 
uniform magnetic field A, then in the opposite direction in the fic^ld B, being 
detected at D. The path is sliown exaggerated in (6). 

intensity of the beam. The transitions are induced by a steady 
field H Sit C and a high-frequency field at right angles to //. The 
frequencies at which such changes occur are then interpreted in 
terms of differences between energy levels. The steady field H 
causes a Zeeman splitting of the energy states (Art. 19.4) and a 
Larmor precession of the molecular magnets about the direction 
of the field. Transitions are observed when the oscillating field 
has the same frequency as that corresponding to the difference 
between two magnetic levels, this being, classically, the frequency 
of the Larmor precession. 

For example, the fine structure of the second quantum state of 
hydrogen consists of states. It is now thought 

that the second state is only 0.033 cm“"^ above the first, while the 
third is 0.332 cm^"^ above the second. Ordinary spectroscopical 
measurements of these intervals are very difficult because of the 
fact that the separations are very small fractions of the wave num- 
ber of the line being examined. Thus even 0.332 cm~^ represents 
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a change of only 2.2 thousandths of a per cent of the wave number 
of the hydrogen alpha line, which is 15,233.01 cm“^ Moreover, 
the third quantum state, which is also involved in the emission of 
this line, is itself complex, making the structure of the alpha line 
quite complicated. On the other hand, 0.332 cm”^ corresponds 
to a frequency of about 10,000 megacycles per second, or a wave 
length of 3 cm. Since there has been a great advance in this 
^^radar^^ region during the late war, it is now possible to produce 
and measure such a frequency with an accuracy of about 0.01 per 
cent. Thus the atomic-beam method enables one to measure the 
interval — 2^P^, in this example, to a far greater accuracy 
than by observing the structure of the alpha line with the best of 
interferometer techniques. The new method is limited to com- 
ponents of normal states or to meta-stable states, and to intervals 
which correspond to allowed transitions. 

I^he application of a steady magnetic field to the atomic beam 
at C produces observable Zeeman splitting of energy states with 
fields as low as 0.05 gauss. An atom in a magnetic field H has its 
energy changed by the amount 

W = 

where is the component of the magnetic moment of the atom in 
the direction of the field. According to quantum mechanics, only 
specified values of may exist, corresponding to the magnetic 
quantum numbers m which specify the components of angular 
momentum in the direction of which differ by increments of 
h/2Tr, A high-frequency field of just the right frequency is capable 
of inducing transitions from one state of space-quantized angular 
momentum to another, subject to the condition that Am == ±1. 

In the hydrogen problem discussed above, the frequencies 
actually ^ observed corresponded to transitions between one of the 
Zeeman components of 2^Si^ and any component of either 2^Pi^ 
or 2^P^, The relative locations of the parent levels were then 
found by extrapolating toward zero field, where the components 
merged. 

The molecular-beam method has been used by Rabi and his as- 
sociates in measuring the magnetic moments and angular mo- 
menta of nuclei. In a constant field H at C, Fig. 17.14, a particle 

* Lamb and Rbtherford, Physical RevieWt 72, 241-243 (1947). 
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with a magnetic moment processes about the field with the 
Larmor frequency 

H 

V ^ giio — 

n 

where /xo is the Bohr unit of magnetic moment, eh/4TrMc, If now 
an oscillating magnetic field of frequency p is simultaneously ap- 
plied, transitions to another level of different magnetic quantum 
number may be induced. Thus, by measuring the resonance fre- 
quency V and the field 7/, one may compute the gyromagnetic ratio 
g for the particle. Even when one has a coupled system having a 
rotational magnetic moment as well as a nuclear moment, he may 
use a field of sufficiently high value so that the moments are de- 
coupled and the two types of transitions occur independently. 
It is then possible to measure one nuclear magnetic moment in the 
presence of other moments. The procedures are outlined in a re- 
view article by Kellog and Millman in the Reviews of Modem 
Physicsy 18, 323-352 (1946), in which numerous references are 
given to the original literature, and some of the results are tab- 
ulated. 


PROBLEMS 

1. Compute the wave numbers and the wave lengths of the first lines and 
the limits of the Lyman series, the Balmer series, and the Paschen stmes of 
hydrogen. R = 109,677 cm“^ 

2. Compute the difference lx)tween (o) the wave numbers and (b) the wave 
lengths of the hydrogen and of the deuterium alpha lines. 

3. Computi^ a “spectroscopic value*’ for the six^cific charge e/m of the elec- 
tron from the Rydberg constants of hydrogen (109,677.76) and of helium 
(109,722.40). The atomic wtnghts are respectively 1.008123 and 4.00390, and 
the Faraday constant is 9648.9 emu/gram-atomic weight of univalent ion. 

4. Compute the series limit and the quantum defect for the mercury 
6®Po ~ m^Si series, assuming a Rydberg formula and using the first two lines 
whose wave lengths art) 5460.74 A and 3341.48 A in air at 15®C and 760 mm 
pressure. What is the accepted value of the series limit? Explain the dis- 
crepancy. 



Chapter 18 . X-ray Spectra 

18.1 Characteristic X-ray Emission and Absorption 

Whereas opti(;al spectra originate in the transition of one of the 
valence, or outermost, electrons from one energy state to another, 
x-ray line spectra originate in transitions involving an electron in 
one of the inner groups. Principally as a result of the study of x- 
ray absorption (and emission) spectra, the grouping of structural 
electrons illustrated in liable 18.1 has been determined. Only the 
elements to be cionsidered in this discussion are included. 

TABLE 18.1 

Examples of Electron Configurations 
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The levels to the left of the staircase are fully occupied. Con- 
sequently they remain unchanged in the succeeding elements. As 
a result of this, there is a great similarity between the x-ray spectra 
of the various elements, except that as one examines spectra 
of the lighter elements one group of lines after another disappears 
with the electron shell necessary for its emission. The X-series 
lines result from a transition to a vacancy in the K level, while 
L-series lines result from a transition to a vacancy in the L level, 
the initial vacancies being (heated by the bombardment of the 


K - series 
emission 





Fig. 18.1. The structure and relative location of the K characteristic emission 
lines and the K absorption edge. 


target by high-speed electrons or by quanta of high energy. In 
the early spectrograms the K series was observed to consist of only 
two lines, a and jS, while the L series apparently consisted of three, 
a, / 3 , and 7 . However, these were soon resolved into the com- 
ponents shown by the illustrations of emission spectra in Figs. 
18.1 and 18.2. Below the emission spectra are shown the corre- 
sponding absorption spectra. One can trace any one of the lines or 
absorption edges over a wide range, from high to low atomic num- 
bers, before it disappears. The variation of frequency with atomic 
number is approximately expressed by Moseley’s law: 


or, better, 


y/v oc Z 

y/v C3C Z — s 


where s is a screening constant, so that Z — s is the effective nu- 
clear charge. The curves obtained by plotting y/ v against Z or 
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Z — s are, however, not perfectly straight. Furthermore, lines do 
not vanish with the associated energy level, persisting for two or 
three elements beyond, but with large deviations from Moseley's 
law. These are the so-called “semioptical" lines of Siegbahn and 
Backlin, in which there is presumably a transition of an electron 
from an optical level to an x-ray level. 

The occurrence of absorption edges in x-ray spectra, as against 
absorption lines in optical spectra, becomes clear when the char- 
acter of the levels is considered. For the optical electron, the levels 

L - series emission spectrum 



Fig. 18.2. Typical L characteristic emission lines and absorption edges. 

of higher energy are all unoccupied, whereas for the x-ray electron 
they are usually fully occupied. Thus no x-ray absorption occurs 
until the frequency of the incident radiation becomes high enough 
to remove an x-ray electron from within the atom by a photo- 
electric process. Each absorption edge is the threshold for one of 
the different kinds of photoelectric ionization. It is from a meas- 
urement of these photoelectric thresholds that one obtains the 
number of the groups of electrons and their energies. The x-ray 
scattering process is the cause of a contribution to absorption which 
becomes more important at higher frequencies. The classical 
theory of scattering is presented in Art. 21.2. For the quantum 
theory of this process, the reader is referred to Compton and Al- 
lison's X-rays in Theory and Experiment. Still other absorption 
processes are considered in Art. 19.7. 

X-ray absorption is usually expressed in terms of the fractional 
reduction of intensity I per gram of absorber per unit area. Thus 
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dl 

— = -Mm dm 


where m is the mass per unit area, and the coefficient /Xm is called 
the mass absorption coeflicient. Integrating this expression, 
one finds that 

I = 

where /o is the incident intensity. Between absorption edges, the 
mass absorption coefficient varies about as the cube of the wave 
length and the fourth power of the atomic number Z. Thus 

= c\^z* + h 

the quantity h being nearly constant at about 0.2 over a wide range 
of wave lengths. This term is due to x-ray scattering and is rel- 
atively small compared with the first term, except at short wave 
lengths. 

To obtain the characteristic line emission spectra, one of the in- 
ner electrons must first be removed from the atom, causing a Ki 
ionization or an Li ionization, etc. The transition of some outer 
electron to fill this vacancy with a change in energy ATT results 
in the radiation of a spec>trum line of frequency 


or wave number 


^W 

T" 

ATT 

he 


The lines which correspond to transitions to a vacancy in the K 
shell are called X-series lines. The more intense lines arise from 
the more probable transitions, which are as a rule from the nearest 
group of levels. In a similar way, the lines of the L, M, etc., series 
are produced. 


18.2 X-ray Energy Levels 

The above discussion gives a qualitative survey of the origin of 
x-ray spectra. The quantitative relations are best summarized 
by means of an energy-level diagram. It is an interesting fact that 
the L, Af, etc., energy levels, when one ignores for the moment 
their fine structure, follow approximately the scheme of levels of 
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the simple hydrogen-like atom of atomic number (Z — Sni). It 
appears that one electron subtracted from a more or less closed 
shell system is equivalent to just one elec^tron associated with a 
nucleus of appropriate charge. Thus to a first approximation 


(Z 

W = Rhc-~ 


— = hpQ 

7r 


= 


Rhc R 


where R is Rydberg’s constant, 109,737 cm~^; h is Planck’s con- 
stant, 6.62 X 10“^^ erg sec; n = 1 for vk] n = 2 for n = 3 for 
VMj etf- Moseley’s law for the absorption edges follows imme- 
diately. The number v is called the principal quantum number 
since it fixes the energy to the first approximation. These energies 
may be conveniently indicated by an energy-level diagram. In 
x-ray diagrams it is customary to take the normal state as the 
zero level. The K level will then lie a>)ove it by the amount 
{Z — Si)^ in Rydberg-frequency units, which is \/Rhc times the 
energy required to raise the atom to this level. The L, M, Ny etc., 
levels will lie below the K level with rapidly increasing crowding. 

This crowding becomes so great that the diagram, Fig. 18.3, is 
not drawn to scale in this respect. The levels obtained as the re- 
sult of a first approximation in which screening is neglected are 
shown in the left-hand column of the diagram. The energy states 
corresponding to each value of 7i may have various amounts of 
orbital angular momentum, which is designated by a second 
quantum number /. This number may have all possible integral 
values (including zero) which are at least one unit less than the 
number n. Since the average distance of an electron from the 
nucleus for any given n also depends on Z, being greater for the 
higher values of /, the screening of the nucleus by the other elec- 
trons will increase as I increases. Consequently, the energy levels 
are displaced and split into sublevels as shown in the central col- 
umn of Fig. 18.3. By the use of the theory of relativity as first 
applied by Sommerfeld, it is found that the energy of each state 
is increased by the amount 


aHZ - d„i)* /I 3 \ 

” y + H -in) 
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where 


27re2 

he 


is Sommerfeld^s fine structure constant. Finally, if, following 
Uhlenbeck and Gondsmit, the electron is assumed to have a spin 


Balmer 

term 


screening ^ 
correction 


relativity 
and spin 
corrections 



Fig. 18.3. X-ray energy-level diagram, showing fine structure of levels and 
transitions giving rise to K and L absorption edges. 


of l^h/2Ty which may combine with the angular momentum of the 
orbit in two opposite senses, the energy levels suffer further 
modification. Those for which I is not zero are split into two levels. 
A new quantum number j is introduced which indicates the re- 
sultant of the angular momentum of the atom and the spin of the 
electron. For the case of a single electron, there are two possi- 
bilities 


i = - ^1 
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and 

i = + y2\ 

The additional energy due to electron spin is 

_^2 + 1) ~ /(/ + 1) - S(S + 1) 

2l{l+y2)(l+l) 

The relativity and spin corrections change the energy-level 
scheme to its final form, which is shown in the third column of Fig. 
18.3. This gives us a means 
of accounting for the results 
of absorption experiments, 
some of the processes being 
indicated by the upward arrows 
on the right in Fig. 18.3. 

When emission spectra are 
fitted into this energy-level 
scheme, it is found that only 
certain of the energy differences 
AW result in observable emis- 
sion lines. This has led to the 
formulation of the selection 
rules 

An >0; AZ = ±1; 

Aj = ± 1 or 0 

These, however, are not per- 
fectly rigid, since faint lines for 
which Al = 2 have occasionally 
been observed. In view of the selection rule for Z, it is convenient 
to separate the energy" levels into parallel columns according to the 
value of this quantum number, as shown in Fig. 18.4. The 
principal transitions can then be readily indicated by slanting 
lines between adjacent columns in the figure. The first rule is 
satisfied by all downward transitions. The third rule eliminates 
one of the transitions between each pair of doublet levels in adja- 
cent columns. Figures 18.5 and 18.6 are x-ray spectrograms 
showing the iiC-series lines of iron and copper respectively. 



Fig. 18.4. X-ray energy-level diagram, 
showing allowed transitions giving rise 
to the principal lines in the K series and 
some of the lines in the L series. 



<36 . • ( 2 ^ . :;] 

Fig. 18.5. Iron ^C-series linos and the cobalt K alpha doublet. Note the charac- 
teristic appearance of the K alpha doublets in this and the following sf)ectrograin. 



M *>* m 


Fig. 18.6, /f-series lines from a copper target. The tungsten L alpha lines 
frequently appear in the radiation from a Coolidge tube because of evaporation 
and sputtering of tungsten from the filament. 

306 


NON-DIAGRAM LINES 


307 


18.3 Non-diagram Lines 

In general, experimental observations are in excellent agree- 
ment with the above energy-level scheme. However, now that 
the theory is well established, the occasional discrepancies are of 



Fig. 18.7. Sulphur K alplia linos. The K alpha lines with subscripts 3, 4, 5, 
6 are satcillitos ra(Jiat(*d by atoms which have lost an L as well as & K electron. 
The cobalt K alpha lines in th(^ third order may be used as convenient standards 
in measuring the wave lengtlis of the sulphur K alpha lines. 

greater interest than its successes. There often appear spectrum 
lines which cannot be fitted into this energy-level diagram, par- 
ticularly if one is studying the radiation from the light elements. 
These lines appear as weak lines which are usually close to a di- 
agram line. Hence they are called satellites or non-diagram 
lines. They are of two kinds: those which appear on the long 
wave length side, and those which appear on the short wave length 
side. The former appear in the spectra of the so-called transition 
group elements such as Va, Cr, Mn, Fe, Co, Ni, or in the Pt, Pd 
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group, or in the rare earth group. In the K series of the iron group, 
the alpha lines are merely broadened toward longer wave lengths, 
the resolving power in Fig. 18.5 being too small to show this effect. 
The beta lines, however, have a weak satellite line which is fairly 
broad, and not very well resolved until the atomic number is lower 
than that of copper. 



Fig. 18.8. Sulphur K beta lines. The line X is a short-wave satellite line. 
The nickel K alpha lines in the third order provide standard wave lengths. 
The K beta lines of light elements are scinsitive to changes in chemical combi- 
nation. 

The satellites of short wave length are particularly intense and 
well separated in the elements of low atomic number, where the 
characteristic rays are so soft that a vacuum spectrograph must 
be used for their observation. Figures 18.7 and 18.8 are, re- 
spectively, spectrograms of the K alpha and of the K beta lines of 
sulphur taken with such an instrument. Of the seven lines of 
sulphur in these two figures (the original plates show nine), only 
three fit the energy-level diagram for sulphur shown in Fig. 18.9. 
Incidentally, the doublet structure of the fix line in the spectra of 
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elements of such low atomic number cannot be resolved because 
of the broadness of its componenst. 

It will be noted on inspecting the diagram for sulphur and the 
configuration in Table 18.1 that the M electrons, whi(;h are in- 
volved in the emission of the beta lines, are in the valence shell of 
that element. It would naturally be expected that the wave 

length, and perhaps the structure, of 
at least the beta line would be de- 
pendent on chemical combination. 
During the first decade of x-ray 
spectroscopy it was thought that 
x-ray spectra were atomic in nature 
and were not influenced by chemical 
combination. The first positive evi- 
dence for chemical effects was obtained 


K series of S 
^‘diagram lines" 



ALi 




AL2 


Fig. 18.9. X-ray energy-level 
diagram, showing the origin of 
the X-series ^^diagram linos” in 
the spectrum of sulphur. 


Fig. 18.10. StriKjture in the x-ray ab- 
sorption spectrum of sulphur near the 
K edge. 


by Bergengren in observing the absorption edges of phosphorus. 
This work has been extended by Lindh, Stelling, Lundquist, and 
others. Absorption edges give more clear-cut, unambiguous results 
than emission lines. For sulphur the general nature of the K ab- 
sorption edge is as shown in Fig. 18.10. The wave lengths of the 
two edges Ki and K 2 and the widths of the two absorption lines 
are as follows for sulphur: 



A'l 

Kt 

ALi 

AL/2 

AKi 

Crystalline S: 

5008.8 XU 

4994.1 

8.1 

7.9 


Divalent S: 

5009.3 





Tetravalent S: 

4996.0 

4988.1 

4.3 

4.2 

6.3 volts 

Hexavalent S: 

4987.9 


5.2 


10.3 volts 
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The last column gives the displacement of the Ki absorption edge 
in electron volts from that of crystalline sulphur. 

Chemical effects in the K emission spectra of P, S, and Cl were 
first observed by Lindh and Lundquist in 1924. Further experi- 
ments were made by Backlin, Wetterblad, Valasck, and others. 
The K alpha lines of sulphur are found displaced by about 3 XU 
toward shorter wave lengths in the sulphates of Ca, Mg, Sr, and 
Ba. Backlin was able also to show a simultaneous displacement of 
the short;-wave satellites or ‘‘spark’^ lines. The experiments are 
complicated by chemical changes oc.curring under electron bom- 
bardment, making it preferable to use a fluorescence method of 
excitation. Even this is not entirely free from objection. The 
principal difficulty lies in obtaining sufficient intensity without 
destroying the compound. The irradiated compound must be 
very close to the focal spot and must be replaced frequently. 


18.4 General Radiation 

X-rays are also emitted by electrons from the cathode when 
they are decelerated on striking the target. The initial energy of 
the impinging electrons is equal to 


eV 

Wi = ergs 

300 


V being the difference in potential between the cathode and the 
target in volts, while e is the electronic charge in esu. The energy 
just after the first collision, Way is that of some unstable, hyper- 
bolic orbit. Since the latter is not quantized, the energy Wa may 
have any one of a continuous range of values from zero to nearly 
Wi, By the Bohr formula, the frequency radiated is 

, = I (Wi - Wa) 

h 

and, because of the indefiniteness of Way it may have any value 
from zero to a maximum of 



The spectrum is accordingly continuous with a high-frequency or 
short-wave limit. The intensity distribution curve with respect 
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to wave length has a maximum value at about Radiation 

due to the process described above is called general radiation. 
Since its spectrum is somewhat similar to that of white light from 
an incandescent solid, it is sometimes called 'Svhite x-radiation.” 
Although th(^ spectrum does not depend (jualitatively on the 
nature of the target, its intensity iruTcases with the atomic num- 
ber. For this reason, a heavy element such as tungsten — which 
also has a high melting point - is often used as an efficient emitter 
of general radiation. The total, integrated intensity from an 
x-ray tube is largely general radiation. Although the character- 
istic lines are intense enough to be very prominent in x-ray spectra, 
they are extremely narrow in wave-length spread and actually 
contain relatively little energy. 


PROBLEMS 

1. Compute* th(^ approximate wave length of the L alpha line in the x-ray 
speclTurn of tungst-eui, Z = 74, assuming a screening constant of six. 

2. Verify the formula for the x-ray levels of heavy atoms: 

" ^ __ 2 /I i_\ 

R \4/t j -f- 1^2' 

Deprive from this (a) Moseley's law and (6) tlwj spin doublet law. Spin 
doublets have the same quantum numlx*rs n and /, but differ in j. 

3. (a) What is the shortest wave length of x-rays (unitUid by a t ube operat- 
ing at 400 kv? (b) Explain the basis of the formula used, and derive its nu- 
merical constant from the values of hy c, and c. 

4. The mass absorption coefficiemt of copper is 25 for a wave length of 
0.5 A. What fraction of the incident radiation of 0.25 A wave length will be 
transmitted by a sheet of coppcjr 0.5 mm thick? Density of copper =* 9.0 
gm/cm®. 

5. X-rays having a wave kmgth of 208.6 XU strike a block of copper 
which has energy levels at 661.6 and 81.0 in Rydlnirg units. What kinetic 
energies are to be expected in the secondary beta rays (photoelectrons) from 
these levels? Rydberg’s constant « 109,737 cm“^ 
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19.1 Faraday Effect 

In searching for effects of magnetic and electric fields on light, 
Faraday discovered in 1845 the rotation of the plane of polariza- 
tion of light passing through substances placed in a magnetic field 
with the light propagated in the direction of the lines of force. 
The effect was greatest in a very heavy flint glass that Faraday 
had made. The rotation is usually proportional to the field 
strength H and to the thickness of material traversed; but in films 
of ferromagnetic metals it is proportional to /, the ^ ‘magnetiza- 
tion.^^ The constant of proportionality per unit thickness and 
field strength is called the Verdet constant and may have either 



Fig. 19.1. Rotation of the plane of polarization of light passing through 
sodium vapor in the direction of a superposed magnetic field for wave lengths 
in the neighborhood of the two D lines. The lines show the longitudinal 

Zeeman splitting. 

a negative or a positive value. The plane polarized light is sent 
through the substance parallel to the lines of force by placing the 
sample inside a solenoid or by using an electromagnet with holes 
bored longitudinally through the pole pieces. Macaluso and Cor- 
bino discovered that the rotation is quite large in sodium vapor 
near the D lines. The dispersion of rotation p was thoroughly in- 
vestigated by R. W. Wood, who observed four complete revolu- 
tions near the D lines and verified the dispersion formula 
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^ ^ (X=» - Xi2)2 + 

where Xi and X 2 are the wave lengths of the two D lines. Since 
each D line splits into several components in a magnetic field, Art. 
19.4, the effect within the pattern of lines is really not so simple as 
the above formula indicates. Observing along the lines of force, 
one finds that X 5890 (D 2 ) splits into four components, while 
X 5890 (Di) splits into two. The dispersion near and between the 
components was investigated by Zeeman in 1902 and found to be 
as predicted by Voigt in 1899. Qualitatively, the dispersion of 
rotation is as shown in Fig, 19.1. 

19.2 Kerr Magnetic Effect 

In 1875, Kerr observed that plane polarized light reflected from 
polished, magnetized pole pieces of an electromagnet has its state 
of polarization altered. It has been shown that plane polarized 
light reflected even off non-magnetized metals becomes elliptically 
polarized unless it vibrates in the plane of incidence or at right 
angles thereto. When the metal is magnetized, then even in these 
two cases the reflected light becomes elliptically polarized. This 
phenomenon is called the magnetic Kerr effect. The ellipse 
produced is usually very narrow and has its major axis inclined 
to the original direction of vibration. Hence the effect may be 
superficially regarded as a rotation of the plane of polarization. 

19.3 Magnetic Double Refraction 

When light passes through the material at right angles to the 
magnetic lines of force, there is a double refraction which depends 
in amount on the proximity to an absorption band. This effect 
was also predicted by Voigt in 1899. In sodium vapor the bire- 
fringence varies with wave length in the general manner shown in 
Fig. 19.2. When viewed transversely to the field, the D 2 line 
splits into six components, while the Di line splits into four, as 
shown. 

The magnetic double refraction by liquids is not so pronounced 
as in vapors near their absorption lines, but was demonstrated by 
Cotton and Mouton in 1907. The effect is most easily observed 
in nitrobenzol and in carbon disulphide. Although the bire- 
fringence is small, it is about 1000 times larger than one would 
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expect from the associated Faraday effect, according to Voigt^s 
earlier theory. However, in 1912 Voigt extended his theory to 
account for the discrepancy by making use of Langevin’s theory 
of the orientation of molecules in a magnetic field. The lining up 



Fig. 19.2. Birefringence of sodium vapor when light is transmits (»d perpen- 
dicularly to the magnetic lines of force under the same conditions as in 

Fig. 19.1. 

with the field is interfered with by thermal agitation, so that the 
Cotton-Mouton effect depends strongly on temperature, whereas 
the Faraday effect does not. Thus this effect is essentially dif- 
ferent from that first predicted by Voigt. 

19.4 Zeeman Effect 

An effect by a magnetic field on the emission of light was first 
looked for by Faraday in 1802 but without success. Since the 
dispersion theory of Lorentz suggested the existence of a change 
in frequency of light emitted by electrons in a magnetic field, 
Zeeman tried again to observe such an effect. His first attempts 
were not successful, owing to the low field strengths used and the 
insufficient resolving power of his spectroscopic apparatus. How- 
ever, in 1897 a broadening of the sodium D lines was observed. 
On Lorentz's suggestion Zeeman tried and verified the existence 
of polarization at the edges of the broadened lines. After im- 
provements in technique, the lines were resolved into separated 
polarized components. When the light travelled at right angles 
to the field, Zeeman observed three plane polarized components; 
the central one p of unaltered frequency having its electric vector 
vibrating in the direction of H, and two outer s components which 
were polarized at right angles to p. When the light travelled along 
the lines of force through holes bored in the pole pieces of the 
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electromagnet, only the outer components were observed, and 
they were now circularly polarized in opposite senses. The rela- 
tion between the sense of rotation of the electric vector and the 
direction of the field is shown in Fig. 19.3, where the magnetic field 
is directed away from the reader in Fig. 19.3(5) and toward the 
right in Fig. 19.3(a). 

Lorentz was able to explain all the details of this normal Zeeman 
effect by his classical electron theory. The vibrations of the elec- 
trons in the magnetic field are resolved into components in the 


8 p 8 



™ (]) I C|) 



Fig. 19.3. Locations and polarizations of th(i components in the normal 
Zeeman effect, (a) When the light from the source travels perpendicularly 
to the magnetic field, three components are seen. (6) In the direction of the 
lines of force only the s components are seen and they are circularly polarized 

in opposite senses. 

direction of the field and perpendicular to it. The frequencies of 
vibrations in the direction of the field are unchanged, since the field 
exerts no force on motions in this direction. The vibrations at 
right angles to the field may be resolved into two circular motions 
rotating in opposite senses. The frequencies of such motions are 
altered. Light emitted in the direction of the field is circularly 
polarized ; while at right angles to it, the circular vibrations, seen 
projected in their own plane, emit light vibrating at right angles 
to the lines of force. The components of vibrations along the lines 
of force, which have their frequency unchanged, do not emit light 
in the longitudinal direction, but give the central line in the 
transverse effect. Even the correct magnitude of the shift was 
derived by Lorentz as follows. The equation of motion of an 
electron of mass m moving with a velocity vq in a circular path of 
radius r in the absence of a magnetic field is 
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mvQ^ 

= mwo r = hr 

r 

whence 


wq = 2irvo — 



the constant b being a force constant and vo being the fre- 
quency in the absence of the magne^tic field. Assuming for the 
moment a positive charge rotating clockwise in a magnetic field 
directed toward the reader, the restoring force hr is augmented by 
the amount Hev^ where H and e are both in electromagnetic units. 
Thus the equation of motion becomes 


and 


or 


mojiT = hr + Hev 


0)1 = 0)() + II — Wi 
rn 


Oil ~ Wo 




m 


•0)1 


The shift in frequency, which is relatively small, is thus seen to be 


H € 


Pi — Vo ^ 

47r m 


or the frequency itself is 


He 

J'l = >'0 + 

47rm 


For a counterclockwise rotation, similarly, 


He 


V 2 = PQ — 


4:Trm 


Since exactly the opposite shifts are observed, the latter or right- 
hand circularly polarized component, Art. 12.11, having the higher 
frequency, the vibrating charges must be of negative sign. More- 
over, the value of e/m computed from the magnitude of the shift is 
about 10~’^ emu/gm, showing that the radiating charges are 
electrons. 
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Soon after this satisfying correspondence between experiment 
and theory, it was found that the Zeeman effect is usually not so 
simple. For example, the s(xlium X 5890 line actually separates 
into six components, while the X 5890 line separates into four. 
The mercury green line at X 5401 separates into nine components, 
the X 4358 line into six, and the X 4047 line into three. Although 
in the last case the pattern appears to be the same as in the normal 
effect, the frequency shifts are twice as large as predicted by the 
Lorentz theory. However, in most cases, the frequency differ- 
ences can be expressed as integral multiples of fractional parts of 
the Lorentz splitting. This is the anomalous Zeeman effect. 

In very strong fields the anomalous Zeeman effect approaches 
the normal splitting originally observed, a phenomenon known as 
the Paschen-Back effect. Except for light atoms, however, 
which have small multiplct separations, the field necessary becomes 
impossibly great. The rules for determining the weak field effect, 
or anomalous pattern, are readily stated, but the development of 
the formulas will not be given here. In the first place, one forms 
the sequence of magnetic quantum numbers. Af from the quantum 
number J (subscript of the term symbol) by the rule 

• ]\,j =: ^ — jr -j- — j +2, ••',+/ 

This is applied to each of the two levels, the theory being that the 
angular momentum vector processes about the magnetic field in 
the various quantized states M. Secondly, one computes the 
Lande splitting factor g by the formula 

J(J + 1) + S(S + 1) - L{L + 1) 

^ = 2 “f" 

^ 2J(J + 1) 

The spin quantum number S in the formula is for single- 
electron spectra and either 0 (singlets) or 1 (triplets) for two- 
electron spectra. In general, S may be obtained from the multi- 
plicity superscript, which is 2/S + 1. The orbital quantum num- 
ber L is obtained from the letter symbol of the term, as noted in 
Art. 17.2. Each new level in the magnetic field is theti found by 
applying a displacement of Lorentz units to the original term, 
a Lorentz unit being 

ehH eH 

ergs or cm ^ 

47rmc 47rmc^ 
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The allowed transitions for which AM = 0, give the anomalous 
or “weak field'' pattern. As an illustration, the process is applied 
below to the mercury triplet: 

7’^Si — 0,1,2 


For=*^)Ir. 

M = -1,0, +1 

g = 2 


Mg = -2, 0, +2 


For =*Po: 

II 

o 

g = V2 


Mg = 0 


For ®Pi: 

M = -1, 0, +1 

II 


Mg = -3.2, 0, 


For ®P 2 : 

M = -2, -1, 0, +1, +2 

9 = ¥2 


Mg = -3, 0, +3^^, +3 


The resulting levels and allowed transitions are shown in Fig. 
19.4, with the anomalous patterns indicated to a scale of Loreiitz 

M Mg 




Fig. 19.4. Transverse anomalous Zeeman effect for the mercury triplet X5461, 
X4358, and X4047 A. The scale above the groups of lines below the arrows 
indicates Lorentz units of separation. 
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units. The lines for which AJ/ = ±1 are circularly polarized in 
opposite senses when viewed in the direction of II. Viewed trans- 
versely to //, these same lines are plane polarized with their electric 
vector at vi^ht angles to //, while the lines for which AM = 0 
vibrate with their electric vector in the direction of II. lluise are 
the .s and p components, respectively. The Zeeman pattern pro- 
vides the spectroscopist with a means for determining or verifying 
the classification of spectrum lines. The normal pattern is ob- 
served only in the case of transitions between singlet states. It 
may, however, be observed with multiplets in the spectra of light 
atoms when the field is strong enough to produce a splitting whi(;h 
is large (iompared with the multiplet structure, as first observed 
by Pas(;hen and Back. 

19.5 Stark Effect 

In 1913 Stark discovered that spectral lines radiated by a source 
in a strong electric field are also separated into components. Inhere 
are both p and polarized components, and the frequency shifts 
are at first proportional to the S(|uare of the field strength. A 
source for observing this effect is shown in Fig. 19.5. The positive 
ions or ^‘canal rays’^ pass through holes in the (cathode C into the 



Fig. 19.5, A discharge tube for observing the Stark effect. 


region CSy in which there is a strong electric field. The light from 
this region is analyzed spectroscopically. The Stark effect is com- 
pletely explained by quantum mechanics and has no classical 
analog. The shifts are often unsymmetrical, so that lines appear 
displaced and broadened if the field is so small that the components 
cannot be resolved. 

19.6 Kerr Electro-optic Effect 

Transparent media become doubly refracting when subjected 
to a strong electric field, an effect discovered by Kerr in 1875. The 
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optical properties of the media are similar to those of uniaxial 
crystals, the optic axis, in this case, being in the direction of the 
field. The double refraction is said to be positive or negative, ac- 
cording to its resemblance to that of a positive or negative uni- 
axial crystal. Art. 12.9. When solid dielectrics are used, it is im- 
portant to differentiate between a real electric effect and a double 
refraction due to stresses. For this reason, the most clear-cut ex- 
periments are with liquids in which there can be no stresses. More- 
over, a rise in temperature can only change the index of refraction 



Fia. 19.6. Electro-optical shutter for transmitting flashes of short duration 

from the spark A. 


but cannot lead to double refraction. The phase difference A is 
proportional to the sciuare of the electric field strength F and the 
length of path 1. Thus 

A = klE^ 

the birefringence being 

Tip — Us = jXE^ 

where j is the Kerr constant. For carbon disulphide and at a 
wave length of 0800 A, the constant j has the relatively large value 

j = 3.70 X 10-^ 

in cgs upits, the field E being in statvolts per centimeter. In this 
case the effect is positive, the ordinary ray, which vibrates at right 
angles to E, travelling faster than the extraordinary. Thus the 
corresponding index Us is less than Up, 

Since the disappearance (or appearance) of double refraction 
follows a sudden drop (or rise) in the field by a lag of only 10“~® 
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sec, Kerr cells between crossed nicols have often been used as 
rapidly operating electro-optical shutters* Two arrangements 
by Beams* are shown in Figs. 19.6 and 19.7, the power supply 
across A being omitted in the second figure. Ni and N 2 are two 
crossed nicols or Polaroid filters with their principal sections at 
45° to the field E in the Kerr cell K. The shutter shown in Fig. 
19.6 is open, because of the electric double refraction, until a spark 
passes Sit A. It then closes rapidly, the time interval between the 
passage of the spark and the closing of the shutter being varied by 
the adjustment of the trolleys T. The shutter in Fig. 19.7 has two 
Kerr cells Ki and K 2 in which the fields are at right angles, these 



% % 

Fig. 19.7. KkM^iro-opticjal shutter for transmitting flashes of short duration 
from any continuously emitting source S, 

being placed between two polarizers N\ and N 2 j which are crossed 
and set at 45° with the fields. The double refractions in the two 
cells balance when the field is at any steady value or is changing 
slowly. When, however, a spark jumps across Ay the shutter is 
opened quickly as the double refraction in Ki disappears, and is 
then closed rapidly when the double refraction in K 2 vanishes a 
little later, assuming that the trolleys T 2 are farther out than T\, 
A pulse of light as short as 1.5 meters can thus be transmitted, the 
time of the flash being about 0.5 X 10“^ sec. A rifle bullet trav- 
elling at a speed of 500 meters per second moves only 1/400 mm 
in this time interval. 

In piezoelectric crystals the electric double refraction is propor- 
tional to the first power of the field strength and is ten or more 
times as large as the ordinary Kerr effect. A good summary of 
this topic may be found in Cady's Piezoelectricity y pages 721-727, 

^ Beams, Journal of the Optical Society of America and Review of Scientific 
ImtrumeniSj 13 , 597 (1926). 
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19.7 Photoelectric Effects 

When light of sufficiently high frequency strikes any material, 
electrons are ejected from it. This is the electron photoemission 
effect discovered by Hertz in 1887. In accordance with the quan- 
tum theory, the energy transferred in each act of absorption is hv. 
Of this, an amount w is required to liberate the emitted particle. 
The energy with which it leaves the surface is accordingly 

E = Jiv — w 

This equation is called Einstein’s photoelectric equation. If 
w represent;S the binding energy of the electron, the observed en- 
ergy E will in general be the maximum energy of the emitted 
particles, since many of the photoelectrons leave from atoms be- 
low the surface and travel at various angles with the surface, 
losing energy on the way out. The maximum ent'rgy E„i may be 
measured by means of the retarding potential Vm required to stop 
the electron emission. Then 

^Vm = hv — w 

T^his equation has been tested over a wide range of frequencies, 
and some very accurate determinations of h have been made by 
measuring the slope of the straight line relating Vm to v. 

The magnitude of w determines the photoelectric threshold, 
sin(;e it is obvious that no electrons may leave the surface if hv < 
w. Hence the threshold wave length is given by 

he 

Xffi = 

w 

The value of w, called the work function, is generally low for the 
free electrons in metals, particularly in the alkalis. The hydride 
of cesium has an unusually low value of ic, and it is therefore widely 
used in photoelectric cells for detecting or measuring visible light. 

The energy or velocity of the photoelectrons is entirely inde- 
pendent of the intensity of the light. The number of electrons 
emitted per second is, however, proportional to the intensity, 
making photoelectric cells very useful in the measurement of radi- 
ation. Unfortunately the constant of proportionality varies with 
the wave length, so that it is necessary to calibrate cells used in 
heterochromatic photometry. 
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Einstein pointed out that the energy transfer between radiation 
and electrons is most readily explained by a corpuscular theory of 
light. The corpuscles, called photons, carry an energy hv and a 
momentum hv/c. The photon theory also explains the ("ompton 
scattering of x-rays very convincingly. However, the assumption 
of a quantized transfer of energy and momentum between electro- 
magnetic waves and matter accomplishes the same result and is 
not so inconsistent with the phenomena of interference, diffraction, 
and polarization. It also enables one to retain the theory of prop- 
agation of light by which its speed in space c and in various media 
may be computed, and it leaves the theory of reflection and re- 
fraction intact. 

The electrical conductivity of some semiconductors, such as 
selenium, decreases when they are illuminated. There is no simple 
relation between resistivity and intensity, but such cells may be 
very sensitive to radiation. They show enormous aftereffects, 
which exclude them from use in accurate comparisons of in- 
tensities. 

Photovoltaic cells, such as the ‘^l^otronic cell,'^ consist of a thin 
layer of semiconductor between two metallic electrodes. The 
upper electrode is thin enough so that it transmits a considerable 
amount of light. Illumination of the cell causes a difference in 
potential between the two electrodes, arising from the easier 
passage of electrons from the semiconductor into the backing 
plate, or, under some conditions, from the semiconductor into the 
front electrode. Such a cell connected across a microammeter 
makes a conveniently compact unit for the measurement of il- 
lumination, being widely used as a foot-candle meter and as a 
photographic exposure meter. In the former application, the 
spectral sensitivity of the cell should approximate that of the 
human eye. 

At x-ray frequencies one observes a photoelectric emission from 
the x-ray energy levels. One may measure the energy E of the 
ejected ‘^secondary beta rays'' by means of the radius of curvature 
of their path in a magnetic field. The binding energies of the 
various groups of electrons {K, L, ilf, etc.) are then obtainable 
from Einstein's equation 

w = hv — E 

When the quantum energy hv exceeds twice the rest energy 
rru? of an electron, one observes the phenomenon of “pair pro- 



324 


MAGNETO- AND I^LECTRO-OPTICS 


duction/^ a positive and a negative electron being emitted simul- 
taneously. This is sometimes referred to as “materialization of 
energy/’ since a pair of electrons, matter, appears and a quantum 
of radiant energy disappears in the process. The efficiencjy of the 
process increases with the energy. The threshold energy for this 
effect is about one million electron-volts (1 mev). 

At higher energies, of over 2.19 mev, one may observe a photo- 
disintegration of the atomic nucleus with the emission of a neutron. 
This type of photoeffect has been most widely investigated with 
deuterium, in which it practically amounts to a fission of the 
nucleus. The threshold gives the binding energy of the proton and 
neutron. 

The production of mesons by the interaction with nuclei of 
quanta having still higher energies is being investigated. Since 
the meson is a particle having a mass of the order of 200 times that 
of an electron, the threshold for such a process will be about 200 
times the rest energy of the electron, or about 100 mev. 

PROBLEMS 

1. Using tho formula for Land^\s g factor, deduce the anomalous Zotunan 
pattern for th(^ mercury 5770 A spectrum line. Indicate polarizations of the 
components and th(‘ir separation in Lorentz units. 

2. Determine the field stnmgth required to produce circular polarization 
by a Kerr cell filled with CS 2 if the path length is 10 cm. 

3. Plane polarized light is transmitted forward and back through a plate 
of glass 2 cm thick in a magnetic field. The light travels along the magnetic 
lines of force, and the Verdtit constant of the gla.ss is 60.8 X 10“® minute {wr 
gauss and cm. What fi(*ld stnmgth would be required to produce a rotation 
(Faraday effect) such that the light may be annulled on passing back through 
the original polarizer? 



Chapter 20. Measurement of Color 


20.1 Trichromatic Colorimetry 

The wide use of color in photography and in industry makes it 
nec^essary to be able to specify color by numbers and to state the 
permissible tolerances in terms of deviations from these numbers. 
The measurements should be entirely objective, although the 
standards may have a subjective historical origin. A satisfactory 
process of color measurement is presented in Hardy’s Handbook 
of Colorimetry, published by the Technology Press. 

The specification of any color is most completely given by 
spectrophotometry, in which one measures the reflectance or 
transmittance of the sample as a function of the wave length. To 
obtain a second sample which will match the first under any kind 
of illumination, the entire spectrophotometric curve must be the 
same for both samples. For many purposes, however, a statement 
of three numbers will suffice, although these numbers will be dif- 
ferent when different sources are used, even for the same sample, 
since it is knoAvn that colors of materials depend on the kind of 
illumination used. To reduce these possibilities, one generally 
selects one of three standard illuminants which have been adopted 
by the International Congress of Illumination (ICI). The so- 
called illuminant A is similar to light from a gas-filled tungsten 
lamp having a color temperature of 2848 °K, B is an approxima- 
tion to mean noon sunlight, and C is an approximation to average 
daylight. The International Congress has specified the spectral 
distribution of these three sources by means of graphs and tables, 
Illuminant C is used in most color work. 

It is an experimental fact that colors may be matched by various 
proportions of three so-called primary colors. This fact is in- 
dependent of any theory of color vision. For any set of three real 
primaries, however, it is occasionally necessary to use negative 
values of one or more of the primaries or, in other words, to add 
them to the color being matched. Contrary to popular impression, 
the choice of primaries is quite arbitrary, and one may readily 
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transform measurements made in terms of one set into values cor- 
responding to any other set. It is only to reduce the likelihood of 
needing negative values that certain shades of red, green, and 
blue-violet are generally chosen as practical primaries. The ICI 
has specified three standard primaries which avoid negative values 
entirely. These are defined by tables giving the excitation values 
Xy fj, and z of spectral wave lengths in terms of the three standard 
primaries. Exciialion values are luminous intensities per unit 
amount of radiant flux. These values were derived by linear 
transformation from the results of experiments in matching spectral 
colors by three real primaries. The X primary is a reddish purple 
of higher saturation than any real color, the Y primary is a green 
of considerably greater saturation than X 520 m/z, and ^ is a blue 
of greater saturation than X 477 m/u. These conclusions are ob- 
tained by the procedure outlined in the next article. For the 
present, the primaries may be considered to be defined by the 
excitation values specified by the Id and tabulated in Ilardy^s 
Colorimetry. 

To make a trichromatic analysis of a color, one first determines 
the spectral reflectance R\ of the sample by means of a spectro- 
photometer. If the sample is a transparenc^y, one substitutes the 
transmittance T\ for R\. The tristimulus values of the color, 
using a source whose intensity distribution is given by J\, are de- 
fined by the equations 


X = lim 2 J\R\X\ AX 
-♦ 0 


F = lim 2) J\R\y\ AX 

AX->() 

Z = lim 2) J\H\Zx AX 

AX -► 0 

These summations may be replaced by integrals, but in practice 
one finds it more convenient to use small values of AX and to carry 
out the indicated summations on an adding machine. Since the 
values of R\ may be obtained by means of a photoelectric recording 
spectrophotometer and Jx and xyz are adopted standard functions, 
it is evident that the tristimulus values are derived by an objective 
process in which the color vision or even the possible color blind- 
ness of the operator plays no part. 
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20.2 Chromaticily 

The quality of a color or its chroinaticity is defined by the 
ratios 

_ X _ r _ z 

X+Y + Z’ ^ ~ X + Y + Z ’ ^ ~ X+Y + Z 

Since a: + 2 / + 2 ; = 1 , only two of these are independent, so that 
X and y are sufficient to designate chromaticity. Moreover, since 
the adopted y\ function has the same values as the visibility 
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Fig. 20.1. Spectrophotonietric transmissivity curve for a sample of green 

CelIoj)hane. 



function, the tristimulus value Y is proportional to the luminosity 
as given by the overall reflectance or overall transmittance of the 
sample, depending on the nature of the material. Thus x, y, and 
Y are thre(^ numbers which suffice to designate the color of any 
sample. From these values one may find the dominant wave 
length or hue, the saturation, and the luminosity of the sample, 
as will be shown b(*low. 

As a concrete example, the spectrophotometric transmission 
curve for a sample of green Cellophane is given in Fig. 20.1. The 
tristimulus values found by summing the products etc., 

at lO-m^i intervals are 


X = 157.96, Y - 324.88, Z = 243.17 
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Ifardy explains how these values may be found more easily by 
summing values of T\ at selected ordinates which he tabulates. 
Siruje the sum Y for a perfectly transparent sample, T = 1 for all 
wave lengths, is 10()5, the relative luminosity of the green is 

324.88 

= 0.305 or 30.5 per cent 

1065 

The chromaticities are found to be rr = 0.2174 and y = 0.4480. 
Figure 20.2 shows a color chart or color triangle, in whicli this point 



X 


Fig. 20.2. Chromaticity plot after Hardy. The point Gc indicates the chroma- 
ticity of the sample of green Cellophane whose transmissivity is graphed in 

Fig. 20.1. 

is plotted at Gc. The curved line is the locus of chromaticities of 
spectral colors, while C is the point representing illuminant C, 
which was used in the computations which employed the values of 
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J X of this source. A straight line through Gc from C intersects the 
locus of spectral hues at X 509.5 m/x. This is the dominant wave 
length. Since Gc is 31 per cent of the way from C to the spectral 
locus, the purity of this green is 31 per cent. The luminosity is 
given as before by as compared with a perfectly transparent 
sample, or L = 30.5 per cent. Thus one may specify the color of 
this sample by giving either the three numbers x = 0.2174, y = 
0.4480, L = 30.5 per cent, or \\om 509.5 ni/i, P = 31 per cent, and 
L = 30.5 per cent. When necessary, one may specify acceptable 
tolerances in these numbers, making it possible to designate any 
desired color with any degree of precision. 

The nature of the Id primaries for which ?/, z are respectively 
100, 010, and 001 may be analyzed by the above procedure, which 
enables one to determine their dominant wave length and satura- 
tion. Since the primaries lie outside the spectral locus, their 
saturation is found to be greater than 100 per cent. Consequently 
they are not real colors and cannot be duplicated by any dyes. 

In practical matching with three colors, one must use three real 
primaries, which are represented by three points somewhere 
within the spectral locus. Positive amounts of these in various 
proportions enable one to match any color within a triangle formed 
by connecting the three points. The greatest variety of colors can 
be so matched if the triangle has as large an area as possible. It is 
for this reason that one uses some shade of red, green, and blue- 
violet. The type of color mixture considered here is not directly 
comparable to that obtained by the mixing of dyes, referring 
rather to the addition of colored lights. 

20.3 Color Mixture 

If unit amounts of three primary colors have the tristimulus 
values XrYrZr, XgYgZg, and X^Y^Zh, the tristimulus value of an 
additive mixture of r units of the first, g units of the second, and 
b units of the third is given by 

X' = rX, + gXg + hX^ 

r = vYr + gYg + 5F, 

Z' = rZr 4“ gZg + bZ^ 

From these one may obtain the chromaticity of the mixture by the 
usual method. As mentioned before, all chromaticities within a 



330 


MEASUREMENT OF COLOR 


triangle bounded by lines joining the chromaticities of the three 
primaries may be duplicated by varying the amounts r, g, b of the 
primaries. This principle is employed in color photography and 
other methods of color reproduction. 

In the case of additive processes, the application is quite straight- 
forward, as outlined above. In subtractive processes, however, 
the light passes through the three colored images in succession. 
In this case, one must think of an increase in concentration of each 
dye as causing a reduction in the amount of its corresponding pri- 
mary. Each of the dyes used in such subtractive combinations 
must have a color which is complementary to the primary color 
which it controls. Thus a cyan dye controls red, a magenta dye 
controls green, and a yellow dye controls blue. In a sense, the dye 
colors may be called the primaries for subtractive processes, but 
it is preferable to consider the colors which they absorb. It is 
evident that dyes do not add any light and therefore color; they 
merely remove a fraction of what is there already, the fraction de- 
pending on their concentration. To be able to duplicate the great- 
est variety of colors by mixtures of such dyes, one must select 
three pigment colors complementary to the three additive pri- 
maries which serve as corners of the largest possible triangle on 
the chromaticity diagram. By using optical densities of unit dye 
concentrations instead of the tristimulus values X, F, Z, one may 
write equations for the subtractive process which are exactly like 
those at the foot of page 329. Further discussion of the theory of 
three-color reproduction may be found in an article by Hardy and 
Wurzburg in the Journal of the Optical Society of America, 27^ 
227-240 (1937) and in Miller^s Principles of Photographic Repro- 
duction. 

PROBLEMS 

1. Compute the tristimulus values X, Y, Z and from these the trichro- 
matic coefficients x, y, z for the material whose spectrophotometric curve is 
given in Fig. 20.1, using illuminant A. Reference: Hardy, Handbook of 
Colorimetry. 

2. For the same illuminant and material as in problem 1, determine the 
dominant wave length, purity, and luminosity. 

3. Determine the relative amounts of the three real primary colors 0.60, 
0.30; 0.10, 0.70; 0.10, 0.20 ’^eeded to match the chromaticity of the material 
whose spectrophotometric curve is given in Fig. 20.1, using illuminant C. 

4. Prove that the additive mixture of any two colors xi, yi and X 2 , j /2 lies 
on a straight line connecting the two points on the x, y diagram. 



Chapter 21. The Scattering of Light 

21.1 Tyndall Effect 

The intensity of a beam of light passing through any medium is 
attenuated because of, first, a true absorption in whicjh the 
radiant energy is converted into another form, and, second, a 
scattering of radiation in all directions. The scattering of light 
by small particles suspended in the atmosphere was first studied 
by Tyndall. He found that large particles scatter incident white 
light without altering its color, but that as the size of the par- 
ticles becomes smaller than the wave length of light, the scattering 
increases as the wave length diminishes, causing the scattered 
light to acquire a blue color. He indicated that the blue color of 
the uncdouded sky is due to this phenomenon. Lord Rayleigh, 
however, pointed out that even dust-free air sc^atters light because 
of molecular fluctuations in density and that the amount and 
quality of scattering due to this effect are sufficient to account for 
the blue color of the clear sky. When air contains fine particles 
of dust or smoke, the molecular scattering is augmented by the 
Tyndall effect. The light transmitted through long distances in 
the atmosphere, as at sunset, is then a brilliant red. 

21.2 Rayleigh Scattering Formula 

It has been proved. Art. 14,3, that the electric polarization P in 
a medium subjected to an oscillating field E of angular frequency 
CO is given by 

P ^ ^ 

E ^ mhioiQ}? — ^coa'co - co^) 

Hence, if one neglects absorption and assumes only one important 
natural frequency voy the polarization of a single particle is given by 

4:T^in(vo^ — 1^) — co^) 

This polarization will vary with the frequency v of J5, leading to a 
scattering of light of this same frequency. The total rate of scat- 
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tered radiation in all directions may be proved to be related to 
in accordance with the formula 





the proof of which will be omitted here. On substituting the value 
of P and assuming the presence of N particles scattering non- 
coherently, so that one may add intensities, one finds that 


Ne^E^ 



Since the average flux density of incident radiation is 

I 

Stt 

the scattering power, or fraction of the incident radiant flux 
which is scattered, is given by 

If the natural frequency lies far enough in the ultraviolet, as is 
often the case in optical scattering, vd^ ^ then 

F, ^ SwNe^p^ __ SwNe^ 

I Sm^c^Pf)^ Sm^PQ^X^ 

This is one form of Rayleigh’s scattering formula. One notes that 
the scattering power varies as the inverse fourth power of the wave 
length, hence should be much more intense for blue than for red 
light. 

On the other hand, if one is interested in x-ray scattering where 
» vo^, one finds that the scattering power approaches 

P, SirNe^ 

7 

This is Thomson’s classical formula for the scattering of x-rays. 
Another form of Rayleigh’s formula which gives, instead of the 
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integrated flux Fg, the intensity of the scattered radiation as a 
function of the scattering angle 0, is 


, ^ (n' - n)2 


(1 + cos^ B) 


NtV^ 


where n' and n are the indices of refraction of the particles and of 
the medium respectively, V is the volume of each particle, X is the 
wave length, and r is the distance from the scattering region to the 
observer. The factor (1 + cos^ 6) applies to unpolarized incident 
light. For components vibrating at right angles to the plane de- 
fined by the direction of the incident light and the direction of 
observation this factor is unity, while for components in this plane 
it is just cos^ 6. Accordingly, the scattered light is always more or 
less polarized, with a maximum polarization for 6 = 90°. This is 
easily verified in the case of light from the sky. Since the intensity 
varies inversely as the fourth power of the wave length, blue light 
will be scattered more intensely than red. As the particle size in- 
creases, the angular distribution and polarization change markedly. 
Particles which have strong absorption in the visible region of the 
spectrum will be found to deviate from the inverse fourth power 
law of ordinary Rayleigh scattering.^ 

The blue color of the sky and the bluish haze which intervenes 
between an observer and distant hills or other objects are due to 
Rayleigh scattering, although often modified by the presence of 
large particles which scatter non-selectively. It is well known that 
a blue-absorbing or yellow filter may be used in photography to 
absorb much of this scattered light. A deep red or infrared trans- 
mitting filter cuts out the haze still more effectively. By the use 
of an infrared filter, black sky effects may be obtained in daylight, 
and mountains several hundred miles away may be photographed 
from balloons or airplanes. 

It is possible to study scattering due to density fluctuations in a 
relatively small amount of any medium if precautions are taken 
to eliminate scattering by particles of foreign matter and reflection 
from the walls of the vessel or other surfaces. One might expect 
a greater scattering from liquids and solids than from gases because 
of the greater number of particles in a given volume. That this is 
not always the situation is due to the greater uniformity of density 

‘ Mie, Annalen der Physiky 26, 377 (1908). 
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in these media. In particular, transparent crystals such as quartz 
show very little scattering. Their uniform lattice structure leads 
to smaller density fluctuations than are found in a liquid or a gas, 
and thus they behave like a more homogeneous medium. The 
scattering by a vapor increases with the temperature up to the 
critical temperature, at which the density fluctuations are so great 
that they give rise to a phenomenon known as opalescence. 

The light scattered at 90° by gases and 
liquids is usually only partially polar- 
ized. This is due to a molecular aniso- 
tropy, in consequence of whic^h the induced 
dipole moments are not in the direction of 
the electric vector. Since the molecules 
are oriented in various directions, the 
scattered light becomes depolarized. The 
degree of depolarization of scattered light 
may be studied by a Wollaston double- 
image prism, oriented so that one of the 
images contains light vibrating at right 
angles to the plane defined by the incident 
ray and the direction of observation. If 
the light were completely polarized, only 
this single image would be observed, but 
actually one may see both. If one first 
rotates an analyzing nicol to extinguish 
the first image (providing a ‘^zero^^ setting), and then observes 
the change in angular setting <t> required to match the intensities 
of the two images, he obtains a measure of the ratio of their 
original intensities. As can be seen from Fig. 21.1, the condition for 
a match is 

I ^ sin^ = ^11 cos^ 0 

since intensity is proportional to the square of the amplitude. The 
ratio of the intensities of the light vibrating in the plane of scatter- 
ing and at right angles to it is 



The value of r, called the depolarization factor, would be zero 
for complete polarization and unity in the absence of polarization. 


/ 

/ 

/ 



A. 


Fig. 21,1. Measurement 
of depolarization factor 
by mcaiLs of the analyzcjr 
ani^le at which equal 
amounts of the two com- 
ponents A_i and A\\ are 
transmitted. 
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The depolarization factor for several liquids is given in the follow- 
ing table, which shows the wide range of values that may be en- 


countered.^ 

Depolarization 

Factor for Liquids 


Benzene 

0.45 

Chloroform 

0.24 

Chlorobenzem* 

0.50 

Ether 

0.09 

Nitrob(‘nzene 

0.73 

Carbon udrachloride 

0.045 

Carbon diyiilphidi* 

0.G4 

Methyl alcohol 

0.002 

21.3 The Raman 

Effect 




In 1928 C. V. Raman discovered changes in frequency on scat- 
tering of monochromatic light. These frequency shifts are equal 
to differences between molecular energy states divided by Planck ^s 
constant. The most intense lines in the spectrum of the scattered 
light are generally those in which the frequency v is diminished to 
v'j called the Stokes’s lines. The lines whose frequency v" after 
scattering is greater than that of the incident light are called 
anti-Stokes’s lines and are generally much weaker. If M and 
M* represent the ground state and an excited state of the molecule 
respectively, the scattering process in which a transition occurs 
from one of these states to the other must satisfy the principle of 
conservation of energy, which may be written in the form 

M + hp = M* + hv'\ v' <v 

and 

+ ]iv = M + Av"; > V 

In order that either type of scattering may take place, at least 
one other molecular state must exist, which may combine with 
both M and ii/* in accordance with the standard selection rules. 
On the other hand, direct transitions between M and may be 
forbidden, making it possible to observe Raman shifts in frequency 
of (M* — M)/h^ even though these frequencies may not occur in 
the ordinary molecular absorption and emission spectra. ' The 
molecular states M and are vibration-rotation states with the 
rotational fine structure usually unresolved, except in the case of 
gases. The rotational quantum number is observed to change by 
two units. No electronic Raman effect has ever been observed. 

' Raman scattering differs from Tyndall or Rayleigh scattering 
in that the frequency of scattered monochromatic light is altered 

* Gans, Zeitschrift fiir Phyaiky 17, 353 (1923). 
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in the former, but not in the latter. It differs from fluorescence in 
that the incoming radiation is not actually absorbed by the mole- 
cule, and the frequency pattern of the Raman lines is independent 
of the frequency of the incident light. The intensity of Raman 
scattering, however, increases as the inverse fourth power of the 
wave length. Raman scattering is less intense than Rayleigh 
scattering, and for this reason it was not discovered earlier. 



Fig. 21.2. Raman effect. The strongest line is the blue mercury line X4358, 
wliich is responsible for the Raman satellites. The neighboring mercury lines 
X4347 and X4339, seemingly strong because of overexposure, are actually too 
weak to show observable Raman lines in tliese spectrograms. The scattering 
was obscjrvod at 90° in (a) benzcme, and (b) carbon tetrachloride. The lines 
of longer wave length, toward the right, are ^‘Stokes” lines, while those of 
shorter wave length are “anti-Stokes” lines. {Spectrograms by Sister Magna 
Werthj College of Saint Benedict.) 

In order to observe the Raman effect experimentally, it is 
customary to mount one or more intense mercury-arc lamps near 
a tube containing the scattering substance. The tube should have 
a horn-shaped, blackened end turned away from the spectrograph. 
The shape of this end causes a total reflection of backward scat- 
tered light and provides a dark background against which the ef- 
fect is more easily observed. It is common practice to surround 
the scattering tube with a water jacket for cooling, or to use an air 
blast for this purpose. A filter of Noviol glass or a saturated solu- 
tion of sodium nitrite is often used to absorb the ultraviolet, which 
may cause photochemical decomposition of the sample. Wood 
states that a thin sheet of pale Noviol combined with an aqueous 
solution of quinine sulphate acidulated with a few drops of sul- 
phuric acid gives almost complete absorption of the ultraviolet, 
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including the strong mercury 4046 line, while the 4358 A line is 
almost perfectly transmitted. A monochromatic filter arrange- 
ment such as this makes the Raman lines easier to identify, since 
one eliminates possible overlapping Raman patterns excited by 
neighboring strong lines. The spectrograms of Fig. 21.2 show the 
Raman patterns of benzene and of carbon tetrachloride prcxiuced 
principally by the scattering of light having a wave length of 
4358 A. 



IV- EXPERIMENTAL OPTICS 


Experiment 1. Cardinal Points of a Thick Lens 

The thick lens in this experiment consists of a biconvex lens and 
a biconcave lens whose principal planes are engraved on their 
mounts. They are held coaxially by a cylinder, and their separa- 
tion d, Fig. I, may be set at any of the values indicated by the 
instructor. The combination illustrates a simple form of tele- 
photo lens system. The object of this experiment is to locate the 
cardinal points experimentally and to compare the measured loca- 



Fig. 1. Alignment, of units on an optical bench for determining the location 
of the cardinal points of the lens combination L. 

tions with the results of computation, using the formulas derived 
for combinations of optical systems in Art. 3.3. 

The lens system is mounted in a nodal slide on an optical bench. 
The target T, Fig. 1, is illuminated by an incandescent lamp /S, the 
light from which is made approximately monochromatic by the use 
of a red filter F in front of the target. With the aid of a telescope 
which has been focussed on a distant object, the distance between 
T and the lens C is adjusted so that the rays from any point of T 
are parallel and the target is virtually located at infinity. The 
image of the target created by the lens combination L will then 
be in its second principal focal plane. The lens L is rotated back 
and forth about a vertical axis and displaced along the nodal slide 
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until the image as viewed with the aid of the eyepiece E shows no 
transverse motion. The axis of rotation must then pass through 
the second nodal point N\ which is coincident with the second 
principal point P' since the lens system is in air. A consideration 
of Fig. 2 will show that the above statement is true, since any prin- 
cipal ray passing through N will emerge from N' in a direction 
parallel to its original course. Since the in«^ident rays are parallel, 
there will always be some ray parallel to the optical bench and 
passing through A. The conjugate ray will always emerge along 
the axis from A', as this point is fixed on the axis of rotation. Since 
the image must be on this principal ray, at a point where it is inter- 



Fig. 2. Rotation of a Ions system about an axis passing through the second 
nodal point N' do(\s not cause a lat(‘ral displaci^inent of a distant object. 

sected by other rays, the image will not be displaced transversely 
by a rotation about N'. The location of the axis of rotation is 
indicated by a pointer on the nodal slide. Its distance p' from the 
last principal plane of the last component may be readily found by 
means of a divider and scale. The distance from N' to P' which is 
equal to the focal length/' is given directly by the distance between 
the stands holding the nodal slide and the cross-hairs in front of the 
eyepiece. By rotating the lens combination through 180° and 
repeating the above procedure, one may determine p and /. The 
values of / and /' should be equal within experimental error. 

In order to compute /, /', p, and p', one must know not only d 
but also the focal lengths /i and /2 of the component lenses. The 
focal length of the converging lens may be found by the same pro- 
cedure as for the combination. The focal length of the diverging 
lens is determined from the conjugate distances S 2 and S 2 ', Fig. 3, 
using the converging lens as an auxiliary lens so that the final image 
is real. With a little ingenuity, the distances 82 and ^ 2 ' may be 
measured directly on the optical bench without making use of the 
focal length of the auxiliary lens. If the collimator lens C is re- 
moved, the distances are larger and may be measured more ac- 
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Fig, 3. Measu^(^ment of the conjugate focal distances 82 (negative) and S 2 ' 
enables one to determine the focal length of a diverging lens. 

ciirately. Since S 2 is a distance to a virtual object, its value is 
negative in the lens formula 

1 1 1 

= — I — . 

•2 ^2 ^2 

The values of p, p', /, and /' should be measured and computed for 
at least two different separations d, for example, d ~ 1 cm and d = 
3 cm. 


Experiment 2. Aberrations of Lenses 

The object of this experiment is to test an old-style photographic 
objective for the following aberrations: (a) spherical, (b) chromatic, 
(c) astigmatism, and (d) curvature of image. The lens is mounted 
in the nodal slide of an optical bench provided with a micrometer 
microscope Af, Fig. 4, for measuring the displacements of the 




M 



rm 


S 


Fig. 4. Alignment of units on an optical bench when determining the aber- 
rations of a lens system L. 


image. In the figure the micrometer screw is represented by the 
scale S, The light from the mercury-arc source A is focussed on 
the target T through a filter F which isolates one of the principal 
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wave lengths, such as X 5401. The collimating lens C and target 
T are first adjusted for parallel rays with the aid of an auxiliary 
telescope as in the preceding experiment. The use of the lens C 
enables one to place the target effectively at infinity while still 
having all parts on a bench of conventional length. If, however, 
the lens C is suspected of having appreciable aberrations of the 
kind for which tests are being made, it should be removed and the 
target placed at a distance of at least fifteen focal lengths from L. 
If this is inconvenient, the tests may be made at the maximum con- 
venient distance, whic.h should be stated, since the aberrations of a 
lens depend on the distance of the object. 

The alignment of all units on the same optical axis should be 
first approximated by careful inspection. Rotation of the target 
T will serve as a check on the location of the intersection of its 
index lines at the center of rotation of the holder. By sliding the 
lens L along the bench and checking the transverse motion of the 
image, one may determine whether the object is on the principal 
axis of the lens L, or the secondary axis, if L is inclined. The lens 
L may then be displaced in the nodal slide until a rocking about 
the axis of rotation produces no lateral displacement of the image. 
This nodal point setting is not essential for the first parts of this 
experiment, but it may be conveniently made at this point, as it 
will be necessary in the test for astigmatism. 

The longitudinal spherical aberration is measured by observing 
the difference between the focal lengths for paraxial rays and for 
rim rays. The iris diaphragm in the lens is closed to about one 
third of its full opening. Further closure may unduly increase the 
depth of focus, making the exact location of the image difficult to 
determine. The microscope is set on the image five times in the 
same direction to avoid backlash of the screw, the micrometer being 
read each time. Then the stop is opened wide, and the central four 
fifths or so of the area of the lens is blocked off by a circular di- 
aphragm of black paper. The rim rays so obtained will be found 
to focus at a different place, for which the micrometer readings are 
found as before. The difference between the two sets of readings 
is the longitudinal spherical aberration, this being positive if the 
rim rays focus closer to the lens than the paraxial. A more com- 
plete test requires the isolation of successive zones. 

To measure longitudinal chromatic aberration, one stops the 
lens down just enough to reduce spherical aberration to a scarcely 
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perceptible amount. The micrometer readings of the image loca- 
tion are made, using light of the following wave lengths in milli- 
microns: 43(), 546, 578, and 650. The first three are obtained from 
the mercury arc by means of special filters called mercury -vapor 
monochromals. The ()50 mjjL red is obtained from an incan- 
descent lamp, using a deep red filter. This light is not mono- 
chromatic but is approximately so, because of the sharp cut-off of 
the filter at its short wave limit and the steep drop in the visibility 
function of the eye at the red end of the spectrum not far from the 
cut-off. The change in focal length of the lens with color as com- 



Fiq. 5. Showing how an angular scale collimator enables one to determine 
the focal length of a lens system L by measuring the diameter of an image 

in its focal plane. 

pared with its value for 546 m^u is plotted graphically to show the 
chromatic variation in focal length. 

The focal length itself for 546 m/i is measured with the aid of an 
angular scale collimator. This consists of a target of con- 
centric circles in the focal plane of a good telescope objective. The 
collimator is adjusted by sighting into it with a telestjope which 
has been focussed on a distant object through an open window. 
The collimator lens is displaccKi until the image of the circles is in 
the same plane as the cross-hairs in the telescope. The collimator 
is then placed close to the lens whose focal length is to be measured. 
As shown in Fig. 5, the lens creates images of the circles in its own 
focal plane. By tracing principal rays one finds that these images 
subtend the same angle at the second nodal point A' of the lens as 
they do at the first nodal point of the collimator lens. The diam- 
eter of a ring subtending an angle 6 is measured by means of the 
travelling microscope. If d represents the diameter of the ring, 
one readily finds that 

d 

/' kd 

2 tan (6/2) 

The value of A; is a constant of the collimator and may be deter- 
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mined by measuring the angle 6 by means of a spectrometer tele- 
scope or by any telescope mounted on an angular scale. 

To test the lens for astigmatism one first aligns the units on the 
optical bench and displaces the lens in the nodal slide until the 
image shows no transverse motion as the lens is rotated. The 
sharpest image of the vertical lines (primary or tangential 
focus) and of the horizontal lines (secondary or sagittal focus) 
of the target is then located by the travelling microscope for vari- 



Fig. 6. Showing how the distance 6 of an aistiginatic image measured from 
the focal plane is related to the displacement h of the image measured along 

the optical bench. 

ous angular rotations of the lens from 0° to ±25*^. The readings 
for +5° and —5°, and so on, should be nearly the same and should 
be averaged. These are the displacements s of the image as meas- 
ured along a secondary axis of the lens. In order to compute the 
distances b of the tangential T and the sagittal S images with re- 
spect to the focal plane of the lens, one uses the formula 

5 = [/osec ^ - (/o + s)] cos ^ = /o ~ (/o + s) cos B 

which is readily derived from Fig. 6. The resulting values are 
plotted against 6 to give the loci of the positions of the two astig- 
matic foci. The distance between the two curves indicates the 
amount of astigmatism for each value of B, 

If the two astigmatic images are close together, their mean posi- 
tion indicates the curvature of the image. This will be a section 
of some surface of revolution and should approximate the focal 
plane within the useful field of the lens. 
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Experiment 3. Photometry and Illuminometry 


Part 1. Measurement of Luminous Intensity 

The candle powers of three lamps are to be measured on a large 
photometer bench, using a Lummer-Brodhun cube for comparison 
of illuminations. Let Eg be the illuminance on one side of a 
magnesium oxide plate <S, Fig. 7, due to the standard source of 
candle power 7^, and let Ej be the illuminance on the other side 



Fig. 7. Optical system of a Lummer-Brodhun photometer head. The light 
losses due to reflection at the plates F cause the trapezoids in the field of view 
to appear slightly darker than their surrounding areas. See Fig. 8. 


due to the source to be tested, whose candle power is Ix* The il- 
luminances are equal when 

I±^Ll 

where dx and d^ are the respective distances of the two sources 
from the screen 8, The ratio of the candle powers 



may be measured directly on the scale of the photometer bench. 
Equality of illumination is judged by the matching of the two 
fields seen in the cube. In a Lummer cube, the hypotenuse faces 
make optical contact over part of their area, but are separated 
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elsewhere by etching away some of the glass. The light from one 
side of the magnesium oxide or carbonate screen is transmitted 
by the portions in contact, whereas that from the other side is 
totally reflected in the cube. Thus one sees a field like that shown 
in Fig. 8(a) or 8(6), where the numbers 1 and 2 indicate the re- 
spective portions of the two sides of >S which are seen in the field of 
view. With the tiapezoid field, it is customary to insert neutral 
filters F, Fig. 7, to make the trapezoids slightly darker than the 
surrounding field. If the sources 
have the same color temperature, 
the central division line disappears 
at balance, and the ti apezoids show 
equal contrast with respect to the 
field which surrounds them. If the 
color temperature is different, the 
two halves of the field are com- 
plementary in color. One sees a 
pinkish trapezoid in a bluish field 
on one side and a bluish trapezoid 
in a pinkish field on the other. The 
photometer balance in this case is 
one at which there is equality of 
contrast on both sides, the trapezoid 
in each case being slightly darker than the field in which it appears. 
By matching contrasts instead of intensities it is possible to ob- 
tain reliable and reproducible settings even when the sources dif- 
fer considerably in color. 

Since the two sides of the screen S may not reflect equally, read- 
ings should be taken with the sides of the screen reversed. More- 
over, the optical systems in the two paths may not transmit 
equally, usually because of different reflectivities at Mi and M 2 . 
To eliminate this possibility, one should rotate the entire head 
through 180® and take readings in both positions. The ratio of 
the candle powers is then the geometric mean of the readings in 
the two positit)ns of the head, as is shown below. Inserting the 
transmissivities Ti and T 2 into the formula for the illumination 
balance, one finds for the first match 




(a) (b) 


Fkj. 8 . Field of view in two 
types of Lumnuir-Brodhun pho- 
tometer. The areas 1 are illumi- 
iiated by light from one source, 
and the areas 2 are illuminated 
by the second, (a) The field of 
a Macbeth illuminometer. (b) 
The field in a large bench pho- 
tometer. 



346 


EXPERIMENTAL OPTICS 


so that 

h _ ^ 

h Ti \dj Ti ' 

Similarly, when the optical systems are reversed 



By taking the S(}uare root of the products of the respective sides 
of the last two equations, one finds that 

h = 

The standard lamp is a properly aged incandescent lamp which 
has been calibrated at the National Bureau of Standards. The 
lamp should be placed at the same height as the screen S and with 
the etch marks on its bulb in line with the photometer axis, as 
directed in the calibration certificate. The voltage across its 
terminals is adjusted to the prescribed value. The lamp being 
measured is turned so that the identifying label is toward the 
screen and the ^luminous center of gravity^’ is at the same eleva- 
tion as the screen. The voltage across the terminals of each lamp 
being tested is adjusted to the values listed in the instruction sheet. 
One of the lamps is to be rotated through 90® and another set of 
readings taken in this position to illustrate the variation of candle 
power with direction. 

Part 2. Measurement of Illumination and Brightness 

Illuminance is defined as light flux per unit area and is commonly 
expressed in lumens per scpiare foot, usually referred to as foot- 
candles. One may conveniently vary the illuminance on a surface 
by varying its distance relative to a 200-watt lamp. The high 
wattage is desirable so that the lamp need not be very close to the 
surface even for the highest scale-readings to be used, and con- 
sequently the illumination is more likely to be uniform. The il- 
luminance is measured by means of a Weston foot-candle meter 
and by a Macbeth illuminometer. The Weston meter is of a 
direct-reading photovoltaic type. The only precautions necessary 
are that it be adjusted to read zero when the cell is covered, and 
that it be held so that the angle of incidence is the same, usually 
0®, as at the illuminated surface. 
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In the Macbeth illuminometer a visual balance is made, with 
the aid of a Lummer cube, between the unknown illuminance and 
the illuminance provided by a standard lamp within the meter. 
The proper current through the standard lamp is determined with 
the aid of a reference standard which provides 3 ft-c when the cur- 
rent has its rated value. The standard is connected to one outlet 
on the control box, while the illuminometer is plugged in at the 
other side. Both are placed over the standard test plate which is 
provided. The current through either lamp is measured by the 
same milliammeter when the current switch is across the ap- 
propriate terminals. After determining the proper current to pass 
through the working standard lamp inside the illuminometer in 
order to obtain a match at the rated 3 ft-c of the reference stand- 
ard when the illuminometer is set on this value, the standard is 
disconnected. This is important if the reference standard is to 
keep its rated calibration for a long time. Illuminances may then 
be read directly on the scale of the photometer, the current reading 
being kept at the value found by the use of the reference standard. 
The test plate is put where the illuminance is to be measured and is 
viewed at any angle within 30° of the normal. The distance from 
which one views the plate is immaterial so long as the test plate 
fills the rather small field of view of the instrument. The foot- 
candle scale runs from one to twenty-five, and the instrument is 
direct-reading in this range. In order to extend this range to 
either higher or to lower values, standard neutral filters are in- 
serted into slots near the Lummer cube. The calibration of the 
filters should be checked by using an illuminance which may be 
read both with and without the filter or pair of filters. The ratio 
of the two readings gives the multiplying factor for the filter or pair 
of filters used. 

The Weston meter is calibrated by comparing its readings with 
those of the Macbeth illuminometer at intervals of about 5 ft-c up 
to the highest reading on the Weston meter. The corrections to 
be added (algebraically) to the Weston meter readings should be 
graphed against its readings. 

The Macbeth illuminometer is particularly useful in measuring 
brightness in reflected lumens per square foot, called apparent 
foot-candles or foot-lamberts. Since the standard reflecting 
plate has a diffuse reflectance of 80 per cent, an incident 3 ft-c il- 
luminance, namely, 3 incident lumens per ft^, will result in a dif- 
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fuse reflection of 2.4 lumens per ft^. The current in the illuminom- 
eter lamp may be adjusted so that one obtains a match with the 
reference standard when the illuminometer scale reads 2.4 instead 
of 3. The instrument may then be used to measure directly the 

lumens per square foot diffusely re- 



flected from any surface. To convert 
this reading to milHlainberts, or 
10“**^ lumen per cm^, one multiplies 
apparent foot-candles by a factor of 


1000 

00.487 


1.070 


The brightness or luminous emit- 
tance of a surface will naturally depend 
on its illuminance as well as on its 
reflectance. It is instructive to make 
a few measurements using different 
materials. The diffuse reflectance is 
found by taking the ratio of the ap- 
parent foot-candles (reflected) to the 
actual foot-candles (incident). 


Fig. 9. Simplified sketch of 
the optical system of a Dubose^q 
colorimeter. The cups holding 
the solutions may be racked up 
or down to vary the lengths of 
path di and in the two solu- 
tions, P being stationary plung- 
ers of optical glass. The inten- 
sities of the transmitted light 
are compared with the aid of a 
biprism B which givtjs a sharply 
divided field. 


Experiment 4. Colorimetry 

In this experiment a Duboscq col- 
orimeter, Fig. 9, is used to compare 
the concentrations of several series 
of solutions. According to Lambert^s 
law, the intensity / transmitted 
through a thickness d of absorbing 
medium is given by the formula 

/ = he-^ 


where 7o is the intensity before absorption, e is the base of natural 
logarithms, and a is the absorption coefficient. The value of a 
depends on the wave length of the light and on the concentration 
of the solution. In practically all cases, one finds that a is propor- 
tional to the concentration c so that a == te, a relation known as 
Beer’s law. Accordingly 
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/ = 

A colorimeter provides a ready means for varying the distance 
d of the light path through the two solutions to be (H)mpared (see 
instruction booklet for the colorimeter), and thus obtaining a 
measure of their relative concentration. The zero readings on the 
scales should first be checked by racking the cups, shown in Fig. 
9, until the plungers P touch their bottom. If the reading is not 
zero, one may displace the vernier with the aid of a small screw 
driver. Secondly, the light intensities transmitted through the 
tubes must be matched, using the same value of d on both sides, 
about 15 or 20 mm, and with the same solution in both cups. To 
compare the concentrations of two solutions of the same substance, 
one of the concentrations usually being known, one matches the 
intensities of the light transmitted through both solutions, keep- 
ing the standard at a depth of 15 mm or 20 mm and varying the 
other. Then, since 1\ = /2 at the match point, we have by the 
Lambert-Beer law 

Since the intensities were originally balanced with A:i, Ci, di re- 
spectively e(pial to k 2 ) C 2 j ^ 2 ? if follows that the intensities Iqi and 
Jo 2 were made ecpial and may be divided out of the above equation. 
By taking logarithms of both sides one finds that 

k\Cidi = k2C2d2 


If Beer’s law holds accurately for the substance being used, then 
ki = k 2 regardless of concentration, and consequently 


or 


= 02^2 
Cl d2 


C2 dl 

This is the working formula. The student should measure the 
concentrations of the solutions provided. 


Experiment 5. Polarimetry 

The objects of this experiment are (a) to study several half 
shades to determine the conditions under which angular settings 
are most accurate, (b) to measure the specific rotatory power of a 
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sample of sucrose, and (c) to use this constant in determining the 
amount of sugar in an '‘unknown’^ which the student himself 
prepares. 

A simple polarimeter consists of a polarizer P, such as a Nicol 
prism, and an analyzer A mounted on a graduated circular scale to 
determine the direction of vibration of the polarized light, Fig. 10. 
If one sets the analyzer for extinction, with its principal section at 
right angles to that of the polarizer, and then inserts an optically 
active medium between the polarizer and analyzer, a change in 
angular setting will be necessary to restore extinction. Mono- 



(a) (b) 


Fig. 10. (a) Passage of light through a polarimeter. P is the polarizer, H is a 
Lippich half-shade, and A is the analyzer, (h) The half-shade angle 6 is the 
angle between the dinjctions of vibration in the two halves of the field. 

chromatic, usually sodium, light is used because the rotation de- 
pends on wave length. In order to increase the accuracy of the 
setting for extinction, it is customary to insert a half shade H just 
after the polarizer. There are several typers of half shade, but they 
all have this in common: the field of view is divided into two (or 
three) areas in which the light vibrates in slightly different direc- 
tions. The angle 6 between the vibrations. Fig. 10(b), may be 
called the half-shade angle, and in many cases may be varied 
and set at some optimum value. To obtain the best results, the 
telescope should be focussed so that the boundary between the 
fields is as sharply defined as possible. The intensity in each field 
varies as the square of the cosine of the analyzer azimuth with a 
slight displacement of the intensity minima in the two or more 
fields. The intensities match four times in a complete revolution 
of the analyzer, twice at high intensity and twice at low intensity. 
The latter gives the most reproducible match, as one would expect 
from the Weber-Fechner law. This states that the smallest 
increment in intensity that can be detected is proportional to the 
intensity level. Hence one may detect smaller absolute changes 
in intensity at the lower intensity level. 
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Three half shades are provided in this experiment. These are to 
be compared as to accuracy of setting and, where the half-shade 
setting may be varied, the optimum value of d is to be determined. 
The Lippich half shade consists of a narrow Nicol prism which 
covers part of the field (one half, or the central one third) as shown 
at H in Fig. 10. The vibrations passing through the Lippich prism 
are in its principal section, while those passing through the un- 
covered field are in the principal section of the polarizer. The 
half-shade angle may be changed by rotating the polarizer. The 
angle B is first made zero by setting the polarizer so that the in- 
tensity over the entire field varies to zero concurrently as the 
analyzer is rotated. The repeatability of the readings is found by 
taking at least five settings of the analyzer and determining the 
average deviation from the mean, disregarding the sign of the 
deviation. Then the polarizer is rotated successively by 0.5, 1.0, 
2.0, 4.0, and 8.0°, the procedure being repeated for each of these 
polarizer settings. The average deviation is plotted against the 
half-shade angle, and a smooth curve is drawn through the points. 

I The small number of readings, five or so, may make the form of 
the curve uncertain. If this is found to be the case, additional 
readings should be taken; but five often proves to be sufficient to 
show the general trend and to determine the optimum value of B. 

The Laurent plate half shade consists of a half-wave plate of 
quartz or mica covering half the field. A half-wave plate gives a 
relative retardation of 180° between the principal vibration com- 
ponents, and the resultant of these is plane polarized, but in a dif- 
ferent direction, as explained in Art. 12.11. The half-shade angle, 
measured relative to the zero setting which is found as before, is 
twice the angle through which the polarizer is rotated relative to 
the half shade. The student should find the optimum setting for 
the Laurent plate by taking a set of five analyzer readings at each 
of the following half-shade positions: 0, 0.5, 1.0, and 2.0°. 

The biquartz half shade consists of two pieces of quartz cut 
perpendicularly to their optic axis, one of them being dextro- 
rotatory and the other levorotatory. The thickness of quartz is 
such that light of the sodium wave length is rotated nearly 90° 
clockwise and counterclockwise respectively in the two halves of 
the field. Thus a suitable half-shade angle may be introduced, 
but this may not be varied by the experimenter since it depends 
on the thickness of the quartz. The accuracy of this half shade 
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may be compared with that of the other two by finding the average 
deviation from the mean of the same number of readings. It is 
interesting to try a source of white light with the biquartz. Be- 
cause of the rotatory dispersion in the quartz, the two halves will 
in general have a different color. They may be matched by rotat- 
ing the analyzer until the field is a uniform purple. The setting 
will correspond to the wave length which is rotated exactly 90° by 
the two quartz half plates. Thus measurements of rotation of the 
plane of polarization by an active material or solution using white 
light will not agree with the values obtained with sodium light. 

The angle of rotation a by an active solution is proportional to 
the length of path I in the solution and to the concentration c, the 
constant of proportionality being called the specific rotatory 
power. Thus 

a = [aYS'k 

where [a] is usually given in degrees per decimeter and grams of 
active substance per cubic centimeter of solution. The wave 
length is given as a subscript and the temperature as a superscript, 
siiKje the specific rotatory power depends on both of these and it is 
necessary to specify them. It also varies slightly with the con- 
centration, the amount being rather small, as seen by the formula 
for sucrose 

^5893 = + 0.870 c - 2,35 

the concentration c being usually a small fraction. The specific 
rotatory power of sucrose also diminishes by 0.0184° per degree 
centigrade above 20°C. In this experiment the concentration ef- 
fect will be by-passed by determining [a] for a standard value of 
c equal to 0.26 gm/cm^. This is common practice. Weigh an 
empty 25-ml bottle and then add about 6.5 gm of sucrose as de- 
termined by the increase in weight. For most accurate results, 
the sugar sample should be purified by recrystallization and de- 
hydration. As this takes some time, and commercial sugar is quite 
pure, these operations will be dispensed with. Sufficient distilled 
water is added to the sucrose to make up 25 ml of solution. This 
is poured into one of the (clean) 2-decimeter tubes, and distilled 
water is poured into the other. With the tube of distilled water 
in the polarimeter all necessary adjustments of alignment and 
focus are made, using the half-shade setting found to give the best 
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results in the first part of the experiment. Then a set of at least 
five analyzer readings is taken to determine the “zero” reading. 
The tube filled with water is then replaced by the one containing 
the sugar solution, and the analyzer readings are repeated. The 
difference between the averages of the two sets of data gives a, 
from which [a] may be computed. The standard value of [a] may 
be obtained from the above formula, making a correction for tem- 
perature and concentration. The results of this experiment should 
be slightly below the accepted value principally because of the 
moisture in the sugar sample. 

To illustrate the usefulness of polarimetry in analytical chem- 
istry, make up an “unknown” containing about 0.40 gm/cm^ of 
sugar. Determine the concentration of this solution by measuring 
the rotation a and using the value of [a] found in the preceding 
part of the experiment. Since the same, somewhat impure, sample 
of sugar was used, tlie value found for c should check within about 
1 per cent or the limit of accuracy of the balance used if this is not 
a particularly good one. 

Experiment 6. Surface Testing by Interference 

The standard optical flats used in this experiment are made of 
quartz or Pyrex glass to minimize warping due to temperature 
differences. PJach has one surface which deviates from a plane by 
less than one (piarter of a wave length. To obtain good optical 
contact between the flat and the surface to be tested, and to avoid 
scratching the flat, the surfaces should always be bnished by a 
clean camcrs-hair brush before bringing them together. Further 
cleaning is unnecessary unless the surfaces are unusually dirty. 

The surface to be tested is placed over the flat, or vice versa, 
according to relative size, the larger being always underneath. 
It is undesirable to have an appreciable amount of overhanging 
material because of the deformation it may produce. A viewer 
with a 45° reflecting plate is used, Fig. 11, so that the incident 
light may be approximately normal to the plate, and so that ob- 
servations may be made from directly above. The source may be 
a sodium-vapor lamp or a mercury arc provided with filters to 
isolate the X 5461 A green line. The two surfaces are slid around 
until the number of fringes seen is a minimum. Sometimes it is 
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impossible to achieve this condition without recleansing the plates. 
A very slight pressure at some strategic spot may be helpful, but 
too much pressure should be avoided, as it warps the plates. 

The fringes observed are fringes of constant thickness, discussed 
in Art. 10.8, the thickness of the air film being constant along any 
one band and changing by steps of half a wave length from one 
band to the next. Thus the view resembles a topographical con- 
tour map with the optical flat representing sea level in this case. 



Fia. 11. Arrangement for testing the deviation from flatness of a surface T 
by interference. The fringes between T and the opti(^al flat F are viewed 
through a 45° plate H which reflects monochromatic light down on the test 

object. 


By studying the form and spacing of the bands, one may infer the 
form of the surface being tested. To determine which direction is 
^^downhill,'^ one may apply a slight pressure (e.g., with a pencil) 
at the location of any fringe. Its motion will be toward the greater 
thickness of air space or downhill on the surface to be tested, as 
viewed by an observer facing the surface. It may be noted that 
it is unnecessary to touch the plates to determine uphill or down- 
hill; one may just look at the plates more obliquely. The fringe 
motion in this case is also toward greater thickness of air film, be- 
cause at any one fringe 


2t cos i == pX 

remains constant. Consequently, as i increases and cosi de- 
creases, the value of t at that fringe must increase to keep the 
product constant. 

Several samples are provided, ranging from ordinary window 
glass to a sample of optical-fiat quality. The surface of the window 
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glass is to be described only qualitatively, as it is extremely ir- 
regular. The telescope windows (beveled edges) and the gun- 
sight reticles are to be rated concave or convex to within some 
specified number of half waves or fringes in the directions of max- 
imum and minimum curvature. The Newion^s rings observed 
with these are sometimes approximately elliptical or hyperbolic, 
requiring two specifications of numbers of 
half waves to denote their principal curva- 
tures. 

A contour map is to be drawn for the sam- 
ple of excellent-quality plate glass. This has 
roughly the shape of a col or saddle. Fig. 

10.13. Draw^ “profile’^ sections through the 
directions of greatest positive and negative 
curvature. 

Another flat placed on the standard flat 
yields a set of straight, equidistant, parallel 
fringes. As one reduces the number of fringes 
to a minimum, he may find a deviation of the 
fringes from straight lines, but the fringes are 
often so broad that the amount is not readily 
determined. After some patient, repeated 
trials, one may obtain an almost uniform 
intensity over the entire flat. This condition 
may mean that one *'fiat^^ is really somewhat convex, while the 
other is almost equally concave. By the use of a third flat, one 
may easily prove or disprove this assumption. All possible 
combinations of the three flats cannot fit unless they are all 
plane. 

In testing a surface which is nearly flat, one finds it best to set 
it on the standard in such a way that about three or four fringes are 
observed. Fig. 12. The sagitta of the fringe connecting dia- 
metrically opposite points divided by the fringe separation gives 
the fraction of a half wave by which the flats deviate from each 
other across this diameter. 

To measure the radius of curvature of a concave or convex sur- 
face one measures the diameters of several pairs of New^ton^s rings 
by means of a travelling microscope. An optical flat is used for the 
second surface. Since one can never be sure that the two surfaces 
are in contact at the center, the unknown separation e at this 


A' 



Fig. 12. If the sur- 
face being t(‘sted is 
iK^arly flat, one may 
determine any resid- 
ual curvature by the 
sagitta 8 of an inter- 
ference fringe which 
crosses it diametri- 
cally. 
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point, Fig. 13, is eliminated from the cquatioxiS, using the di- 
ameters of two rings as explained in Art. 10.8. It is advisable to 



Fig. 13. Relation between tlie sur- 
^fjtcc separation the sa^itta s, and 
the central separation e Ixitwfien a 
convex spherical surface and a plain*. 


measure several pairs of rings, 
for example, the third and thir- 
teenth, fourth and fourteenth, 
and fifth and fifteenth. The 
difference in order n is then equal 
to ten in each case. Rings of 
smaller order than three are 
usually too broad to measure 
with satisfactory results. The 


value of the radius of curvature R is given by 



4nX 


where d\ and da are the diameters of the two rings which differ in 
order by n. 


Experiment 7. Dispersion and the Prism 
Spectroscope 

In a broad sense, the term dispersion refers to the variation of 
any quantity, such as index of refraction, with wave length or fre- 
quency. In spectroscopy, however, it often has a restricted mean- 
ing discussed in Art. 7.8, being defined by the expression 



where 8 is the angular deviation in the spectroscope measured in 
radians. To compute the dispersion and resolving power of a 
prism spectroscope, one must know how the index of refraction 
varies with wave length. This variation is conveniently expressed 
by either Cauchy’s or Hartmann’s formula, Art. 7.8, depending,on 
the accuracy required. 

In this experiment, the index of refraction of a prism will be 
measured for eight wave lengths from a mercury arc. The Cauchy 
constants tiq and B are to be determined by finding the best straight 
line which can be passed through a graph of the points n plotted 
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against 1 /X^, preferabty by applying the method of least squares 
to the numerical data. The applicability of Cauchy’s formula is 
tested by using the values of no and B to compute the values of n 
for the eight wave lengths used in this experiment, noting how the 
results deviate from the experimental values of n. The spectral 
lines to be used are indicated by letter symbols in Fig. 14, extra 
lines being drawn to facilitate identification. Since the yellow 


JRi i?2 >^1^2 G BG B 

Fig. 14. The princdpal visibki lines in the spe^irum of a mercury arc. The 
letters indicate the colors of the lines. The tabhi below gives their wave 

lengths. 


lines are very close together, only one of them, Ki, is used in the 
mciasurement of n. The wave lengths of the eight lines to be used 
are, in angstrom units, 


1. 

Ri 

()i)08 

2. 


()234 

3. 

Fi 

5790 

4. 

G 

5401 

5. 

EG 

4916 

6. 

B 

4358 

7. 

Vi 

4078 

'8. 

V2 

4047 


The red line Ri is quite far from the other red linos and may not 
be seen by students with poor color vision in this part of the spec- 
trum. 

To determine the index of refraction one measures the angle of 
the prism and the angles of minimum deviation for each of the 
above lines. In order to obtain the required accuracy, it is first 
necessary to adjust the spectrometer properly and then make the 
settings and readings with care. It should be noted that the prob- 
able error of a set of measurements may be small if they are in- 
ternally consistent, but the results will show a large systematic 
error if the instrument is not adjusted correctly. 
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Adjustment of Spectrometer 

To facilitate the more exact adjustments which follow, one 
should first level the various horizontal parts of the spectrometer 
by inspection. A spirit level may be used but is not essential. 
The prism is removed, and the collimator and telescope, Fig. 7.16, 
are lined up in such a manner that their axes pass at least ap- 
proximately through the vertical axis of the spectrometer. The 
refracting edge of the prism may be placed at the center of the 
prism table and used to indicate the spectrometer axis when sight- 
ing along the tubes. 

A two-sided plane mirror is placed on the spectrometer table so 
that its plane is approximately parallel to the spe(;trometer axis. 
Such a mirror is best prepared by evaporating aluminum in a 
vacuum onto a flat plate of glass and cementing a protecting flat 
over the aluminum coating with Canada balsam. The eyepiece is 
focussed on the cross-hairs with the eyepiece as far out as possible, 
consistent with the obtaining of a sharp image. In this way the 
virtual image of the cross-hairs is placed at the far point of the 
observer's eye, this being at infinity if the eye is normal or if it is 
properly corrected by a spectacle lens. Under these conditions, 
accommodation is relaxed and consequently there is no eyestrain. 
A diffuse white light is placed opposite the opening in the side of 
the Gauss-type eyepiece. In this eyepiece some of the light is re- 
flected through the telescope by a glass plate irudined at 45° and 
situated between the eye lens and the field lens of the eyepiece. 
When the mirror on the prism table is turned toward the telescope, 
this light is reflected back into the telescope. By focussing the 
telescope by means of the draw tube, one may see a reflected image 
of the cross-hairs. When this image shows no parallax with re- 
spect to the cross-hairs, the telescope is focussed for parallel rays. 

The intersection of the reflected images of the cross-hairs is then 
brought into coincidence with the real cross-hairs by adjusting 
the levelling screws on the telescope and the prism table. Since 
both may be out of level, and by an unknown amount, it is best 
to make about one half of the adjustment with each of the two 
levelling screws as a first approximation. The double mirror is 
then rotated through 180°, and this adjustment is repeated until 
it is possible to bring the cross-hair images reflected from either 
side of the mirror into coincidence with the real cross-hairs by 
merely rotating the prism table. The double mirror is then par- 
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allel to the axis of rotation of the spectrometer, and the axis of the 
telescope is perpendicular to this axis. The latter object having 
been achieved, the mirror is removed and the collimator is focussed 
and levelled to conform with the axis of the telescope. 

The prism is then placed on the prism table of the spectrometer 
in such an orientation that a rotation of any one of the levelling 
screws on the table will not change the level of a corresponding 
prism face. Another way of saying the same thing is to state that 
the prism faces should be respectively perpendicular to the lines 
joining pairs of the levelling screws. The reflected cross-hairs are 
then found by turning a polished face of the prism toward the 
telescope. This prism face is made parallel to the spectrometer 
axis by means of a prism-table levelling screw, bringing the re- 
flected image into coincidence with the cross-hairs. It is important 
not to change the levc^l or the focus of the telescope in this and the 
following adjustments. After both polished faces of the prism are 
made parallel to the axis of the spectrometer, the adjustment is 
completed. 

The angle of the prism is most readily found from the readings 
of the scales and verniers of the spectrometer when first one prism 
face and then the other is set perpendicular to the telescope with 
the aid of the Gauss eyepiece. The difference between these read- 
ings differs from 180° by the angle A of the prism. Both verniers 
should be read, although it is necessary to read degrees on only 
one of the scales, since they are always 180° apart. Although it 
may be possible sometimes to obtain exactly the same vernier 
readings in some two positions on the circle, the difference be- 
tween the readings on the two verniers will in general vary in a 
sinusoidal manner as one rotates the prism circle. The amplitude 
of this sine wave indicates the degree of departure of the center of 
the outer telescope circle from the axis about which the inner, 
prism circle rotates. Because of this eccentricity, any angle meas- 
ured on one vernier will be a little high, while that measured on the 
other circle will be a little low. By averaging the readings on the 
two verniers one eliminates this source of error. 

To measure the angles of minimum deviation, a mercury arc is 
placed behind the slit. The inner graduated circle is clamped, 
but the prism is left free to rotate, so that the readings are not 
affected by the rotation of the prism and depend only on the 
location of the telescope. Each spectrum line is seen to reverse its 
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direction of motion at the position of minimum deviation. It may 
be advantageous first to observe this effect without the telescope 
by looking into the prism from some little distance. Then the 
telescope is swung into place, and one (examines the motion of the 
lines relative to the cross-hairs. The teles(!ope setting is adjusted 
so that the intersection of the cross-hairs is exactly at the reversal 
point for each of the lines in turn. The two verniers are read at 
each of these positions of minimum deviation. The settings should 
be repeated several times and show no significant variation be- 
yond the accuracy with which one can read the vernier. Finally, 
the prism is removed, and several settings and readings are made 
on the direct beam from the collimator. A more accurate pro- 
cedure is to leave the prism in place, but to rotate it into its 
complementary position, where a second set of observations of 
minimum deviation are made on the other side of the direct beam. 
The differences between readings for (iacdi line are then equal to 
twice the angle of minimum deviation, giving roughly twice the 
precision of a direct measurement of 5. Another advantage is 
that the prism is still in adjustment after a (jomplete set of readings 
so that any one of the first group of readings may be repeated and 
checked if some inconsistency is discovered. 

The index of refraction of the prism is computed for each of the 
specified lines by means of the formula 

sin + 8) 

n == ; 

sin 

The Cauchy constants are found from these results, and the dis- 
persion and resolving power are computed for any specified wave 
length, such as that of the yellow lines at \av = 5780 A. It may 
be diflBcult to obtain a gocxl check with the dispersion found di- 
rectly from the measured angular separation of the yellow lines 
because this separation is not very large compared with the error 
of setting and reading. If this is found to be the case, one of the 
yellow lines and the green line at X 5461 A may be used. In this 
event, the average wave length of 5625 A should be used in the 
theoretical formula. 

The theory of resolving power, Art. 7.8, shows that this quantity 
is proportional to the width of the beam leaving the prism. Thus, 
hy using an auxiliary adjustable slit in front of the telescope, one 
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may reduce the aperture, and hence the resolving power, to any 
predetermined value such as that required to just separate the two 
yellow lines. This value is 

X 5780 
^ AX ” 21 

If the width of the auxiliary slit is xo when this resolving power is 
obtained, the value for the whole prism R is found by the propor- 
tion 

R ^ W 
r XV 

where W is the width of the beam leaving the unobstructed prism. 
The value of IT is equal to the length of the second refra(^ting face 
L multiplied by the cosine of the angle of emergence i'. The ‘‘ex- 
perimentaT’ value of R is then 

L cos T Jj cos + 5) 

Rvy. == r = r 

XV XV 

This should be compared with the ^Theoretical’^ value. Art. 7.8, 

dn 2Bt 

The value of xv should be measured several times with a travelling 
microscope. Settings of the auxiliary slit should be made at the 
exact point where the yellow band shows a barely perceptible 
shadow do\Mi its center, indicating the presence of a double max- 
imum of intensity. The collimator slit should be as narrow as is 
consistent with obtaining enough light to make this observation. 
It may be necessary to clean the slit and to refocus the collimator 
before the line images are sharp and uniform. An agreement be- 
tween the experimental and theoretical values of R of about 10 
per cent is the best that one may expect in this part of the experi- 
ment. This is due to the indefiniteness in the setting of the aux- 
iliary slit and also to the arbitrariness of the Rayleigh criterion for 
resolution on which the theoty is based. 



362 


EXPERIMENTAL OPTICS 


Experiment 8. Index of Refraction by Critical 

Angle 

The index of refraction of a liquid, or of a solid which has at 
least one plane surface, may be conveniently measured by some 
form of refracitometer. The first to be described here is a parallel 
plate refractometer devised by Pfund.^ The lower surface of a 
plate of glass. Fig. 15, is coated with a white paint, onto which a 
small spot of light is focussed by means of a special light source. 
This consists of a small light bulb operated off a ()-volt transformer. 



Fig. 15. Total rofiectioii at the critical angle in a Pfund type of parallel 
plate refractometer. The diameter d is denoted by do when there is air above 

the plate. 


The light bulb is painted with an opaque black paint except for a 
small window about 2 mm square. The light from this window is 
fo(!Ussed by a short-focus lens to form a small, intense spot of light. 
The light is diffusely reflected by the lower painted surface of the 
glass plate, so that it strikes the upper surface at a variety of 
angles. The rays striking at or beyond the critical angle are 
totally reflected back onto the painted surface, forming a ring of 
light with a sharp iimer boundary. If t, Fig. 15, is the thickness of 
the glass plate and do is the diameter of the inner boundary of the 
circle of light, the tangent of the critical angle of the glass plate is 
given by 

^ . da 

tan ic — — 

U 


Since 


sin ic 


1 

Ug 


^ Pfund, Journal of the Optical Society of America^ 21, 182-186 (1931), or 
Wood, Physical Optics^ 3rd ed., Macmillan, 1934, pages 70-71. 
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where Ug is the index of the glass plate, one finds that 


Ug 


+ me 

do 


The diameter of the circle d may be measured by means of a scale 
ruled on the lower surface of the plate or with the aid of dividers 
and a separate scale. The thickness t is measured by means of 
micrometer calipers at several points on the plate where the paint 
has been removed. 

If a layer of licjuid is spread over the upper surface of the plate, 
one sees a second ring of larger diameter. The index of refraction 
of the liquid nuist be less than that of the glass plate, or there will 
be no total reflection at the glass-1 icpiid interface. If d represents 
the diameter of this larger circle, then 


tan ic = — 
4tt 


and 


from which one finds that 


sm ic = — 

Ug 


n = Tie Sin Ic = Us 


y/dF + 


d do^ + 1G<2 

7o^~d^TW 


With some care, one may readily obtain measurements of n which 
are good to three decimals. This refractometer has been used in 
studying rates of slow chemical reactions, such as the drying of 
oils and varnishes. 

A prism spectrometer is employed in the second method. The 
adjustments of the telescope and prism are carried out by the usual 
procedure. Experiment 7, except that the collimator is not used 
and need not be adjusted. Light from a broad source strikes one 
surface of the prism at various angles, as shown in Fig. 16. The 
bare mercury arc is a broad enough source, but the beginner may 
find it advantageous to place a sheet of ground glass between the 
arc and the prism. Of the three rays shown in the figure, ray c 
grazes the surface and enters the prism at the critical angle Vc. All 
other rays, such as a and &, are deviated clockwise to a greater ex- 
tent, so that, if one points a telescope toward the prism in the 
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direction c', he secs a field which has a bright left-hand portion 
sharply bounded from a dark right-hand portion. If hetero- 
chromatic light is used, there will be one such boundary for ea(*.h 
wave length and a progressive overlapping of the bright areas to 
the left of each. With a mercury arc one can easily see three 

boundaries corresponding re- 
spectively to the principal wave 
lengths 5780 A, 5461 A, and 4358 
A. One can determine the index 
of refraction of the prism and 
of any substance of lower index 
on the first face of the prism by 
me^asuring the angles and A. 
The angle A is measured by the 
method given in the preceding 
experiment. The angle i' is 
measured by setting the cross- 
hairs of the telescope on the 
boundary formed by light of 
the wav(^ length for which the 
index is desired, for example, 
5461 A, and then setting the telescope normal to the prism face 
with the aid of the Gauss eyepiece reflection. 

From the geometry of Fig. 10, one can see that 



Fig. 16. Grazing rays such as c 
emerge at tiie smallest angle i' with 
the normal. On pointing a telescope 
in this direction, one sees the field 
sharply divided into a bright arcja on 
the left and a dark area on the right. 


By SnelPs law 
and 


A = r' + rc 
Tlx = 7ig sin Tc 
sin i* ~ Ug sin r' 


from which one must eliminate and r' to obtain the desired rela- 
tion between A, and Thus one finds that 


Ux = sin Ay / — sin^ f' — cos A sin f' 

It should be noted that in some cases V may be negative (on the 
opposite side of the normal), so that the second term must be added 
instead of subtracted. If the prism is surrounded by air, = 1, 
one may solve for Ug^ obtaining 

„ /sin f' + cos 

V = 1 + ( r-i ) 

\ Sin -4 / 
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The index of the prism is determined by means of this equation 
and used in the preceding equation to find the indices of other sub- 
stances. 

The student should first measure the; indices of refraction of two 
flint-glass prisms, using the wave length specified by the instructor. 
Then the indices of two liquids are measured. A few drops of the 
liquid are placed on a glass plate, and this is placed over the front 
surface of one of the flint prisms so that the liquid forms a film 
which wets most of the surface. The boundary giving the correct 
value of will be (piite a few degrees toward the refracting edge 
of the prism and may be identified by the presence of interference 
bands within the bright part of the field. The last interference 
band is formed by light which just enters the prism at the critical 
angle. It is best not to have the film too thin, so that the inter- 
ferenc.e bands are close together or perhaps imperceptible. 

To measure the index of refraction of the glass platci, one pro- 
cecids as in the measurement of a li(|uid, except that he chooses a 
liquid whose index is greater than that of the glass plate. A con- 
sideration of the conditions for total reflection will show that only 
in this case may one have a grazing ray in the glass plate crossing 
over the film into the prism. A suitable liquid is monobromo- 
naphthalin, n = l.()58, or perhaps methylene iodide, n = 1.738, 
if a still greater index is required. In all cases the index of re- 
fracition of the spectrometer prism selected must be greater than 
the inde^x of the substance being measured. The boundaries are 
appreciably sharper if the surfaces are all thoroughly cleaned be- 
fore use, and it is best if they are freshly polished surfaces, since 
old surfaces often accjuire a tarnish which cannot be easily re- 
moved. 

Experiment 9. Wave Lengths by the Plane 
Crating 

The wave lengths of five lines in the mercury spectrum are to 
be measured by means of a transmission grating and a reflection 
grating. The spectrometer is adjusted according to the procedure 
given in Experiment 7. The transmission grating is then put on 
the table of the spectrometer, and its plane set parallel to the 
spectrometer axis with the aid of the Gauss eyepiece. The rulings 
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must also be parallel to the spectrometer axis. To make this 
adjustment, the slit is rotated into a horizontal position, or a piece 
of wire is fastened across the center of the slit with a bit of ad- 
hesive. Then, as the telescope is rotated, one observes if the slit or 
the wire images remain at the same height with respect to the 
intersection of the cross-hairs. If they do not, the grating is 
rotated in its own plane by turning the proper adjustment screw 
until all the specjtra are at the same elevation as the central image. 
The slit is then returned to its usual vertical position. 

In the discussion of the theory of the dilTrac.tion grating. Art. 
11.0, it was shown that the principal maxima are located where 

d(sin i + «in B) = m\ 

the integer m indicating the order of the spectrum line, d being 
the interval between grooves. It is most convenient to set the 
transmission grating perpendicular to the collimator, so that i = 0, 
and 

d 

X ~ — sin ^ 
m 

The setting for zero angle of incidence is accomplished by first 
lining up the telescope and collimator, so that the zero-order slit 
image is on the cross-hairs. The Gauss eyepiece is then used to 
set the grating perpendicular to the telescope and therefore to the 
collimator. The grating is kept in this position while angle read- 
ings are made by setting the telescope on the spectnim lines. 

The value of d is determined from observations made on the 
mercury green line, X 5460.74 A, in all the orders that one can find. 
This value of d is used in determining the wave lengths of the other 
four spectrum lines in any order, which may not be the same for 
all the lines. From the accuracy with which settings can be re- 
peated, e.g., the average deviation, determine the probable ac- 
curacy of the wave length determinations and verify the measured 
wave lengths by comparison with tabulated values. Of course, 
if the adjustments are faulty, the error due to this cause may ex- 
ceed the accidental error. 

The transmission grating used may be a replica made by strip- 
ping a film of collodion or similar substance off a ruled grating. 
Such films are mounted between glass for protection. Their 
quality is variable because of some irregular shrinkage and im- 
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perfect mounting. The reflection grating is usually an original 
ruling on speculum metal, a mirror bronze of about 68 per cent 
copper and t32 per cent tin. The ruled surface is delicate and 
should never be touched. It is difficult to clean gratings without 
causing some damage. Instructions on the (;are of gratings may 
be found in Sawyer^s Experimental Spectroscopy^ pages 176-177. 

The reflection grating is set on the prism table in place of the 
transmission grating, and the grating adjustments are repeated 
with it. The grating plane must 
be parallel to the spectrometer 
axis, and the rulings must be par- 
allel to that axis, as before. The 
angle of incidence of the light on 
the reflection grating is arbitrarily 
set at some large value, such as 
about 70®. The orientation of the 
rulings is tested by comparing the 
height of the spectrum lines of 
various orders with the height of 
the direct reflection. As usual, a 
horizontal slit or a wire across the 
slit will be found helpful in making 
this adjustment. 

The angle of incidence i is meas- 
ured by observing the angle between the direct reflection of zero 
order and the normal to the grating as located by the Gauss 
eyepiece. The angles B of the green line in all the orders are then 
measured with respect to this normal. The value of d is com- 
puted, using the grating formula. The wave lengths of five other 
lines are then measured, using the average value of d found with 
the green line. Any order may be selected. As before, some 
estimate of the probable accuracy should be made. 

The resolving power of the grating may be found with the aid 
of an auxiliary slit. This slit is placed between the telescope and 
grating with its plane perpendicular to the telescope axis when 
this receives the yellow lines, Fig. 17. The slit is closed gradually 
until the two yellow lines just merge together into a band with a 
single maximum. The slit width is then measured by means of a 
travelling microscope. After repeating this several times, it is de- 
sirable to take also the same number of readings on widening the 



Fjg. 17. Location of the auxiliary 
slit w used in reducing the resolv- 
ing power of the grating to some 
known value r. The rcnsolving 
pow(‘r of the entire grating is pro- 
portionately greater than r in the 
ratio of W cos B to w. 
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slit until one can barely detect two maxima or a faint shadow 
down the center of the yellow band. These two sets of readings 
should be of the same order of magnitude and may be averaged. 
They give the aperture corresponding to a resolving power of 
5780/21, which will be denoted by the symbol r. Since the resolv- 
ing power is proportional to the aperture, its value for the whole 
grating will be greater in the same ratio as 


W cos 6 


w 

where W is the width of the ruled area, B is the angle of diffraction, 
and w is the width of the auxiliary slit. The experimental value of 
R is then given by 

W cos 0 

Rex ^ ^ “ 

W 


and should be compared with the theoretical value 

-Kth = 

in which N is the total number of rulings. Since the two values 
cannot be expected to agree to better than 10 per cent, it is suf- 
ficiently accurate to measure W by means of a millimeter scale, 
from which N may be found by the relation N = W/d, 

Experiment 10. Michelson Interferometer 

The Michelson interferometer has been used in many kinds of 
measurement, some of them having been discussed along with the 
theory of the interferometer in Art. 10.9. Additional material may 
be found in Michelson's book. Light Waves and Their UseSj and in 
his Studies in Optics, In this experiment the interferometer is used 
to measure the ratio and difference between the two wave lengths 
of some close doublet, such as the sodium D lines, and to find the 
thickness of a sheet of transparent material such as mica. 

Light from the source S, Fig. 10.16, is made approximately 
parallel by the lens Li and is divided into two beams of nearly 
equal amplitude by a thin aluminum coating on the back side of 
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the plane parallel plate M. The identical plate C is a “compen- 
sator'' and serves to equalize the optical paths in the two arms for 
all wave lengths. The compensator may be rotated by means of a 
fine-pitched screw. The mirror Mi moves on straight, parallel 
ways by turning a screw whose pitch is quite accurately 1 mm. 
The mirror M 2 is provided with adjustment screws to make its 
image in M either parallel to Mi or at a small angle with Mj. The 
metallized surfaces of the plates must never be touched, as they 
cannot be cleaned without more or less damage. 

The interferometer is adjusted by first making the optical paths 
MMi and MM 2 as equal as possible with the aid of dividers or a 
scale. Looking into the interferometer, one sees several images of 
a wire placed btitween Li and AI. l^'he strongest of these images 
will be due to reflections originating at the aluminized surface of 
M. The screws controlling AI 2 are adjusted until the strong images 
are in coiruddence. It should then be possible to see interference 
bands. As Mi is moved, these become curved. One can then re- 
fine the adjustment of M 2 so as to obtain a set of concentric circles, 
Haidinger's fringes, which do not expand or contract as the position 
of the eye is changed sideways and vertically. 

As Ml is moved, the rings expand or (contract, with rings ap- 
pearing or disappearing at the center, depending on the direction 
of motion. A motion of one half of a wave length completes one 
cyde of intensity variation at the center of the ring system. If 
two different wave lengths are emitted by the soiu'ce, the intensity 
is simultaneously a minimum at the center when 


and 


2Dq == piXi 


2 Z)() = P2X2 


where pi and p 2 are two integers, and 2Dq is the difference in path 
for coherent rays focussed at the center of the pattern. Because of 
the difference in wave length the minima will at first fall farther 
and farther from concurrence and then come closer together as D 
is increased. The visibility accordingly falls off and then increases 
to a second maximum. Figure 18 shows the successive positions 
of Ml, giving dark-centered rings for two different wave lengths. 
They are seen to resemble a vernier and scale. Where the two 
positions agree, the rings hay^^^arhigh visibility; half way between, 
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the visibility is lowest. At the next agreement, or maximum visi- 
bility, 

2(Z)o + G?) = ivi + N)\i 
2(Do + d) = (v2 + N + 1)X2 


where X 2 is assumed to be the shorter wave length, as in the figure. 
The symbol d represents the displacement of il/i between suc- 
cessive visibility maxima or minima, 

ZZZZ N is the number of the longer-wave 

‘ interference fringes passing by during 

ZZZZ displacement d. By taking the 

^ difference between the second and the 

ZZZZ I ®^ch pair of equations one finds 


i_ZZIZZI_i 

Fig. 18. Suooessive loca- 
tions of the back mirror of 
a Michelson interferometer, 
giving central minima in the 
respective circular interfer- 
ence patterns due to two 
wave lengths \i and X 2 . 
The locations agree at in- 
tervals d which are positions 
of maximum visibility. 


that 

and 


2d = N\i 

2d = (A + 1)X2 


The ratio of the wave lengths is accord- 
ingly 

Xi N 1 


It is usually too tedious and not 
very accurate to determine N by direct 


count. If one knows one of the wave 
lengths, the value of N may be computed from the measured 
value of d by 





Since one can set on the visibility minima more accurately than on 
the maxima, the value of d is best determined by observing at least 
ten successive minima of visibility and obtaining the average in- 
terval by the method of differences. In this method one sub- 
tracts the first screw reading from the sixth, the second from the 
seventh, and so on, and divides the average of these differences by 
five. 

An equation for the difference between the two wave lengths 
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may be found by subtracting unity from both sides of the equation 
for the ratio of wave lengths, obtaining 

Xi ~ X 2 _ 1 

^ “ N 


Using the formula for N, one obtains 

XiX2 ^ Xav 
Xi — X2 = — == — 

2d 2d 

where Xav is the average wave length, or the wave length as meas- 
ured by some spectroscopci which does not resolve the pair of lines. 
Thus one may obtain a value for a wave-length interval which is 
not easily resolved. 

Michelson made noteworthy uses of this techniejue in the early 
days of spectroscopy in his pioneer studies of hyperfine structure 
and the Zeeman effect. lie refined the technique by devising a 
method for analyzing visibility curves to obtain a determination 
of complex line structures and to measure the widths of spectral 
lines. 

The thickness of a sheet of transparent material may be meas- 
ured by determining the increase in optical path caused by in- 
troducing it into one arm of the interferometer. If fim is the index 
of refraction of the substance and fia is the index of refraction of 
the air which it displaces, the change in optical path is 

where t is the thicikness, and the factor two is introduced because 
the light passes through the material twice. If the optical re- 
tardation causes a displacement of m fringes of wave length X, the 
thickness is given by 

X 

t = m — 

2{/JLm — fJLa) 

To measure m one adjusts the interferometer for white light 
fringes. These are found when the path difference is a few half 
wave lengths. The central fringe of the pattern is achromatic, 
since it appears \^here the optical path difference is zero, and there 
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is accordingly the same phase difference of 180® for all wave lengths 
due to the external reflection at M, A beginner may have some 
difficulty in finding the white light fringes. A good procedure is 
first to adjust the interferometer for vertical fringes, using sodium 
light, and then to locate the place where the fringes are straightest 
and blackest. A rotation of the main screw by about one tenth 
of a millimeter in either direction should cause an equal drop in 
visibility and an equal and opposite curvature. The white light is 
placed behind the sodium flame, and its intensity is reduced until 
one can just see the sodium fringes faintly. This gives the ob- 
server something definite on which to focus his eyes, and he can 
readily see when the fringes become curved, indic^ating that he is 
outside the range where the white light fringes appear. Hy turning 
the main screw by small steps, one can then find the white light 
fringes without much difficulty. If the compensator is not exactly 
parallel to the 45® mirror Af, the central fringe will not be achro- 
matic, and one must proceed to rectify this fault. 

Two wires may be used as sights onto which to set the achro- 
matic fringe before inserting the thin plate to be measured. Fine 
adjustments are made with the compensator, and several readings 
are taken on its screw when the central fringe is on the wires. 
Then the thin plate is inserted in front of the mirror Mi, taking 
eare that the light passes through it perpendicularly. The white 
light fringes disappear over the portion of the field covered by the 
plate. They are brought back by iiicjreasing the slant of the com- 
pensator plate by means of its adjustment screw. Several readings 
are taken on this screw when the central fringe is again on the wires. 
The compensator scale is calibrated by taking readings on it for 
every fifth sodium fringe and plotting these readings against the 
fringe shift. This graph is used to determine the fringe displace- 
ment m from the compensator readings with and without the thin 
plate in place. 

If the dispersive power of the plate is not the same as that of the 
compensator, the central fringe will not be perfectly achromatic, 
and one may have considerable difficulty in identifying the cor- 
rect fringe. As a matter of fact, a constant error is introduced if 
the dispersive powers differ appreciably. The only way to elim- 
inate this is to use a rotatable compensator plate of the same ma- 
terial as the one being measured. However, for a thin sheet of 
mica and a crown-glass compensator, the error is not very large and 
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will be ignored. If more accurate results are desired, the theory 
discussed in the first edition of Wood^s Physical Optics should be 
consulted and applied. 


Experiment 11. The Fabry-Perot Interferometer 

This interferometer is more suited for the measurement of small 
differences in wave length than the Michelson interferometer. As 
explained in the discussion of the theory of this instrument, Art. 
10.14, the rings arc sharp so that one may resolve close pairs of 
lines instead of indirectly deducing their separation from the 
period of a visibility curve. 

The instrument is adjusted by removing the collimating lens and 
observing the multiple images of the edges of the mercury-arc 
source. This may b(^ diaphragmed down to make the multiple 
images more distinct. The images are first superposed by means 
of the capstan screws on the mounting of the forward mirror. 
When the collimating lens is replaced, one should be able to see 
some more or less distinct interference bands. They are made 
into complete concentric circles by further adjustment. The circles 
are then made to show no expansion or contraction as the eye is 
moved across the field horizontally and vertically. These final 
adjustments are made by means of the fine-adjustment screws 
which act through two helical springs on the front mirror support, 
causing a slight bending of the bar to which it is attached. 

A special yellow filter is supported on the source side of the 
interferometer to isolate the yellow doublet 5770-5790. As one 
increases the separation of the plates, the rings are observed to 
coincide and separate into pairs periodically. One should note the 
direction of rotation which increases the separation of the mirrors 
and never rotate in the opposite direction without taking care to 
avoid jamming the mirrors together. 

The coincidences of fringes correspond to the visibility maxima 
in the Michelson interferometer, whereas the bisecting alterna- 
tions of the two ring systems correspond to the minima. The 
ratio of the wave lengths may be determined by measuring the 
period of this alternation of rings by setting on at least ten con- 
secutive positions at which a bisecting alternation is observed. 
Then, as explained in the preceding experiment, 
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Xi N+1 

where 


and 


A more accurate method is to photograph the doubled ring pat- 
tern with a lens of accurately known focal length / and to measure 
the diameters dx and ^2 of rings of the same order in the two wave 
lengths. In this case 

AX _ AP _ 

T "p" ~ ” 8^ 

The quantity P is the order of interference at the center of the ring 
pattern and is not necessarily an integer. One usually knows the 
wave lengths with sufficient accuracy to be able to select a pair of 
rings having the same order of interference. If this is not the case, 
one may start with the plates very close together, practically in 
contact, and note as he separates them which rings belong to the 
same order. Other methods using several pairs of lines are de- 
scribed in Art. 10.14 and in the references given there. In these 
methods it is common practice to focus the complex ring system 
on a broadened slit of a spectrograph and simultaneously to photo- 
graph the spectroscopically separated diametrical sections of the 
ring patterns in the various wave lengths. 

The atomic weight of deuterium may be determined from a 
measurement of the ratio of the wave lengths of the alpha lines of 
hydrogen and deuterium. It has been shown, Art. 17.2, that this 
ratio is 

m 

1 H 

Xho _ Mn 

Xoa J m 

where m is the mass of the electron, and Mh and Mt> are re- 
spectively the masses of the proton and the deutertm. The ratio 


X 2 


N 


N = 


2d 


Xi - X2 = 

2d 
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Mh/^ is known to be 1836.6 from the specific charge e/m of the 
electron and the ratio of the Faraday constant of electrolysis to 
the atomic weight of hydrogen, the mass of the planetary electron 
being taken into consideration. If we let r represent the ratio 
Mh/^, then 

1 

1 H — 

= 

XOa 1 I. ^ ^ 

rMv 

The value of N is found from the period d of the alternations in the 
ring patterns by the formula 





where the wave length of hydrogen alpha is taken to be 6562.8 X 
10*“® cm. It will be found impossible to measure more than two or 
three of the successive alternations because the period is quite 
large in this case and the rings become small and broad as the 
mirrors are separated. Instead of readings on ten successive 
alternations of rings, the measurement of d should be repeated at 
least ten times over the same interval or over two intervals, if 
possible. A convenient formula for Mh/Md is found by sub- 
tracting unity from both sides of the above equation for the ratio 
of wave lengths, giving 

1 / Mh\ j Mn 

A 1 1/ Mh\ 

1 Mh ~ iv "" Md/ 

1 H r H 

rMx) Md 

the latter approximation being permissible because r is much 
greater than Myl/Mi^. Thus 

Mil ^ ^ ^ — 1 _ 

The approximation is valid within the accuracy of this method for 
measuring ratios of wave lengths. If a method giving better ac- 
curacy than one part in 2000 is employed, the exact formula should 
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be solved for the ratio of atomic masses. If one takes the mass of 
the proton Mn to be 1.0076 amu, the mass of the deuteron is readily 
found. The addition of 0.00055 amu for the mass of the orbital 
electron is required to give the mass of the atom, but there is no 
point in making this refinement unless the experiment is performed 
quite ac^curately. 

The light source used is of the type described by Harnwell ^ and 
illustrated in Fig. 19. The bulb B contains a small amount of 
heavy water mixed with an equal amount of distilled ordinary 
water. When the bulb B rexiuires evacuation, the water must be 



Fig. 19. Hydrogen and deuterium light source. Vapor is admit ted into the 
tube T from the bulb B which contains a mixture of ordinary and heavy water. 

Pressure is adjusted by pumping or refilling. 

frozen by a slush of dry ice and acetone or in finely pulverized dry 
ice. If the stopcock S 2 is properly greased and turned with cau- 
tion, this does not have to be done very often. The source tube is 
excited by an oscillator of the Colpitts type, which is described in 
the article by Harnwell. The wire terminals are just wrapped 
around the outside at the ends of the tube T, which is viewed end 
on. The tube T is evacuated by means of a C^enco Hyvac pump. 
In order to keep air out of the tube and especially out of bulb B, 
the stopcocks are never opened until the pump reaches a low pres- 
sure equilibrium, as judged by its sound. Then S\ may be fully 
opened, and, after equilibrium is restored, S 2 is slowly turned until 
a small amount of water vapor fills the tube, after which S 2 is im- 
mediately closed. The tuning condenser is adjusted for the setting 
which gives the most intense glow, and the pressure is adjusted 
until the source is as bright as possible. Then stopcock Si is closed 
to keep the pressure at the optimum value. It may be necessary 

* Harnwell, Aifnerican Physics Teacher y 8| 185 (1935). 
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to flush the tube with vapor several times before obtaining the 
best glow, which should be of a fiery red color. 

A red filter is used to isolate the alpha lines. If the rings are 
photographed, a panchromatic film must be used. One may set 



Fig. 20. Fabry-Porot interferometer rings using hydrogen and deuterium 

alpha radiation. 

the aperture of the camera lens at //4 and expose for about 10 
min with the focussing scale set for ^finfinity.^' Figure 20 was ob- 
tained in this way. 

Experiment 12. Spectrophotometry 

Spectrophotometers consist of some form of spectroscope 
equipped with a device for the comparison of intensities in the 
spectrum of the colored light. A heterochromatic instrument 
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enables one to compare different wave lengths by means of a 
thermopile or photocell. A homochromatic instrument can be 
used to measure reflection or transmission coefficients at one wave 
length at a time. The instrument used in this experiment is the 
Hufner form of spectrophotometer manufactured by Hilger and is 
of the homochromatic type. The object of the experiment is to 
obtain spectrophotometric transmission curves for three samples 
of colored glass. 

The Iliifner rhomb, Fig. 21, situated in front of the slit, transmits 
two adjacent beams into the slit of a constant deviation spectro- 



Fia. 21. Hufner rhomb. Note that the rhomb is proportioned so that the 
separated entering beams become clasely adjacent emerging beams, and that 
the outer rays on one side become central rays on the other. 

scope having a Pellin-Broca prism which can be rotated by means 
of a calibrated wave-length drum. One of the adjacent beams is 
passed through the sample, while the other is plane polarized by 
passing through a Nicol prism. Although the beams enter the slit 
adjacently, they are separated by a few millimeters at the sample 
holder (to the right in Fig. 21), so that the exact location of the 
lower edge of the sample is not critical. One should, however, take 
care that the frame of the sample holder does not obstruct any of 
the light entering the slit. By racking it up and down while look- 
ing into the instniment, one can easily see when it is too high or 
too low. 

The wave-length scale is checked by placing a sodium light in 
front of the slit and setting the drum for a wave length of 589 m/x. 
The eyepiece is focussed on the shutters in its focal plane, and the 
left-hand shutter is set so that it bisects the image of the slit. If 
the prism must be turned to permit this adjustment, one must be 
careful to avoid heating it non-uniformly with the fingers or clamp- 
ing it too tightly, as this would make the transmitted light el- 
liptically polarized, so that perfect extinction could not be obtained. 
The left-hand shutter is to be kept fixed in position throughout the 
experiment, but the right-hand shutter is kept as far to the right as 
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possible, so long as one can obtain a uniform match of the upper 
and lower spectra along their common boundary when the sample 
is in place. If the absorption varies rapidly with wave length, the 
right-hand shutter must be moved to narrow the field, whereas in 
the flat regions of the absorption curve it may be kept a consider- 
able distance away. It is possible to duplicate readings more easily 
if the upper and lower fields have a wide common boundary; hence 
this condition is preferred. 

The light from both fields passes through an analyzing Nicol 
placed over the objective of the telescope. By rotating it, the in- 
tensity of the spectrum of th(‘ light passing through the sample is 
unchanged, but that of the comparison beam, which is polarized, 
may be reduced to match the former at any point in the spectrum. 
To make sure that the source is properly aligned, one removes the 
sample and sets the degree scale of the analyzer at zero. The 
upper and lower fields should match. If they do not, the source is 
moved or the condenser lens is moved until they do. A sliding 
neutral wedge is used to refine this setting. 

According to the law of Malus, the intensity of the light trans- 
mitted through a polarizer and analyzer whose principal sections 
make an angle 6 with each other is given by 

h = Im cos^ 6 

where Im is the maximum value of the intensity L In the other 
half of the field, the intensity is proportional to the transmissivity 
T of the sample, so that 

1 2 = Tin 

where In is the value of 1 2 when T = 1.00, which is the case when 
the sample is removed. Since in the adjustment of the source one 
makes Ii = 1 2 when ^ = 0 and T = 1, it follows that 

Im ~ In 

and therefore in general 

T = cos^ 6 

when the two fields are matched. Readings of 6 are to be made at 
intervals of 20 m/z from about 420 m/x to 740 m/x for the three 
samples provided. One should take several readings on both sides 
of the 90® (extinction) point, since the analyzer may read a little 
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high on one side and correspondingly low on the other. The values 
of the square of the cosine of the average angle B are plotted 
against X, giving a graph of T as a fun(ition of X. 

Some other quantities often used to describe absorbing sub- 
stances are the following: 

Absorptivity: A ^ 1 — 7" = sin^ 6 

Opacity : 0 = sec^ e 

Density: D = logio 0 = 2 logio sec B 

The values of A, 0, and D are to be computed from the graphs for 

T at a wave length of 490 mfx for each of the three samples. 

A supplementary or optional exercise is to determine the tri- 
stimulus values and the chromaticity for one of the samples by the 
method outlined in Chapter 20. 

Experiment 13. Infrared Spectrometer 

The optical system of the infrared spectrometer used in this 
experiment is shown in Fig. 22. Light from the source S is focussed 
on the entrance slit >Si by a concave mirror Aii. Partitions Pi and 
P 2 are used to shield the thermopile T from the direct radiation 
from the source. A shutter is mounted on P 2 . The concave mirror 
M 2 reflects a parallel beam of light through the rock-salt prism P, 
where it is dispersed and then reflected by a plane Wadsworth 
mirror to a concave mirror il/ 4 . The mirror il /4 focusses the 
spectrum onto the plane of the exit slit S 2 . The mean wave length 
passing through the exit slit is indicated on a drum, the rotation of 
which turns the table on which P and M 3 are mounted, so that one 
may vary the wave length passing through S 2 in a known and con- 
tinuous manner. Behind S 2 is a linear thermopile of the Coblentz 
type, which is connected to the Coblentz galvanometer (7. This 
galvanometer is designed to have a high sensitivity and a low re- 
sistance, equal approximately to that of the thermopile. Since 
coils of the necessary low resistance and large number of turns 
would be too heavy for a delicate suspension, the coils are fixed, 
being imbedded in the soft-iron body of the galvanometer. Two 
^oups of tiny magnets of opposite polarity are suspended on a 
fine quartz fiber in the magnetic fields of the two pairs of coils. 
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Connections are made so that the torques due to the fields of both 
pairs of coils are in the same sense, while those due to the earth^s 
field and other stray fields are approximately compensated. How- 
ever, in (3rder to make the galvanometer quite independent of 
stray, variable fields, it must be magnetically shielded by about 
five concentric cylinders of soft iron. Even so, one may note some 
residual disturbances due to starting and stopping of elevators, 
nearby streetcars, and electric arcs in adjacent laboratories. The 



Fig. 22. Infrared spectrometer with a rock-salt prism P and a Wadsworth 
mirror M 3 for constant deviation. The wave length striking the thermopile 
T behind the exit slit is indicated on a graduated micrometer screw which 
rotates the table supporting P and M^. 

carrier of the suspended magnets has a small mirror cemented to 
it, from which a fiducial line is reflected from a galvanometer lamp 
onto a translucent scale. 

The wave-length drum should be checked by means of sodium 
light. The yellow lines at 0.589 /x may be seen visually in an eye- 
piece placed beliind the exit slit when the thermopile is moved 
aside. C'are should be taken not to jar the thermopile in moving 
it, as this might crack some of the very thin wires or seals. 

The purity of the spectrum depends on the width of the en- 
trance slit Si, which should accordingly be quite narrow, consistent 
with sufficient intensity to obtain a sizable deflection. The 
thermopile may be evacuated to increase its sensitivity as much as 
sevenfold. The pressure required is beyond that which may be 
obtained by an ordinary rotary oil pump, since the mean free path 
must be made larger than the clearances in the thermopile chamber 
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to obtain a noticeable decrease in the thermal conductivity of the 
air. 

The exit slit S 2 transmits a band of wave length AX, the mag- 
nitude of whi(;h is inversely proportional to the dispersion of the 
prism. The deflection is proportional to the total radiant energy 
flux AE contained in this band. Hence the energy distribution 
function 

AE AE 
E\ = lim — = — 

AX 0 AX AX 

is proportional to the deflection d multiplied by the dispersion Z). 
The dispersion is computed by the formula, Art. 7.8, 



using data for n versus wave length from a table published by 
Coblentz. The computation may be accomplished most con- 
veniently by graphing n against X and finding the slope of the 
curve, dn/d\j at several wave lengths. Using these slopes, the 
values of D are computed and plotted against X, a smooth curve 
being drawn through the points. The values of D are then read 
off this curve for the wave lengths at which measurements have 
been made. The plot oid X D gives the energy distribution curve 
E\ in arbitrary units. From the wave length of the maximum of 
this curve, one may find the approximate temperature of the 
source, using Wien^s displacement law, which assumes that the 
source radiates as a black body. 

The first part of this experiment consists of a determination of 
the energy distribution curve for the incandescent lamp provided. 
Since the filament of this lamp is a closely wound spiral, much of 
the radiation will come from the hotter portions between turns 
which approximate black-body conditions. The presence of the 
glass bulb around the filament limits the wave lengths transmitted 
to those shorter than about 4,5 m- If longer wave lengths are de- 
sired, a Nernst glower or a Globar heating element may be used. 
Readings should be taken at about 0.2-/x intervals from 0.8 m to 
4.4 /i. The shutter should be closed between readings, and a zero 
reading taken at each point. 

To measure the transmissivity of a substance, a plate of it is 
mounted on a carriage in front of the slit. By moving the car- 
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riage between stops, the sample may be inserted in the light path 
or removed from it. The ratio of the deflection with the sample 
in place to that with the sample removed gives the transmissivity. 
Except where the transmissivity changes rapidly with wave length, 
the width of the entrance slit may be increased, if necessary, to 
obtain conveniently large deflections. Readings should be taken 
at 0.2-/^ intervals from 0.8 fx to 4.4 /x, and the transmissivity plotted 
graphically over this range for the samples provided. 

Experiment 14. Concave Grating 

The concave grating was invented by Henry Rowland in 1882. 
By ruling lines on a concave spherical mirror, at equidistant in- 
tervals along a chord, he was able to obtain spectra without the 
use of lenses. This type of grating has proved to be of great im- 
portance in the spectroscopy of the ultraviolet down into the soft 
x-ray region. 

In Fig. 23, C represents the center of curvature of the grating 
and d is the distance between neighboring grooves, greatly en- 
larged. Let S represent a point on the slit, and P a focus of the 
diffracted rays at a principal maximum. The angles i and 6 are 
the angles of incidence and diffraction, respectively, at the point 


S 

P 

Fig. 23. Diffraction of light from <8 at a portion of a concave grating MN. 

M on the grating. If MB is an arc whose center is at S and MA is 
an arc whose center is at P, the difference in optical path for a 
neighboring groove at N is 

SMP - SNP ^ BN + AN ^ d(sin i + sin e) 

There is a principal maximum at P if 

d(sin i^+ sin 6) — mX 
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To find the locus of the points P for the various wave lengths or 
spectrum, one notes from the equality of vertical angles of two 
pairs of triangles in Fig. 23 that 



i “f* dy = t ~|- di -f- da 

or 

dy = di + da 

and similarly 

B -j- dy = ^ dB 4” djS 

so that 

dy = dB dfi 

Now, 

d d (;os i 

dy = 

, da = , dfi = 


R s p 


R being the radius of curvature of the grating, s the distance to the 
slit, and p the distance to the image from A/. Thus 


and 


di = dy — da ^ d y, 



do ^ dy -- d0 




For a focus at P, the optical path d(sin i + sin B) must remain 
constant over the grating, or, differentiating, 

cos i di + cos Odd = 0 

Hence, using the preceding expressions for di and dB, one finds that 

cos i cos^ i cos B cos^ 6 

H = 0 

R 8 R p 

Now if S is on a circle of diameter CM = P, Fig. 24, then 


and consequently 


s — R cos i 


cos B cos^ B 



or 


p — Rco&$ 
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The phenomenon of the channelled spectrum has several ap- 
pli(!ations. It may be used as a component of a color filter to 
greatly sharpen a transmission band. It may be used to measure 
the thickness of a very thin absorption cell or ultramicroscopic 
counting chamber/ or to find the thickness of the thin materials 
used as spacers to separate the two reflecting surfaces. It may also 
be used to calibrate a spectroscope independently of a large num- 
ber of standard spectrum lines ^ or in a region where standard lines 
are not known. We shall measure t and calibrate a spectroscope. 


“H 



Fio. 26. Apparatus for obscirving a channelled spectrum due to selective 
interference in the Fabry-Perot elalon E, The source S is an incandescent 
lamp of the tungsten- ribbon typ(\ 

Light from a ribbon filament lamp at Sy Fig. 20, is projeicted on 
the slit of a spectrograph by the lens Lx. The spectrum formed 
by the prisms Fx and F 2 with the aid of lemscs L2 and L3 is pro- 
jected on a ground-glass focussing screen at P. Light from a 
mercury arc is reflected into the lower half of the slit s' by means of 
a 45° prism (not shown). One thus obtains a continuous spectrum 
adjacent to the line spectrum of the mercury arc. The instrument 
is focussed on the mercury lines, and the slit is made just narrow 
enough to resolve easily the yellow doublet at 5770-5790 A. 

To obtain vertical, sharp interference bands, the etalon must be 
adjusted somewhat as a Fabry-Perot interferometer. The plates 
may not be very good optical flats, and in that case one merely 
centers the ring system as well as possible. The center of the ring 
system is placed opposite the uncovered part of the slit. By ob- 

^ Pfund, Journal of the Optical Society of America^ 23 , 410 (1936). 

*Edser and Bittler, Philosophical MagazinCy 46 (1898); Proceedings of the 
Physical Society (London) y 16, 207 (1898). 
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serving the fringes at P, while one moves or rotates E slightly, one 
may find a setting which gives narrow, vertical fringes. These are 
photographed, pages 421-429, on a panchromatic plate which is 
inserted with its emulsion side in the same plane as the ground 
surface of the ground glass. The panchromatic plate, being sen- 
sitive to all colors, including red, must be loaded and developed in 
complete darkness. It is advisable to practice inserting and re- 
moving a test plate from the plate holder before inserting the plate 
which is to be exposed. The time of exposure is of the order of 3 

sec to the light from the mercury 

arc, and about 10 min to the 
Y B channelled spectrum. The plate 

II ,1. , 1 1 |l , I I I l|U l| , is developed for about 5 min at 

lllilll I II 1 1 I I I I I I I I I 70°F or Sy^ min at 80°F in a 

Xi ^2 D-72 type of developer. After 

a rinse in water, it is placed in 

Fia. 27. Channelled spectrum fixing bath. The lights may 

with mercury-arc lines above, be turned on after the plate has 
The etalon plate separation may been in the fixing bath for at 
be determined from the number 30 seC, but the fixing mUSt 

of fringes between any two wave , ,. j r c • 

lengths continued for 5 min after the 

plate appears cleared of all un- 
exposed silver bromide. This will take about 10 to 15 min. 
The plate is washed in running water for 20 min, wiped with 
a viscose sponge, and left to dry. During all processing 
operations, the emulsion side must be turned upward, so that 
it does not stick to the tray and so that the solutions may have 
free access to the gelatin coating. Especially during develop- 
ment, it is advisable to rock the tray to make sure of uniform 
chemical action. If the plate is not panchromatic, a red safe- 
light may be used during the development. 

The finished plate resembles Fig. 27. The wave lengths of the 
interference fringes in the vicinity of the yellow Y and the blue 
B lines are determined by linear interpolation between the Y pair 
and the B group respectively. Let these values be Xi and X 2 . The 
order of interference at the first fringe is denoted by mi, while that 
at the second is mi -f- n, where n can be found by counting fringes, 
since it is known that the order increases by unity from any 
fringe to the next as one proceeds toward shorter wave lengths. 
Since 
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and 


2nt 

mi + n = — 
X2 


2iit 



one finds, by subtraction and solving for that 


n \\\2 

2fi(\i — X 2 ) 

where /z, the index of the film, is unity if it is an air film. 

Having found one can solve for mi by substituting into the 
equation for this quantity. Then, knowing mi and the fact that 
m increases by unity from one fringe to another toward shorter 
wave lengths, one can find the wave length of each fringe by 

2ixt 

= ; 
mi 4- X 

where x is the number of the fringe, counting from Xi, and is 
positive toward the shorter wave lengths and negative in the op- 
posite direction. 

One may obtain a calibration curve for the spectrograph by 
plotting the values of Xa: against their distance from any con- 
venient standard line, such as the mercury green line at 5461 A. 
Although the wave-length intervals from fringe to fringe decrease 
regularly toward the violet (the increasing dispersion makes it 
appear that the opposite is true), the wave-number interval re- 
mains constant and equal to l/2nt cm“^. The graph of wave num- 
ber against x should accordingly be a straight line. 


Experiment 16. Emission and Absorption in 
the Ultraviolet 

The object is to compare the emission spectra of several sources 
and to determine the limits of transmission of various substances 
in the ultraviolet. Light from the source S, Fig. 28, is focussed on 
the slit 5 by the quartz condensing lens Li. This lens may be 
omitted if the source is large enough or may be placed close enough 
to the slit so that it fills the ap)erture of the collimator, or if the 
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source has sufficient intensity. The collimating lens L 2 renders the 
light parallel for some wave length which is preferably near the 
short-wave end of the spectral range. The Cornu prism Pr is 
made of dextro- and levorotatory quartz to compensate for the 
circular double refraction of its two halves, Art. 13.1. The prism 
disperses the light, which is then projected on the photographic 
plate P by the lens L 3 . In order that one may obtain a spectrum 
extending to about 2000 A, the lenses and prism must be made of 
crystalline quartz. However, the gelatin on a photographic; plate 
absorbs below 2300 A, so that lines of shorter wave length are not 
photographed very well unless the plate is coated with a fluores- 



Fig. 28. Opii(;al system of a quartz spectrograph. 


cent oil. The oil must be removed before development by bathing 
the plate in ethylene chloride, accjtone, or similar solvent. Since 
the lenses are rarely acihromatized, the plate must be tilted as 
shown in Fig. 28 and also given a slight curvature by clamping it 
against a curved shoulder in the plate holder, so that all parts of 
the spectrum may be simultaneously in good focus. 

The procedure for adjusting a prism spectrograph is discussed in 
detail by Sawyer.^ Briefly, one must make sure that the prism is 
traversed by parallel light, the slit must be parallel to the refracting 
edge, the light rays should be parallel to a principal section, and 
the rays shcjuld pass through the prism symmetrically. Because 
of the variation of refractive index with wave length, it is im- 
possible to satisfy these requirements completely. One can at best 
have them hold for one of the shorter wave lengths and the central 
part of the slit. 

The spectrograph is usually in good enough adjustment so that 
one needs only to refine its focus. This is done by taking a series 
of spectrograms with different settings of the lens L 2 and selecting 
the one which gives the sharpest focus as determined by examining 
the plate with a magnifier. 

^ Sawyer, Experimenial Spectroscopy^ Prentice-Hall, 1944, pages 95-101. 
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The best location of the light source is found by opening the slit 
wide and placing the eye in the visible region of the spectrum, 
where one can see which portion of the optics is illuminated. The 
light source is moved until the light passes as centrally as possible 
through the lenses. The slit is then closed, care being taken not 
to damage the jaws by excessive force, and the zero reading is ob- 
served on the slit screw. The slit is then opened to at least the 
normal slit width and not more than seven times normal. Art. 7.8. 

With each of the light sources aligned in turn as explained above, 
an exposure is taken of about 5-sec duration, racking the plate 
holder down about mm between exposures. One of these 
sources is a mercury arc in a (juartz envelope, the spectrum lines 
of which will be used for a wave-length calibration. Photographic 
procedures are discussed on pages 421-429, and some specific direc- 
tions are given in Experiment 15. The mercury lines are readily 
identifi(^d on the finished plate by referring to a photograph of this 
spectrum, which is reproduced in Fig. 45 in the Appendix. 

The limits of transmission of various kinds of glass are deter- 
mined by placing the sample in front of the slit and using a carbon 
arc or an iron arc as a source of light. The limits are usually not 
sharply defined but nevertheless give approximate information as 
to the comparative range of ultraviolet transmission. Experiment 
19 deals with quantitative measurement of transmission in the 
ultraviolet. 

A wave-length calibration curve is obtained by graphing the 
wave lengths of identified mercury lines against the distance from 
some easily recognized line, such as X 3341 A. A line is drawn 
across the plate to indicate the location of this wave length on all 
spectra. This line can be drawn more accurately if a mercury 
spectrum is recorded at both the top and bottom of the plate. 
With the aid of dividers and scale, one measures the extent of each 
spectrum beyond this line. The corresponding wave length is de- 
termined with the aid of the calibration graph. 


Experiment 17. Wave Lengths by Interpolation 

The object of this experiment is to measure wave lengths on 
spectrograms by means of linear interpolation within an iron-arc 
spectrum and also by means of Hartmann^s interpolation formula. 
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A large Littrow type of quartz spectrograph is used to obtain a 
sufficiently high dispersion for the many-lined iron-arc spectmm. 
The optical system is shown in Fig. 29. Light from the source S 
passes through the slit 5 and is totally reflected in the small quartz 
prism Pi. It is collimated by the lens L, dispersed by the prism 
P 2 J and reflected back by a metallic backing on the prism P 2 . The 
lens L then focusses the spectrum on a photographic plate P. The 
plate is in a carriage which may be racked up or down, so that 
about eleven spectra may be recorded at 73^mm intervals. The 



Fio. 29. Optical system of a Littrow type of quartz spectrograph. The short 
lines with arrows at each end indicate the threnj adjustments which must be 
made for any given spectral range. 

exposure time is controlled by means of a shutter placed over the 
slit s. The spectral range covered on the plate is determined by 
three settings. They are (1) a setting of focus in which the lens 
and prism are moved along a short optical bench by means of a 
calibrated screw, (2) a rotation of the prism by means of a grad- 
uated micrometer screw, and (3) a setting of the tilt of the dark 
slide by means of a vernier and scale, the slide holder being hinged 
at one end. 

Two sources are used, an iron arc of the Pfund type for the 
standard lines, and a Fuessner spark for the unknowns. The 
Pfund arc has iron electrodes, the upper of which is a quarter-inch 
rod projecting a short distance from a brass bushing which helps 
dissipate the heat. A bead of iron oxide is placed in the hollow of 
the lower iron electrode. The discharge to the bead of oxide raises 
it to incandescence and aids materially in stabilizing the arc. A 
direct current of about 3J^ amperes and 110 volts is used, 220 volts 
being preferable but not necessary. The source of the lines to be 
measured is a spark gap of the Fuessner type, Fig. 17.6, operated 
off a transformer giving 15,000 volts. A condenser is connected 
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across the transformer with an inductance and synchronous rotary 
spark gap in series with the spark source and connected across the 
condenser. The phase of the spark is adjustable by turning the 
Bakelite plate which supports the stationary electrodes. The 
spark is adjusted to give a uniform series of damped trains of oscil- 
latory discharges across the source gap. 

The source is aligned by opening the slit wide to minimize dif- 
fraction and rotating the prism to include a portion of the visible 
spectrum in the exit aperture. With the eye placed in this visible 
light and close to the location of P, one moves the spectrograph 
until the light passes centrally through the lens L. Of course, 
vertical adjustments are made by moving the source, which may 
be set to begin with at the same measured height above the table 
as the slit. Without disturbing the spark source, one then places 
the iron arc between the spark and the slit 8 and moves the arc 
until its light also passes centrally through L. Thus, after finishing 
the exposures with the iron arc, one may move it aside and Jiave 
the spark source in the proper place for recording its spectra. 

The zero reading of the slit is found by noting at which setting 
the light is just extinguished. The slit is then widened to about 
one or two times the normal slit width, which amounts to two or 
three small divisions on the drum in this case. 

In order to check the adjustment and to improve it if necessary, 
it is advisable to make a series of exposures to the iron arc of about 
3 sec each, the prism rotation being changed by one or two 
divisions between exposures. One should start below the recom- 
mended prism setting and continue an equal distance beyond. The 
plate is displaced vertically by mm between exposures. Nat- 
urally, the dark slide must be closed before changing the prism 
setting. The plate is processed as outlined in Experiment 15, ex- 
cept that a red safe-light may be used if the plate is not panchro- 
matic. The photpgraphic process is discussed more completely on 
pages 421-429. The finished plate is examined with the aid of a 
magnifying glass, and the setting which gives the best focus is 
adopted for future use. The clear resolution of the iron triplet at 
3100 A is a good criterion for satisfactory focussing. 

The iron-arc spectrum is then recorded on a fresh plate. With- 
out disturbing the plate in any way, one moves the iron arc out of 
line so that the light from the spark source may be photographed. 
The V-shaped diaphragm in front of the slit is displaced a few 
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'millimeters so as to uncover a longer portion of the slit. An ex- 
posure is then made to the spark source, giving about 6 to 10 min 
of exposure time. One electrode of the spark source is an alloy 
of tin containing a small amount of tin and cadmium. The other 
electrode may be a piece of “spectroscopic'^ graphite rod. 

The processed plate shows the tin alloy lines extending across 
the iron-arc spectrum. Being of greater length, they are easily 
located.- 

The wave lengths of the standard iron lines near the selected 
unknown lines from the tin spark are found with the aid of spec- 
trum charts such as those published by Hilger or given in Brode's 
Chemical Spex^troscopy. It is helpful to start by identifying a few 
lines at various points along the plate and plotting a crude graph 
of wave length against the distance from some easily located line. 
This graph may be used for an approximate determination of wave 
length, which indicates the region of the iron spectrum to be ex- 
amined for standard lines. This being done, one identifies lines 
in the iron spectrum which are close to, and on each side of, each 
of the unknown lines. If di and d2 are the comparator readings 
for the two iron lines whose respective wave lengths are Xi and 
X2, one may compute the wave length X of the unknown line from 
its comparator reading d by the linear interpolation formula: 

/d-di\ 

X = Xi + (X2 ~ Xi) 

\a2 — di/ 


This should be carried out for the five or six lines selected by the 
instructor. 

The wave length of one of these lines should be computed by 
the more accurate Hartmann formula. A third standard wave 
length X3 with its comparator reading ds is needed for this pur- 
pose. The three constants Xq, C, and do in the ^^modified) Hart- 
mann formula r 


X = Xo + 


d — do 


are determined by the simultaneous solution of the three equations 
obtained by substituting the standard X,d pairs into the formula. 
The constant C is positive if the plate is measured so that d in- 
creases as the wave length decreases. If this is not the case, it is 
advisable to interchange d and do in the denominator to keep C 
positive. 
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The standard lines should be within about 10 A of the unknown 
line to obtain its wave length within a few hundredths of an 
angstrom unit. Thus, for each unknown, one finds it necessary to 
recompute the constants. As pointed out by Hartmann, the value 
of Xo is practically constant for any wave-length ranjge, but C and 
do change (Considerably. One may use a single set of the three 
constants for a wide range of wave lengths, if their values are 
ccmputed from stanclard wave lengths at the ends and near the 
center of the range, and if a correction curve is also used. This 
correction curve is found ))y computing the wave lengths of a large 
number of identificcd iron lines in various parts of the spectrum 
and plotting the difference between the known and computed wave 
length against the latter. A sinusoidal curve is obtained which 
crosses the axis at the wave lengths of the three standard lines used 
in computing the constants. For examples and further instruc- 
tions, the student is referred to Sawyer^s Experimental Spectros- 
copy, Chapter 9. 

Th(i computation of the constants in the Hartmann formula 
often leaves the student with some doubts as to the validity of the 
number of significant figures which must be retained. It is quite 
true that a slight change in the value of any one of the comparator 
readings d for any one of the known spectrum lines may lead to a 
hyperbola with considerably different parameters, so that, in this 
sense, the constants are not known very accurately, particnilarly 
if the three points are very close together. Nevertheless, the con- 
stants must be computed to a sufficient number of figures so that a 
substitution of the comparator readings of the three known lines 
gives computed wave lengths to the original number of significant 
figures. If this test fails, either there is a mistake in computation 
or an insufficient number of digits has been retained. It may seem 
paradoxical that, as the three points approach each other, the 
Hartmann constants become less certain, but the interpolated un- 
known wave lengths become more accurate. 

It is accordingly instructive, and often convenient, to convert 
the Hartmann formula into a genuine interpolation formula by 
algebraically eliminating the constants C, Xo, and do. One readily 
finds that 

X = Xa + z— — (Xi — Xa) 

A -i- 1 


where 
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K = ~ Ai - Xa X 

Vds — d) \C ?2 — '^2 — ^3' 

The value of X 3 is the smallest of the three known wave lengths. 
In this formula it is immaterial if the plate is put on the comparator 
so that the wave lengths decrease toward higher readings or vice 
versa. The second term on the right of the formula for X is now 
a small correction term to be added to X3, the term being smaller if 
the lines are closer together. Because of its smallness, it may be 
computed by means of a slide rule w^hen the range of wave lengths 
is less than 10 A and an accuracy of about =h0.02 A is sufficient. 
This treatment of Hartmann’s formula arose from a discussion of 
the problem with Professor C. N. Wall. 

Experiment 18. Quantitative Spectrochemical 

Analysis 

The object is to determine the percentage of cadmium and bis- 
muth in two samples of tin which is alloyed with these elements. 
The spectrograms for this experiment may be recorded on the same 
plate as in the preceding experiment. If this is not don(^, the same 
instructions must be followed down to the exposure of the photo- 
graphic plate. After exposing the superimposed tin spark and 
iron-arc spectra, to help in identifying the alloy lines, the slit of 
the spectrograph is widened to about ten times normal and re- 
stored to its original length. This makes the lines wide enough 
so that the narrow exploring light of the microphotometer does not 
spill over the edges of the lines. 

Seven tin alloys, with the concentration of cadmium and bis- 
muth given in percentage by weight, are used to obtain the calibra- 
tion curve. The concentration of bismuth and cadmium in the 
two unknowns marked X and XX is to be determined. A spectro- 
gram is obtained for each pair of electrodes on a single plate, using 
an exposure of about 2 min and racking the plate down mm 
between exposures. Both electrodes should be changed before 
each exposure, and the spark gap adjusted to a uniform length of 
3 mm by means of a screw adjustment on the upper electrode. 

After the exposure and processing are completed as in Experi- 
ment 15 (see also pages 421-429), the densities of the following 
pairs of lines are measured by means of a microphotometer 
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Sn 3143.86 
Bi 3067.73 

Sn 3655.54 
Cd 3403.65 

Sn 3655.54 
Cd 3467.66 

These lines may be readily located with the aid of the iron-spec- 
trum chart or a rough dispersion curve drawn as explained in the 
preceding experiment. The Sn 
line in each pair serves as an 
internal standard to mini- 
mize errors due to fluctuations 
in the operation of the source. 

Other pairs may be used, but 
for best results the two lines 
of each pair must have the 
same excitation functions; when 
this is the case, they are called 
homologous lines. 

The microphotometer in the 
author’s laboratory is a modi- 
fication of the Moll type made Fig- 36* Optical system of a modified 
by Kipp and Zonen in Hoi- microdomitometer for measuring 

1 1 1 rr^i r- 1 X • • the photographic densities of spectral 

land.i The optical system is in- 

dicated in Fig. 30. The lens Li 

concentrates the light on the slit Si, a reduced image of which is pro- 
jected on the emulsion of the plate P by the reversed microscope ob- 
jective L 2 . The transmitted light is projected by a similar lens La 
through the slit $2 onto a linear thermopile T, which is connected to 
the galvanometer G, The galvanometer is provided with a lamp 
and scale arrangement for observing its deflections. The lens L 4 , 
mirror M, and screen I are attached to an arm which enables one 
to move them as a unit into or out of the light beam of the den- 
sitometer. The lens L 4 is used to spread the light over a greater 

I The design of a much superior densitometer is given by Vincent and Saw- 
yer in Jonmal of the Optical Society of Armricay 27, 193 (1937). Other forms 
are described by Sawyer in Experimental Spectroscopy y pages 249-257. 
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area of P, of which the lens L3 and M project an image on the 
screen L At the same time, the mirror M serves to cut off the 
light beam to the thermopile, so that a zero reading do of the gal- 
vanometer may be obtained. The image screen 7 has two marks 
inscribed on it, which indicate when the spectrum line to be 
photometered is in the proper position to intercept the light beam 
between L 2 and L3, The selected line should at first be placed a 
little to one side of these marks, where, on moving the combina- 
tion L4, A7, and I out of the light beam, as shown in Fig. 30, the 
clear plate deflection dc is read on the galvanometer scale. The 
plate is then driven slowly by means of a screw so that the line 
image moves through the narrow light beam between L 2 and L3. 
The line reading d is taken when the galvanometer spot is closest 
to the do reading. Then the light is cut off again by Af, and the 
next line is moved into place. The density of each line is computed 
by the formula 

1 ^1 do — dc 

D 3?.4ogio - = logio -7—7 
T do - d 

T being the transmissivity of the photographed line image. 

After all the line pairs are photometered in all spectra, one 
graphs the differences Dbi — Asn and Dcd — against logio 
Cm and logio respectively, C being the concentration. The 
graph should approximate a straight line if the plate has been 
properly exposed, i.e,, if all densities are between about 0.3 and 
1.3. With the aid of these graphs, established by the use of the 
known samples, one finds the concentrations of Bi and Cd in the 
unknowns, using their values of 7) — 

In routine analyses of many samples one finds it advantageous 
to use a calibration graph of logio Ix/hn against log C. The in- 
tensity ratio is determined with the aid of a plate calibration curve, 
giving log 7 as a function of D, The various methods for obtaining 
such intensity calibrations are discussed by Sawyer in his book 
Experimental Spectroscopy ^ pages 257-262. In general, standard 
samples are not used each time an unknown is to be analyzed, the 
log Ix/I versus log C curve being determined once and for all. 
After that, one measures the log 7 ratios with the aid of a plate 
calibration curve, which must, however, be determined for each 
spectrogram. The general procedure is outlined in Art. 17.4 and 
discussed more fully in Sawyer’s Experimental Spectroscopy. 
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Experiment 19. Transmissivity by the Sector 
Photometer 

The object is to measure the transmissivity of a sample of glass 
or other material in the ultraviolet. A Hilger sector photometer 
is used in combination with a small quartz spectrograph and a 
miniature hydrogen arc of the Urey type. The source is operated 
at about 3000 volts with a current of 200 to 300 ma. It emits a 
strong continuous spectrum ^ in the ultraviolet when viewed end 



Fig. 31. Optical system of a Hilger secjtor photometer for measuring trans- 
missivity in the ultraviolet region. 


on. Water cooling is essential, the source being immersed in a 
copper tank through which tapwater is circulated. The light 
passes out through a quartz window, which is cemented to the 
Pyrex body of the tube. Light from the source //, Fig. 31, passes 
through two prismatic quartz lenses which focus the light onto a 
biprism B located in front of the slit of the spectrograph. With 
this arrangement two adjacent spectra are projected on the plate 
at P, The light in one of these has passed through the variable 
sector Vj which is provided with a density scale. The other beam 
passes through the sample S and through a fixed sector F, The 
distances from the source to the sector and from the sector to the 
slit are made equal to the values stamped on a plate attached to 
the sector base. 

It is essential to level and align the sector, the source, and the 
spectrograph according to the directions given in the pamphlet 
supplied by the manufacturer. With both sectors wide open, and 

1 Herzbebq, Molecular Spectra and Molecular Structure^ Vol. I, pages 
424-427. 
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the sample removed, the intensities of the two spectra are balanced 
as well as possible with the aid of a fluorescent screen. This may 
be a plate of uranium glass with one surface finely ground, or a 
plate of ground glass coated with moistened anthracene. If the 
lower spectrum is more intense along its entire length, the pho- 
tometer should be lowered, and vice versa. If the lower spectrum 
is more intense only in the ultraviolet, the source must be lowered 
and the photometer lowered accordingly, and vice versa. When 
the two spectra are equalized as well as one can see, a test plate is 
exposed to check and to improve the adjustment. The general 
principles of the photographic process are discussed on pages 
421-429, some specific directions for processing being given in 
Experiment 15. It is advisable to make nine exposures with the 
photometer at three different heights, and the source at three dif- 
ferent heights for each of the photometer elevations. The heights 
giving spectra of equal intensity along their entire length are used 
throughout the experiment. 

With the sample S in place one takes a series of spectrograms 
with the sectors rotating and the variable sector set at density 
values from 0.0 to 1.4 in steps of 0.1. It is advisable to increase 
the total time of exposure as the variable sector is closed, so that 
the match points will be at approximately equal densities. The 
following exposure table, based on the reciprocity law, may be 
followed: 


D 

t 

T) 

t 


(seconds) 


(seconds) 

0.0 

2 

0.8 

12.6 

0.1 

2.5 

0.9 

15.9 

0.2 

3.2 

1.0 

20.0 

0.3 

4.0 

1.1 

25.2 

0.4 

5.0 

1.2 

31.7 

0.5 

6.3 

1.3 

39.9 

0.6 

8.0 

1.4 

50.2 

0.7 

10.0 




For the purpose of wave-length determination, a mercury-arc 
spectrum is registered at the top and bottom of the plate. After 
processing the plate by the usual procedure, a line is drawn across 
the plate through the 3341 A mercury line. This serves as a 
reference line in all the spectra. A calibration curve is provided 
which gives wave lengths in terms of distances from this line, or a 
curve may be constructed as explained in Experiment 16. 
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With the aid of a low-power magnifier and a suitable scriber, one 
marks the points in each double spectrum at which the intensities 
are equal. At these wave lengths the sample has a density equal 
to the setting of the variable sector. These densities D may be 
graphed against wave length, or one may preferably graph the 
transmissivities T. These are computed from the densities with 
the aid of the formula: 

1 

T = zr- 

logic D 

The extinction coefficient c for an absorbing medium is defined by 
the formula 

I 

— = ~ Rf 

lo 

where d is the thickness of absorber and R is the reflectivity at each 
face of the sample. From this formula one finds that 

logio y = cd - 2 logio (1 ~ R) 

so that 

1 Iq 2 

c = - logio T + j (1 - R) 
a la 

In the absence of measurements of R, this quantity may be com- 

puted with the aid of Fresners formula for reflection. 

One may question the validity of the variable sector as a means 
for obtaining an intensity (or density) scale, since one really varies 
the time of exposure of the slit to the full intensity of the source. 
In general, one may not assume that half as long a time of ex- 
posure, for example, produces the same change in photographic 
density as halving the intensity. In other words, the reciprocity 
law may not be relied upon. However, if one breaks up the ex- 
posure of both spectra into sufficiently many flashes, experiment 
shows that the resulting intermittency effect restores the validity 
of the reciprocity law as used in this experiment. This has been 
verified at the Bureau of Standards {Technical Paper 119) as well 
as by the manufacturers of the photometer. Sawyer warns, how- 
ever, that the sector method does not give an accurate intensity 
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scale with all emulsions, in particular, with high-speed emulsions* 
Accordingly, they should be avoided when a sector is employed. 

Experiment 20. Reflection of Polarized Light 

As explained in Art. 12.3, the ratio between the amplitudes of 
the reflected R and incident E waves at an interface between 
transparent isotropic media is given by 

Ra sin (i — r) 

Eg sin {i + r) 

for the s components which vibrate perpendicularly to the plane 
of incidence, and 

Rp tan (i — r) 

Ep tan {i + r) 

for the p components in the plane of incidence. Hence 

Rp Ep cos {i + r) 

Rg Eg cos {i — r) 

This relation is to be verified with the aid of polarizing attach- 
ments fitted to a laboratory spectrometer. The spectrometer is 
adjusted by the usual method. Experiment 7. The polarizer, 
which is equipped with a circular scale, is attached to the collimator 
at the lens end, and a polarizing eyepiece, also with a circular scale, 
is used instead of the usual Gauss eyepiece. To set the circular 
scales so that they are direct-reading, the polarizing Nicol is tem- 
porarily removed and replaced by a Wollaston double-image 
prism. The two images of the slit are in line with each other when 
the principal axis of the Wollaston prism is vertical. The eyepiece 
scale is set to read zero when the ray which vibrates vertically is 
extinguished. The polarizing Nicol is then replaced, and its scale 
set to read zero when the light is extinguished. The angular scale 
of the polarizer then reads directly the angle 

0 = tan ^ — 

Eg 

and, at extinction, the analyzer reads 
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6 = tan ^ — 

Rs 

It is convenient to make <t> = 45® so that Ep = Eg, 

A prism face is thoroughly cleaned with potassium hydroxide or 
with chromic acid and distilled water. This face is set so that its 
plane is in the spectrometer axis and is parallel to the collimator 
and telescope axes when they are in the same straight line so as to 
obtain grazing incidence. The ends of the slit are covered with 
opaque tape, leaving a small square central aperture which is il- 
luminated with monochromatic light of 5461 A wave length ob- 
tained with a mercury arc and filter. It is convenient to set the 
spectrometer scale to read 180® when the light is incident grazingly 
on the prism face. The circular scale is clamped, but the prism 
and telescope are left free to rotate. The telescope reading in any 
position is then equal to twice the angle of incidence or 2i. This 
angle is varied by steps of 10® which changes the angle i from 90° 
to the smallest angle obtainable before the telescope strikes the 
collimator, by steps of 5®. Corresponding to each angle i one ob- 
serves the reflection from the prism fa(^e and reads the extinction 
angle 6 on the analyzing Nicol scale. From the graph of B against 
i one finds the Brewster angle as the point where 6 passes through 
zero. The index of refraction of the prism is given by Brewster^s 
law 

tan ip = fjL 

which should be verified by measuring /x by some other method. 

Knowing n, one can compute the angle of refraction r for each 
angle of incidence, and from these two angles the ratio 

cos (i + r) 
cos (i — r) 

is calculated. The values of this ratio are compared with the 
corresponding measured values of tan B, giving an experimental 
test of the Fresnel reflection formulas. The sign of the ratio of 
cosines may prove puzzling. It arises from the definition of the 
positive direction of the component Rp, which is preferable for 
nearly perpendicular incidence, but unnatural near grazing in- 
cidence. It may be found convenient in this experiment to re- 
define the positive direction of Rp and to insert a negative sign in 
front of the cosine ratio. 
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Experiment 21. Elliptically Polarized Light 


By analyzing elliptically polarized light one may determine the 
thickness of a birefringent plate or measure the optical constants 
of a metal, depending on the manner in which the elliptically 
polarized light is produced. 

When two coherent waves having the respective amplitudes 


ai and a2 are vibrating at right 



Fig. 32. Analysis of the constants 
of elliptically polarized light. 


angles to each other with a phase 
diflerence A, their resultant is 
elliptically polarized light. The 
semiaxes of the ellipse will be des- 
ignated by A and B respectively, 
and the inclination of the A axis 
with respect to a\ will be denoted 
by 7, Fig. 32. It is convenient 
to define the angles 

\[/ s tan”^ — 


- tan~^ - 
A 


It is desired to determine a2/ai and A by measurements of y and 
with a quarter-wave plate compensator. 

The spectrometer and its polarizing attachments are adjusted 
as in the preceding experiment with the device causing ellipticity 
removed during this process. A quarter-wave plate mounted on a 
graduated circle is attached in front of the telescope objective. 
Its circular scale is made to read zero when one of its principal 
vibration directions is in the same direction as the principal plane 
of the polarizer when this is at its zero setting. The light can then 
be extinguished by the (crossed) analyzer when its scale reads 
zero. 

Elliptically polarized light for this experiment may be obtained 
by means of a thin plate of mica on the prism table or by reflection 
from a metal surface. This light is converted into plane polarized 
light when the principal vibration directions of the quarter-wave 
plate coincide with the axes A and B of the ellipse. There are two 
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positions of the compensator, differing by 90°, if it is exactly a 
quarter-wave plate, in which this may be achieved. The directions 
of the restored plane polarized vibrations in the two positions of 
the compensator differ by 2^. The compensator scale gives the 
angles 7 and 7 — 90 in its two respective positions. Which of 
these angles is 7, the vertical slope of the major axis, may be de- 
termined by testing the ellipse with a plane analyzer, the compen- 
sator being removed. This angle is given approximately by the 
analyzer reading at minimum intensity, since it is then normal 
to the major axis. From the values of ^ and 7 one may compute 
the relative amplitudes and phase difference for the original com- 
ponents by means of the formulas 


cos 2^ = cos 2^ cos 27 

and 

tan 2^ 

tan A = 

sin 27 


These formulas are proved in Schuster^s Optics^ pages 13-15. 

If the elliptically polarized light was produced by a thin mica 
plate, the value of A is 


A = 


2Tt 

— (M2 — Ml) 
A 


Thus, if one knows the principal indices for the wave length used, 
one may compute the thickness t of the mica plate. 

When the elliptically polarized light is obtained by reflection off 
a metal surface, it is best to set the polarizer at 45° and then pro- 
ceed as above to analyze the resulting elliptical vibration. The 
angle of incidence i of the light should be measured by reading the 
telescope scale when a setting is made on the reflected light and 
when a setting is made on the direct light from the collimator. If 
these readings are Ti and T 2 respectively, then 

i^[i8o°-(r2-ri)] 

The index of refraction n of the metal is given approximately by 

cos 2^ 

n = sin i tan i 


1 — cos A sin 2^ 
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and the index of absorption is approximately 
K = — sin A tan 2^ 

where A is the phase difference The value of k is related 

to the absorption coefficient a by the relation 


Aiirm 
a = 

Xo 

where Xq is the wave length in air, and a is defined by 


I 

To 


e 


—az 


The light is attenuated in the direction z, which is perpendicular 
to the surface. The propagation of light in metallic media is dis- 
cussed in Chapter 14. 

The value of A = — 5g changes from 0 to — tt as the angle of 

incidence is increased from 0 to 7r/2. At some angle, called the 
principal angle of incidence the value of A is -~7r/2. In this 
case the axes of the ellipse are in the directions of ai and 02 , the 
angle 7 being zero. One may accordingly set the compensator 
scale to read 7r/2 and vary the angle of incidence until the re- 
flected light can be completely extinguished by just rotating the 
analyzer. The analyzer reading at extinction 4^ is the principal 
azimuth. From the values of the principal angle of incidence 
and of the principal azimuth, one readily obtains the optical con- 
stants n and k of the metal by using the equations 


and 


K = tan 2^ 
n = sin t tan i cos 2 ^ 


which are derived in Chapter 15. 

The Babinet compensator is useful in measuring phase dif- 
ferences caused by double refraction or metallic reflection, Art. 
12 . 12 . The screw rotation so required to displace the bands by one 
space, i.e., change the phase difference by 27r, gives the required 

^ Because of the direction of /2p, which is considered positive here (see 
Chapter 14), our A differs by v from the A used in Drude's Theory of Optics^ 
page 363, for example, where similar formulas are derived. 
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information for translating a fringe shift of any magnitude s into 
the corresponding phase difference A. The relation is 

A = - 27r 


The value of A determines merely the difference in phase be- 
tween a\ and a 2 without telling which is retarded with respect to 
th(i other. If is retarded, the ellipti(‘al vibration is clockwise and 
vi(;e versa. To determine the sense of rotation of the ellipse, one 
notes the direction of the “fast'^ axis of the compensator and sets 
it on the major axis of the ellipse. If the piincipal plane of the 
analyzing Nicol when set for extinction is at an angle less than 90° 
and clockwise of the “fast^^ axis, the ellipse is rotating clockwise 
as seen by the observer, and vice versa. In this illustration the 
light would be called left-hand elliptic-ally polarized light. 

llie Babinet compensator measures only the difference between 
the phases of the two components transmitted by an anisotropic^ 
plate. From this one obtains the relative retardation (/42 — 
or the birefringence (juo — pii) when the retardation is divided by 
the thickness of the plate. The actual retardation ii^t and ix\t of 
either one of the rays is not obtained except by the use of some 
form of interferometer. 

Experiment 22. Measurement of X-ray Wave 

Lengths 

As Bragg has shown, the coherent wavelets scattered by the 
electrons in the three-dimensional periodic lattice of a crystal are 
in phase, Art. 11.11, when the following equation is satisfied 

2dn sin B = n\ 

The angle B is the glancing angle, Fig. 33, of incidence and dif- 
fraction for a family of planes whose pericxlic spacing is d. The 
value of n gives the order of diffraction of the wave length X by 
this family of planes. 

If one takes into consideration the small refraction of x-rays by 
the crystal, the value of d is effectively different for the diffei’ent 
orders, as explained in Art. 11.11. Thus, for the cleavage planes 
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of calcite, the cftcctive values of d for successive values of n, as 
given by Sicgbahn, are the following: 

rf, = 3029.040 XU 

(U = 3029.34 

= 3029.40 

d^ == 3029.45 

The unit in which th(‘s(‘ values are expressed is the x-ray unit, 
XU, introduced by Si(^gbahn, which is a])pr()ximalely 10“^^ cm. 



Fig. 33. Optical system of Uk* Sic'^hahn tulx* spc'ct romelor for photographing 
small regions in the sjxjct ra of x-rays of medium hardness. 

Recent measuremimts of x-ray wave lengths by ruled gratings 
ha\'e shown that actually l.(K)203 A = 1000 XU, so that 1 XU = 
1.00203 X lO'"^^ cm (Rirge, American Journal of Science, 1945). 
Although x-ray wave lengths are generally given .on the Siegbahn 
sc^ale, ont' must note the conversion factor to the cgs system in 
making accuratii computations of densities or other properties of 
crystals and in applications of atomic, theory. 

For the measurement of wave lengths shorter than about 2000 
XU, the Siegbahn tube spectrometer is most suitable. This em- 
ploys a tubular camera of accurately measured length L with a 
slit at one end and the photographic plate at the other end, Fig. 
33. The slit is placixl near the crystal, which is mounted on a 
graduated cinailar scale. Radiation from the target T strikes the 
ciystal at various angles because of the finite size of the focal spot 
and the crystal. For any point on the photographic plate P, how- 
ever, the glancing angle 6 has a definite value. One may simul- 
taneously register a small portion of the spectrum, the range de- 
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pending; on Uic location and size of the f(K‘.al spot. To extend this 
range, one may rotate the camera and crystal in steps during the 
(exposure, keeping tlunr angular relation fixed. This is equivalent 
to moving T and is usually ac^complished mucJi more readily. 



Fig. 34. A type of Siegbahn x-ray tube with niblx'r gasket seals for ease of 
disassembly. Electrons from the filament / are focussed on t he largest T by 
a cylindrical shield C. The x-rays from the focal spot pass from the tube 
through a window of aluminum foil. 

The x-rays are generated by electron impact on a copper target, 
using a current of about 5-10 ma and a difference in potential of 
more than 30 kv. Since the target is water cooled, the tube is self- 
rectifying. The tube is evacuated by means of an oil diffusion 
pump with a suitable forepump. The pressure should be as low 
as possible to minimize the sputtering of tungsten from the fila- 
ment onto the target. Such sputtering shortens the life of the 
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filament and introduces tungsten Z^-series lines, principally L alpha, 
which complicates the spectrum. Fig. 18.0. The lines from the 
body of the target itself are also weakened by absorption in the 
tungsten film. 

A cross-section of the x-ray tube is shown in Fig. 34. The 
target body is a c;ube of copper into which one may dovetail plates 



Kiti. 35. EkM^trical circuit diagram showing transformers, switches, controls, 
and meters for operating a self-rectifying x-ray tube of the Coolidge, or hot- 

cathode, tyixj. 

of other metal. The spectra of compounds which are not readily 
dissociated may be obtained by rubbing the finely pulverized salt 
into scratches made with a sharp knife or razor blade on the face 
of the target. Figure 35 shows the wiring circuit for heating the 
filament and supplying the necessary high voltage to the tube. 
Before lighting the filament, the vacuum must be tested by a 
Pirani gauge or by momentarily applying a higher voltage across 
the tube than one intends to use. If no arc foims, the filament is 
turned on, without the high voltage, and pumping is continued to 
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remove the gaseis libei’ated by heat. After several minutes, the 
voltage is applied at a low value and raised gradually to the 
operating value as the tube outgasses. The complete process of 
outgassing should not require more than half an hour if the tube 
and vacuum system are clean and if there 
are no leaks. 

The spectrometer is usually adjusted by 
the instructor or with liis aid. If it is nec- 
essary to check the adjustments, a procedure 
similar to that outlined by Larsson, Philo- 
sophical Magazine^ 3, IISG-IIGO (1927), is 
followed. Even though the (crystal and cam- 
era are adjusted, it is usually advisable to 
check the ‘‘zero'’ positions of both with the 
aid of a fluorescent screen. The crystal is 
set with its face parallel to the camera axis, 
and the slit is opened wide, llie ends of 
the slit are blocked off, leaving an opening 
about 1 mm scjuare. A fluorescent screen 
is placed in the plate position, and the camera 
and crystal are rotated together to find the 
position giving a maximum intensity, at 
which the angular scale of the camera circle 
is read. The crystal is rotated through 180° 
and the process repeated. The “zero” posi- 
tion for the camera is the average of the two 
scale readings obtained in this way. With 
the camera (damped at this reading, the 
crystal is rotated clockwise until the beam 
IS noticeably reduced in intensity, and a ^‘absolute’' meas 
reading is taken on the crystal circle. This urenient of x-ray wave 
is repeated for a counterclockwise rota- lengths, 

tion and then with the crystal rotated 
through about 180°. The average of all four readings on the crys- 
tal scale gives the “zero” setting for the crystal. 

To measure the wave length of an x-ray line by Siegbahn^s 
transposition method, which does not require the use of any 
standard lines, one makes two exposures on the same plate with 
the crystal in complementary reflecting positions as shown in Fig. 
36. If the x-ray tube is fixed, so that the direction of the incident 
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rays is fixed, one obtains these by rotating the spectrometer and 
crystal together from 26o on the left of “zero’’ for the L exposure 
to 200 on the right of “zero” for the R exposure, the crystal being 
turned into its complementary position. The approximate value 
of 200 is computed by means of Bragg’s formula and the ap- 
proximate value of the wave length, this being generally known. 
00 having been found, the crystal is rotated counterclockwise by 
00 from its “zero,” and the crystal and camera are rotated together 
through 200 clockwise for the first L setting. An exposure of about 
1 hour at 5-10 ma and about 30 kv will 
be found suitable for the K alpha radia- 
tions from the iron group elements and 
for copper. After this exposure, the ciys- 
tal is rotated cloc.kwise through the angle 
180° + 20() to reflect x-rays in the oppo- 
site direction, the spectrometer tube being 
rotated through 40o in the counterclock- 
wise direction for the 11 exposure. The 
crystal rotation is measured on the spec- 
trometer circle to as high an accuracy 
as its calibration will allow. Siegbahn’s 
precision spectrometer enables one to 
measure these angles to 0.1 second of 
arc. The camera angle may be read by means of a rough scale, 
since it does not enter into the computations. 

The photographic process is discussed on pages 421-429, some 
specific directions for developing and fixing being given in Experi- 
ment 15. The finished plate with its two pairs of K alpha lines 
should look like Fig. 37. The distance Ax is measured by means 
of a comparator, the value of 2A0 being obtained by means of the 
formula 



[♦Ax*- 


K a 

2^1 

Oi2 


Fig. 37. Appearance of a 
spectrogram obtained by 
the transposition method, 
showing two pairs of the 
same K alpha lines re- 
corded with complemen- 
tary positions of the crys- 
tal. 


2A0 = 


Ax 

T 


where L is the length of the camera. If this is not known, it may 
be measured by the method given by Larsson. The angle 20o is 
obtained from the crystal scale readings. Then, referring to Fig. 
36, it is seen that 

20 = 200 + 2A0 

where 0 is the actual Bragg angle. From its value one obtains the 
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wave length by means of Bragg’s formula, using the value of dn 
which corresponds to the order employed. If the L and R lines 
arc found reversed on the spectrogram, the value of 2Ad must be 
subtracted from 2$o. 

One may also measure any unknown line by reference to a 
nearby known line whose Bragg angle is computed. In this case, 
a single exposure is made, and the Bragg angle of the unknown 
line is found by adding or subtracting the angle between the two 
lines, which is determined by the formula 

Ax 

AS — 

L 

A suitable exercise consists of measuring the wave lengths of the 
tungsten L alpha lines, using the K alpha lines of copper as stand- 
ards. 

For wave lengths longer than 2 A, a vacnium spectrometer, k]x- 
periment 23, must be employed. p]ven then, one cannot measure 
wave lengths which are greater than 2d, since for these sin B woukl 
have to be greater than unity. One can make some progress in 
the direction of longer wave lengths by using crystals with a large 
grating constant, but finally one must resort to ruled gratings at 
very oblique incidence. 

Experiment 23. Wave Lengths of Soft X-rays 

X-ray wave lengths are generally determined by measuring the 
Bragg angle B in the formula 

n\ — 2dn sin B 

Siegbahn’s transposition method for measuring B without the 
knowledge of standard wave lengths is described in the preceding 
experiment. It is freciuently more convenient, however, to de- 
termine B by measuring the small angle AB between the unknown 
line and some standard neighboring line. Then 

0 dh A(9 

where Bs is the Bragg angle for the standard line computed by 
Bragg’s formula. If the standard line is not in the same order n as 
the unknown, one must be careful to use the correct value of d« 
for each of the orders used, Experiment 22. 
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A plan view of the Siegbahn vacuum spectrometer is shown in 
Fig. 38, where 7" is the location of the target of the x-ray tube, s 
is the slit, C the crystal, and P the photographic plate. In this 
experiment one may rub the powdered, desiccated substance, whose 
spectrum is desired, into fine scratches in a metal (Al) plate which 
is dovetailed into the face of the target. As an exercise, one may 
measure the wave lengths of the chlorine Ka lines in the radiation 
from sodium chloride. The third order of copper Kai makes a 



Fig, 38. Siegbahri’s vacuum spectrometer. The tube T and the sptjctrograph 
are evacuated by a [)umping system to extend the range of the spectrum to 
longer wave lengtlis. 

suitable standard line whose is computed from the value = 
1537.40 XU. Other standard wave lengths may be found listed 
in Siegbahn^s Spektroskopie der Rontgenstrahlcn or in Compton and 
Allison^s X-rays in T'heory and Experiment. 

The radiation passing through the slit s falls on the crystal C 
and is diffracted to the photographic plate P. The distance sC 
must be equal to CP in order that one may rock the crystal during 
exposure without blurring the lines. The rocking is accomplished 
by making small arbitrary displacements of the crystal between 
=t:l° of the computed angle for the standard line. A suitable 
tube current is 5-10 ma with a voltage of about 23-30 kv across 
the tube. 

The spectrometer is usually adjusted by the instructor. If the 
student is required to adjust the instrument, the procedure in 
Lindh's Rdntgenspektroskopie is to be followed. 

The tube and spectrograph are evacuated by a pumping system 
consisting of a rotary two-stage oil pump backed by an oil dif- 
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fusion pump. The connection to the spectrograph by-passes the 
diffusion pump. A thin flake of graphite over the slit 6* separates 
the two evacuated chambers, permitting a lower pressure in the 
x-ray tube. The vacuum is checked by a Pirani gauge before 
operating the x-ray tube. The current and voltage must be in- 
creased gradually from rather low values to outgas the tube before 
the recommended current and voltage may be applied. It is neces- 
sary to use wateT-cooling for the target and body of the tube, and 
to cool the cathode assembly by circulating transformer oil through 
it. 

An exposure of about 4 hours will be found ample to register all 
but the weakest lines. In order to distinguish between the un- 
known and the standard lines, it is convenient to interpose an 
opa(|ue metal screen over part of the plate before exposing the Cu 
lines. The lengths of the lines will then be different in the two 
cases. The plate is processed by the method outlined in Plxperi- 
ment 15, except that one may use a red safe-light since the plate is 
not panchromatic. 

The plate is measured on a Gaertncr comparator, making at 
least ten settings on each line. The angle A0 for ea(*.h unknown line 
is computed by 


Ax 



where Ax is the distance between the standard and unknown lines 
on the plate and R is the radius of the camera, i.e., R = sC = CP, 
In the author’s spectrograph, log 2R = 2.37581 , distances Ax being 
measured in millimeters. The value of AO is to be added to if 
the unknown line is on the longer wave-length side of the standard. 
One then uses Bragg’s formula to compute the wave length of the 
unknown line or lines. 

Experiment 24. Crystal Structure by the 
Powder Method 

The powder method of crystal structure analysis was developed 
by Debye, Scherrer, and Hull. A fine powder of about 300 mesh is 
packed in a thin-walled soda-glass tube, or pressed into a rod, or 
stuck to a silk fiber. A multicrystalline wire of a metal may also 
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te employed. The sample is irradiated by monochromatic x-rays, 
which are usually obtained by passing the radiation from a molyb- 
denum target through a zirconium filter or by passing copper 
radiation through a flake of nickel. The wave length, which is the 
K alpha characteristic radiation from the target, is 0.7 JO A in the 
first case, and 1.539 A in the second. 

The beam is collimated by a slit system and strikes the crystal- 
line powder located at the center of a cylindric^al (‘amera. The 
transmittcid beam is allowed to pass out of the camera through a 



Fi<j. 3J). (rt) Cones of nionochrornatic x-rays iliffraetc'd by a powdertnl crystal. 
ih) B(*causo of imiuTfc'ct collimation, the traces on a photographic film are 
usually broadened. The broadcniing is least in the equatorial plane of the 

pattern. 


hole cut in the film and through an opening in the far side of the 
camera. This opening is covered with l)lack paper to ex(*lude 
light. A convenient radius for the cylindrical sheet of film used to 
record the diffraction pattern is 57.28 mm, since each millimeter 
on the film will then correspond to an angle (ff 1 

Each family of planes of spacing dkki gives rise to a diffraction 
halo of 4^ aperture, where B is the ih'agg angle for that family. Art. 
11.11. The diffi-action halos are somewhat as pictured in Fig. 
39(a). The C 3 dindrical film records only segments of these halos, 
these being sufficient to determine their angular apertures. More- 
over, the slit character of the collimating system leads to an in- 
creased intensity, although there is a lack of definition at distances 
from the equatorial plane, since each ray through the slit is the 
origin of a vertically displaced arc, as shown in Fig. 39(6). 

Before inserting the film, the slit system and specimen must be 
aligned in the beam from the x-ray tube with the aid of a small 
piece of fluorescent screen. A current of about 10 ma and a po- 
tential difference of about 30 kv will be found suitable. The film 
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is loaded into the camera with its central opening adjacent to the 
circular opening in the far side of the camera wall. After an ex- 
posure of about G hours, the film is developed by the usual method, 
Experiment 15. "Phe diffraction pattern resembles that shown in 


I ) ((())) ( ( 


Fig. 40. General appearance of powder diffraction traces recorded on a 

(ylindrical film. 


Fig. 40. The appearance of the maxima depends on the absorption 
c-oeffi(;ient of the specimen. If this is (piite high, there is a sharp 
outer edge because of the low penetration into the sample, as shown 
in Fig. 41 . In this case, it is best to measure the distance D between 
the shaip outer edges of the corresponding maxima on the right 


and left, and to subtract the 
diameter d of the specimen in 
finding the angle 46 by the 
formula 


D-d 



On the other hand, if the speci- 
men is very transparent to the 
radiation, one may measure the 
distance between the centers of 
the diffraction maxima, ignoring 
the quantity d. 

From these measurements, one 
computes the values of sin each 
of which is due to diffraction by 
some family of planes whose 
Miller indices are h, k, and /. If n 
a cubic crystal these sines should h 



Fig. 41. The diameter d of a highly 
absorbing powdered sample in encases 
the distan(‘e D bfjtween corresponding 
maxima. 

is the order of diffraction, then for 
e given by the formula, Art. 11.11, 


sin 6 ^ — V + (nk)^ + (nl)^ 
2a 


where a is the lattice constant or length of the edge of each cubic 
unit of structure. From the formula given above, one finds that 
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log «in^ 6 = log + {nl)^] 

'ilie fii’Bt term on the right is a constant for any pattern, while the 
second takes on values which are logarithms of integers obtained 
by giving nh, rik, and nl various integral values. This law enables 
one to find the proper indices for each diffraction maximum. The 
values of log sin^ B are laid off on a linear scale from the experi- 
mental data. Then a separate strip of paper is prepared with a 
plot of the logarithms of siKicessive integers, using the same scale. 


sin2^ oc 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 1516 17 
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Fig. 42. Comparison of the powch'r tliffraclion patterns for three types of 
cubic crystal lattice. The absenct; of certain maxima eimbhvs one to dis- 
tinguish lx*t wecm them. 

Hy sliding the second plot alohg the first until it fits the observa- 
tions, with some gaps usually, one may infer the values of n//, nk, 
and nl from the values of the sum of their squares. Ambiguities 
will only occur with the higher numbers. One should note whether 
any maxima are missing or are abnormally weak because of de- 
structive interference between atoms in special locations in the 
unit cell. For example, a face-centered cubic structure will not 
give certain majxima, and similarly for a body-centered structure. 
In the general cubic case, all maxima are present with a few ex- 
ceptions such as 7 and 15, Fig. 42. A study of the relative in- 
tensities of the diffraction maxima enables one to deterrnine the 
crystal group by methods which will not be discussed here. 

In this experiment one generally analyzes the structure of a 
metal wire which is either face-centered or body-centered cubic. 
The diffraction pattern shows clearly which it is by comparison 
with Fig. 42. After the maxima are properly indexed with the aid 
of the logarithmic plot, the lattice constant a is computed, using 
each of the diffraction maxima, the results being averaged. If the 
radiation is not properly filtered, the diffraction pattern will con- 
sist of a superposition of two or more patterns which are displaced 
by a constant amount on the logarithmic plot because of the change 
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in wave length. These patterns may usually be disentangled with- 
out much trouble, since, if one knows the wave lengths, he may 
compute the amounts, A(21ogX/2a), by which the patterns are 
displaced. If one uses unfiltered radiation from a copper target, 
he may expect a weak pattern because of wave length 1.39 A, C-u 
Kffy and perhaps because of 1.42 A, W Lot, The tungsten sputters 
onto the target in a Coolidge type of tube and finally obscures the 
copper lines as a result of absorption. The sputtering proceeds at 
a more rapid rate if the vacuum is poor. In order to avoid this 
difficulty, some experimenters prefer to use the old type of ion 
tube in spite of the problem of maintaining exactly the right de- 
gree of evacuation for smooth operation. Many ingenious devi(!es 
have been developed to control automatically the pressure in such 
tubes; for example, see Applied X-rays l)y Clark. 

Clark’s book may also be referred to for information in regard 
to methods for analyzing crystals with a more complex structure 
than those discussed in this experiment. Another good reference 
is Buerger’s X-ray Crystallography, 

The Photographic Process 

One advantage of photographic rectording of spectra and dif- 
fraction patterns is that the process is integrating in nature, allow- 
ing one to record very weak radiations by giving a suitably long 
exposure. Another advantage is that a permanent record is ob- 
tained which may be studied at leisure and referred to later for 
details which may have not been noticed or thought important at 
first. Moreover, photographic plates are sensitive to a very wide 
range of wave lengths which extend far beyond the limits of vision. 
Their principal disadvantage in quantitative photometry is that 
photographic density depends on so many factors that it is very 
difficult to reproduce measurements exactly. It is often more ac- 
curate to measure the intensity of a spectral radiation directly by 
means of an electron multiplier tube than to derive the intensity 
indirectly from the recorded density of a photographic, image. 
Hence for some purposes the direct measurement is preferable, al- 
though it is selective in the sense that one must dioose the par- 
ticular lines which he considers desirable to measure. For the 
exploration of an unfamiliar spectrum and for the measurement of 
wave lengths, the photographic method is particularly useful. 
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The photographic plate consists of a layer of gelatin in which a 
mixture of small silver halide crystals are imbedded. This so- 
called emulsion is supported on a transparent plate of glass or on 
a film of some cellulose ester. Gelatin has the remarkable property 
that it swells in atpieous solutions and permits the diffusion of 
chemicals to and from the silver halide grains while holding them 
in place. After drying, the gelatin returns to its original thickness 
and toughness. Of the silver halides used, the bromide has the 
greatest sensitivity and the greatest spectral range over which it is 
sensitive to light. Consequently it is commonly used in a prac- 
tically pure state in negative emulsions, with only a small admix- 
ture of the iodide. The grain size covers a typical distribution 
curve with a size of 0. 1 to 0.2 sq n predominating. The silver bromide 
is most sensitive to light of about 4800 A, the silver chloride to 
3800 A, and the silver iodide to 4400 A. The sensitivities drop 
rapidly toward longer wave lengths but decrease only slowly to- 
ward shorter wave lengths. 

It is well known that silver halides darken on exposure to light, 
but this ac^tion requires a relatively long exposure. A mu(*h greater 
sensitivity to light depends on the formation of an invisible latent 
image of silver salt, which is reducible to metallic silver by the 
action of a suitable developer. The formation of the latent image 
re(piires the presence of a small amount of sulphide as an impurity 
in the silver halide. The amount is now controlled in the manu- 
facturing process. The sulphide generally comes from a small 
amount of mustard oil in the gelatin. The sulphur atoms provide 
localized energy levels in the halide crystal which serve as traps 
for electrons which have been raised to the photoconduction 
levels by the absorption of light. The negative charges accumulat- 
ing at these centers then attract some wandering silver ions, form- 
ing a nucleus at which reduction of the grain may begin by the re- 
ducing action of the developing agent. For further details the 
original papers ^ should be consulted, the third paper listed below 
being a good introduc^tory survey article. 

The development of the latent image consists of its reduction to 
a granular deposit of metallic silver by means of a suitable reducing 
agent. Reduction is followed by the auxiliary processes of fixa- 

^ Gurney and Mott, Proceedings of the Royal Society^ 164A, 151 (1938); 
Webb, Journal of the Optical Society of America^ 26, 367 (1936); Webb, Journal 
of Applied Physics, 11, 18 (1940). 
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tion, hardening, washing, and drying. Reduction is defined as the 
release of a metal from a combination with a non-metal, or, more 
generally, as a decrease in effective valence. If the symbol R 
represents the reducing agent, the simplest possible reaction repre- 
senting development is 

AgBr* + H 2 O + R = Ag i + HBr + ROH 

A suitable reducing agent must not be too weak, nor must it be so 
strong as to act on the unexposod silver grains. Many of the re- 
ducing agents used in photography are structurally relattid to 
benzene, Celle, having one or more of the hydrogens replaced by a 
hydroxyl, OH, or an amino, NH 2 , group. The location of the sub- 
stituted groups in the benzene ring is of importance. If they are 
adjacent, the compound name is prefixed by ortho) if next but one, 
it is prefixed by meta) if opposite, it is prefixed by para. For ex- 
ample, the familiar developing agent hydroquinone is chemically 
known as paradihydroxybenzene, and p-phenylenediamene is para- 
diaminobenzene. A developer usually contains one or more of 
these reducing agents in a water solution with some alkali, usually 
sodium carbonate, which acts as an accelerator, a bromide as a 
restrainer, and a sulphite as a pres(^rvative. The addition of both 
accelerator and a bromide restrainer makes the chemical action 
more independent of the amount of bromide introduced during the 
developing process. It is most convenient to use the preparcnl de- 
velopers marketed by several manufacturers. liastman^s D-72 or 
Dektol is suitable for positive prints as well as negative emulsions. 
Developer D-19 is often preferred for spectrograms, as it gives a 
clearer background and greater contrast. The stock solutions 
should be kept in a nearly full bottle with a tightly fitting rubber 
stopper. Under these conditions they will keep for several months. 
The working solution is prepared by diluting the stock solution 
according to instructions and should also be kept in a rubber- 
stoppered bottle at all times when it is not being used. The plate 
is immersed in the developer, emulsion side up, and the solution 
agitated occasionally to make the development proceed uniformly. 
After developing for the specified time, the plate is immersed for 
about 1 min in a chrome alum solution to harden the gelatin and 
to stop development. After this it is immersed in a fixing bath, 
which consists principally of a sodium thiosulphate, “hypo,” solu- 
tion which usually also contains some sodium sulphite, potassium 
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alum, and citric acid. The thiosulphate reacts with the unreduced 
silver halides and converts them into soluble salts according to a 
formula like the following for the bromide: 

3AgRr + 4Na2S2()3 = Na 5 Ag 3 (S 203)4 + 3NaBr 

The fixing should proceed for a few minutes after the plate is 
cleared of all unreduced silver salts. The washing process which 
follows removes the various soluble chemicals from the gelatin. 
At least 20 min in running water is required, a longer time doing 
no harm. Paper prints require a much longer time, up to 2 hours, 
in order to remove the salts from the paper base. After washing 
is completed, the surplus water is sponged off with a viscose sponge, 
and the plate is placed in a dry, dust-free atmosphere until it is 
completely dry. 

The density of the silver deposit is defined as the common log- 
arithm of the opacity, the latter being the reciprocal of the trans- 
missivity. This is measured by means of a densitometer, which 
employs a thermopile or a photoelectric cell to determine the in- 
tensity of the light transmitted. If to is the intensity transmitted 
by a clear portion of the plate, and i is the intensity transmitted 
by the photographic deposit, the density is given by the formula 

D = logic ^ 


The relative intensities io and i are generally determined from 
three deflections of the recording galvanometer, namely, do for the 
zero or ^‘dark’^ reading, dc for the clear plate, and d for the deposit. 
Then 


D = logio 


do ■“ dc 
do — d 


The density D varies with the exposure Ey which is the product of 
tl^e intensity I to which the plate was exposed and the time t of 
e^qposure. A graph of Z? as a function of log £, as in Fig. 43, gives 
the characteristic curve, also known as the Hurter-Driffield or 
H-D curve. A graph of D against log I at constant f, or of D 
against log t at constant /, gives a qualitatively similar curve. The 
portion AC is called the toe of the curve; the portion FG, the shoul- 
der. The approximately straight portion CF between them is the 
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region of correct exposure. The straight line portion may be repre- 
sented by the equation 

D ^ y(log E - log Eb) 

The quantity Eb is called the inertia of the emulsion, while y is 
called the contrast or simply gamma. The value of Eb depends 
principally on the kind of emulsion employed, whereas gamma de- 
pends not only on the emulsion .but on the development. It in- 
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Fig, 43. Characteristic curve of a photographic plate, showing the toe AC, 
or region of underexposurci, the straight line portion CF^ the shoulder FG, 
and the region of solarization GH. 

creases with the time of development to a maximum which is 
characteristic of the emulsion. A gamma of nearly unity is con- 
sidered desirable for true reproduction of tone values. 

A speed index S of the emulsion can be derived from the H-D 
curve in a variety of ways. The oldest of these, the H-D speed, is 
defined by S = 10/ Eb, the inertia Eb being in meter-candle- 
seconds, mcs. Another speed index, the Scheiner number, 
utilizes the exposure Ea required to produce a minimum per- 
ceptible blackening. It is defined by the formula S' = 10 log 
K'/Ea, th^ constant K' being different in the several Scheiner 
systems. The German DIN system is similar to the Scheiner ^ex- 
cept that, instead of Ea, the exposure Eb required to produce a 
density of O.l above the fog level is employed. Note that, in both 
the Scheiner and the DIN systems, a decrease of Ea or of Eb to 
half its value causes the speed index to increase by 3 units, i.e., by 
10 log 2. 
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The popular Weston speed rating is based on the exposure Ew 
which is required to produce a density D equal to the gamma ob- 
tained with a standardii^ed development. The Weston speed iS" 
is given by >S" = 4/Ew- This speed index has the advantage that 
the speeds of various emulsions are compared in the range of den- 
sities usually employed in practice, instead of in the region of 
underexposure. There is no accurate correlation between all these 
speed indices, since the characteristic curves of various emulsions 
differ considerably; for example, an emulsion having a lower 
threshold speed or Scheiner rating may have a sufficiently high 
gamma so as actually to require a shorter exposure to produce a 
given useful density in the normal range of exposure. 

An ordinary plate or film is not sensitive to wave lengths longer 
than about 5200 A. This limit may be extended by the use of 
certain dyes which act as sensitizers. Thus orthochromatic 
plates are sensitized to 5500 A or even to GlOO A. They may still 
be handled in a darkroom under the illumination of a dim red safe- 
light. Even so, it is best to avoid exposing them to the darkroom 
light for too long a time, especially at short distances from the 
light. Panchromatic emulsions are sensitized to about (>800 A, 
which includes practically all the visible spectrum. They must be 
handled and processed in complete darkness. Infrared sensitive 
plates and films are available which are sensitized to about 14,000 
A. They usually have a region of extremely low sensitivity in the 
green region of the spectrum. Since the eye is very sensitive to 
these wave lengths, a safe-light transmitting the proper band of 
green light may be used. 

The sensitivity of the silver halides decreases very slowly as the 
wave lengths become shorter. The gelatin base, however, be^ns'^ 
to absorb at about 2300 A, causing spectrograms to fade out grad- " 
ually beyond that wave length. This effect may be overcome by 
using plates containing a minimum of gelatin, such as Schumann 
platps or Ilford Q plates, or by the use of fluorescent coatings over 
the emulsion. One may easily prepare the latter by applying a 
thin film of a paraffin oil such as Nujol with a pad of chamois. 
However, more uniform results are obtained with commercially 
coated plates such as the Eastman 0 series of plates or films. In 
any case, the fluorescent coating must be removed before develop- 
ment by some solvent such as ethylene chloride or acetone. Trays 
made of glass or enamell^ metal must be used for this purpose. 
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Short-wave-length x-ray spectra may again be recorded by an 
ordinary uncoated emulsion. It is preferable that the emulsion be 
thick to absorb a greater amount of radiation, since it is evident 
that the energy which is not absorbed in the emulsion cannot pro- 
duce any photographic effect. 

The useful exposure range, or latitude, of an emulsion is de- 
fined as the ratio of the exposures at the two ends C and F of the 
straight line portion of the characteristic curve. In the case of 
process plates, used principally for copying, this is about 5 to 10, 
but it may be as large as 250 in the soft portrait emulsions. 

In pictorial photography, it is generally desirable to keep the 
important parts of the picture within the straight line portion of 
the characteristic. Spectrographic records may, and usually do, 
run over into the regions of under- and overexposure. However, 
for the most accurate comparison of relative intensities, one should 
regulate the exposure so that comparisons are made in the linear 
region, and one should choose an emulsion having as large a 
gamma as is consistent with this requirement. 

Examination by means of a microscope or magnifier of moderate 
power shows that all photographic images are more or less grainy. 
This graininess is only partially due to the original size of the 
silver halide grains, being primarily a result of aggregation or 
clumping of silver grains during the process of development. 
Special fine-grain developers such as Eastman Microdol reduce 
granularity to a marked degree. It seems important to keep the 
temperature of all baths nearly the same, preferably near 20 °C or 
68®F. For the best results development should not be carried to a 
high value of gamma. 

The resolving power of an emulsion depends partly on grain- 
iness and partly on turbidity and contrast. It is usually denoted 
by the number of lines per millimeter that can just be resolved, 
using a test object made up of black lines separated by white spaces 
of equal width. Turbidity is the spreading of an image beyond its 
normal boundaries because of reflection and diffraction of light by 
the grains of halide in the emulsion. This leads to a decrease in 
resolving power. Resolving power varies from aboxit 40 or 50 for 
high-speed emulsions to about 100 or 150 for the finest-grained 
plates having a high gamma. 

Bunsen and Roscoe in 1862 thought that they had established a 
reciprocity law indicating that a given density results from a given 
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total exposure E — It regardless of the values of I and t during the 
exposure. Thus, in a simple case, an intensity of twice a given 
value would require just half the exposure time to produce the same 
density. This is a commonly used rule in photographic practice. 
At low and high intensities, however, the reciprocity law ceases to 
hold. This may be shown by curves such as in Fig. 44, which 
indicate the log /?, required to give each of several densities, plotted 
against the intensity. If the reciprocity law were strictly true, 



Log/ 

Fig. 44. Failure of the reciprocity law. The exposure E rciquired to obtain 
any given density, such as />i, increas(;s as the intensity / beconuis very low 
and also when it becomes very high. 

these curves would all be straight horizontal lines. Instead it is 
seen that an appreciably greater exposure is required at low or at 
high intensities. This effect is quite large at low intensities in the 
case of some emulsions. 

Another type of reciprocity law failure applies to intermittent 
exposures. It is found that intermittent exposures do not produce 
the same effect as an equivalent continuous exposure extending 
over the same total time. In most cases, however, one may use an 
intermittent exposure of high enough frequency as a convenient 
means for obtaining an intensity calibration of photographic plates. 
It is always easier to obtain accurately graded times of exposure 
than to obtain similar steps in intensity. For continuous exposures, 
the effects are not equivalent in the two cases because of failure of 
the reciprocity law. However, if a sector disk rotating above the 
critical frequency is used, a variable sector opening, which really 
varies the time of exposure, may be considered as producing 
equivalent changes in the intensity of the light. This has been 
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verified for many emulsions. Some plates do not seem to have a 
critical frequency, according to Vincent and Sawyer. 

For some purposes, sucih as quantitative spectrochemical anal- 
ysis, it is necessary to measure the relative intensities of two or 
more spectral lines. This may be accomplished with the aid of a 
D versus log / calibration curve for the plate used. The lines whose 
intensities are to be compared should not be too different in wave 
length, since gamma and sensitivity are not constant throughout 
the spectrum. If the exposTires of both lines are such that their 
densities are on the straight line portion of the characteristic, then 

/i 7)2 

log— = 

h 7 

and a determination of gamma suffices to convert the density dif- 
ference into an intensity ratio. The value of gamma may be ob- 
tained conversely by the use of two intensities which have a known 
ratio. If some of the densities are not on the straight line portion, 
however, the complete characteristic curve must be plotted with 
the aid of a sufficient number of graduated intensities. Such a 
calibration of the plate may be simultaneously accomplished with 
the recording of the spectrogram by the use of either (a) a stepped 
slit, (b) a logarithmic sector, (c) a stepped sector, (d) a neutral 
absorbing wedge, or (e) spectral lines in close groups whose rel- 
ative intensities are known. For experimental details, the reader 
is referred to Sawyer’s Experimental Spectroscopy. 
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TABLE 1 


Fundamental Physical Constants^ 


c 

Velocity of light 

2.9976 X 10^® cm sec”"^ 

e 

Electronic charge 

4.8024 X 10 “*0esu 


Ele(!troni(! mass 

19.1055 X 10~2Sgm 

m 

10.0(X)5487 amu 

e/m 

Spcicific charge of electron 

1.75936 X KP emu gm~ 

Ml 

Grams per atomic mass unit 

1.660 X 10-2^ gm 

h 

Planck’s constant 

6.6234 X 10~27 ergsec 

No 

Avogadro’s number 

6.0235 X 1028 mole^^ 

k 

Boltzmann’s constant 

1.3803 X 10-18 erg deg- 

R 

Rydberg’s wave numlx;r 

109,737.30 cm-i 

Mn/m 

Mass ratio of proton to (dect.ron 

1836.57 

Mic^ 

Rest eiKirgy per atomic mass unit 

931.04 mev 

F 

Faraday 

9652.2 emu equiv”! 

a 

Fine structure constant 

7.2981 X 10“3 


Wien’s displacemimt-law constant 

0.289715 cm deg 


Stefan's constant 

5.6724 X 10-8 ^j.g 



deg-'i sec-i 


First radiation constant (87r^) 

4.91K)2 X 10-18 erg cm 


Second radiation constant {hc/k) 

Least mechanical equivalent of light at 

1.43847 cm deg 


0.555 M 

0.00161 watt /lumen 


Ratio grating to Sitigbahn scale 

1.002030 

H 

Mass of hydrogen atom 

1.008131 amu 

D 

Mass of deut(^rium atom 

2.014725 amu 

He 

Mass of helium atom 

4.003860 amu 


12,394.2^ or r - 8068.2 K cm-i 


‘ Dumond and Cohen, Reviews of Modern Physics, 20, 82-108 (1948). 
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TABLE 2 

Some Useful Wave Lengths 

(Wave lengths in air at 15°C and 76 cm Hg barometric pressure, expn^ssed in 

angstrom units) 


Hydrogen 


Barium-cored 

Miscellaneous 

6562.8 


Carbon Arc 

6707.84 

Li 

4861.3 


6496.90 

6438.4696 

Cd standard 

4340.5 


6141.72 

6103.64 

Li 

4101.7 


5853.68 

5895.923 

Na 



5535.55 

5889.1953 

Na 

Mercury 


4934.09 

5535.55 

Ba 

6907.16 


4554.04 

5085.82 

Cd 

6234.37 



4799.92 

Cd 

6123.27 

Fraunhofer Lines 

4678.16 

Cd 

6072.64 

B 

6870.0 Os 

3968.47 

Ca II 

5790.65 

C 

6562.8 n 

3933.67 

Ca II 

5769.59 

Di 

5895.92 Na 



5460.740 

D2 

5889.95 Na 



4916.04 

E 

5270.1 Fe, Ca 



4358.35 

F 

4861.3 H 



4347.50 

G' 

4340.5 H 



4339.24 

4077.81 

4046.56 

H 

3968.5 Ca II 
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TABLE 3 

Spectrum of the Merc ury Arc in the Ultraviolet 


OOvO 
mtn ^ 

I } : 


a b 



Fig. 45. Morcury-arc spectrogram, showing wave lengths of principal lines. 
More exact values of wave lengths are listed in the accompanying table. 


Lines 

Approx. 

Wave Lengths of Linos in Group 

a 

5780 

5700.6, 5769.6 

h 

5461 


c 

4358 

4358.4, 4347.5, 4339.2 

d 

4047 


€ 

3650 

3654.8, 3650.1 

f 

3341 


9 

3125 

3131.8, 3131.5, 3125.7 

h 

2067 


i 

2803 

2804.5, 2803.5 

J 

2753 

2752.8, 2752.2 

k 

2652 

2655.1, 2653.7, 2652.0 

1 

2537 


m 

2483 

2484.8, 2483.8, 2482.7, 2482.0 

n 

2400 

2399,7, 2399.4 

0 

2358 


P 

2302 



2002 

The plate must bc^ especially 


1076 

sensitized to the ultraviolet, in 


1042 

order to record the last four 


1850 

lines listed here. 
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TABLE 4 
Reflectivity 

(All values expressed as percentages) 
a. Specular Reflectivity 


Wave 


Length, 


Microns 

Steel 

0.25 

38 

0.35 

49 

0.45 

52 

0.55 

55 

0.70 

58 

1.00 

63 

4.00 

88 

14.00 

96 


Spt^culum 


(Mirror 


Bronze) 

Silver 

30 

34 

51 

68 

56 

90 

64 

93 

67 

95 

71 

97 

89 

98 

94 

99 


Glass 
Mirror 
(Silver 
Aluminum Back) 

85 

89 

90 86 

89 88 

86 90 
92 

91 
98 


b. Diffuse Reflectivity for White Light 



Diffuse 

Normal 

Substance 

Incid(mt Light 

Incidence 

Magnesium oxide 

96 

92 

Magnesium carbonate 

98 

93 

Plaster of Paris 

91 

87 

Matt white Celluloid 

80-85 

75-80 

White blotting pai)er 

80-85 

75-80 


TABLE 5 

Indices of Refraction 

a. Gases at Normal Temperature and Pressure and 5893 A 


Air 1.0002926 

Hydrogen 1.000132 

Nitrogen 1.000296 

Oxygen 1.000271 

Carbon dioxide 1.000448 

Methane 1.000444 

h. Liquids at 20 and 5893 A (Indices relative to Air) 

Water 1.33299 ^ 

Alcohol 1.36048 

Benzene 1 . 50142 

Carbon disulphide 1 . 6295 

Monobromonaphthalin 1 . 658 

Canada balsam 1 . 530 

Ethyl ether 1.3497 

1 1.33192 at 30**a 
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SOUDS AT 5893 A 


c. Miscellaneous Anisotropic Solids 


Fused quartz 

1.45843 

Gold 

0.42 

Platinum 

2.04 

Silver 

0.18 

Diamond 

2.4173 

Gla.s8 


Ordinary crown 

1.5159 

Light flint 

1.5710 

Den.se flint 

1.7541 

Den.sest flint 

1.9626 


d. Optical Glass 

Wave Ordinary Borosilicale Barium 

Length, A Crown Crown Flint 

Hg 4046.8 1.5319 1.5382 1.5885 

H 4340.7 1.5282 1.5347 1.5833 

Hg 4358.6 1.5280 1.5345 1.5830 

H 4861.5 1.5233 1.5301 1.5765 

Hg 4916.4 1.5228 1.5297 1.5759 

Hg 5461.0 1.5193 1.5263 1.5711 

Hg 5790.5 1.5176 1.5248 1.5688 

Na 5893.2 1.5171 1.5243 1.5682 

H 6563.0 1.5146 1.5219 1.5648 

K 7682 1.5116 1.5191 1.5610 


e. Crystals 
Uniaxial 

no rie 

1.6584 1.4864 

1.5442 1.5533 

1.3091 1.3104 

1.5874 1.3361 


Calcite 

Quartz 

Ice 

Sodium nitrate 


Me- 

Light dium 
Flint Flint 
1.6051 1.6579 
1.5986 1.6497 
1.5983 1.6493 
1.5903 1.6394 
1.5896 1.6385 
1.5838 1.6314 
1.5811 1.6282 
1.5804 1.6273 
1.5764 1.6224 
1.5718 1.6170 


Biaxial 



a 

0 

y 

Mica, muscovite 

1.5601 

1.5936 

1.5977 

Potassium nitrate 

1.3346 

1.5056 

1.5061 

Sucrose 

1.5397 

1.5667 

1.5716 

Tartaric acid 

1.4953 

1.5353 

1.6046 

Rochelle salt 

1.48984 

1.49166 

1.49525 
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TABLE 6 

Standard Visibility Function^ 
(Relative to Vx = 1.000 at \ 0.555 /*) 


Wave 

Length, 

Micron 

Vx 

0.38 

40 X 10-« 

0.40 

40 X 10“® 

0.42 

40 X 10~4 

0.44 

0.0230 

0.46 

0.0600 

0.48 

0.1390 

0.50 

0.3230 

0.52 

0.7100 

0.54 

0.9540 

0.56 

0.9950 


Wave 

Limgth, 

Micron 

Yx 

0.58 

0.8700 

0.60 

0.6310 

0.62 

0.3810 

0.64 

0.1750 

0.66 

0.0610 

0.68 

0.0170 

0.70 

41 X 10-^ 

0.72 

105 X 10~® 

0.74 

250 X 10-* 

0.76 

60 X 10~® 


^ Judd, Bureau of Standards Journal of Research^ 6, 465 (1931). 



CORRECTED ANSWERS 


ANSWERS TO PROBLEMS 

Chapter 1, page 9 

1 . (a) 40° 30'; (fe) 19° 30'. 2 . -2.85, 1.63, 0. 3 . (a) 19° 35'; (b) 6.68 ft. 
4 . 0.554. 

Chapter 2, page 18 

1 . (6) (1 -i- 1/M)/. 2 . niul xo' are, resp(‘ctiv(4y, the distaneos from the 
priruripal foci F and F' to 1ii(‘ conjugate points from which p and p' are meas- 
ured. 4 . (h) XN:XN' = sis'. 6. / - /' = 26.67 cm; p - 6.67 cm; p' « 
— 13.33 cm. 


Chapter 3, page 33 


Fraunhofer Line 

h 

h — 10 mm 

/f = 15 mm 

C 

U2 

S2 

i)(i.78 mill 

6° 56' 30" 
04.44 mm 

9° 6' 35" 
91.44 mm 

I) 

V2 

82 

96.33 

5° 58' 21" 
94.00 

9° 9' 13" 

91 .01 

F 

00 2* 

95.18 

6° 2' 54" 
92.85 

9° 16' 8" 
89.83 

G' 

U2 

82 

91.29 

6° 6' 16" 

91 .98 

9° 21' 33" 
88.94 


2 . (a) 12 cm; (6) 20 cm. 3 . —20 cm. 4 . 83.3 cm. 6. / = 80.9 cm; p ~ 
1.214 cm; p' =s —2.43 cm. 6 . 84 cm; 4.2 cm. 7 . —77.4 mm. 8. —61.6 mm. 
9. —100 cm; 3. 10 . —104.0 cm; 3.14. 11 . / * 36.89 cm; p * 15.22 cm; p' 
= —25.40 cm. 12 . (a) p = —2.21 mm; p' * —1.11 mm; / =* 97.43 mm; 
(6) 97.43 mm; (c) 10.26 D; 10.38 D; (d) = 186.92 mm; 0 « 0.9303; «' = 

188.03 mm. 13 . 82 ' * 52.78 cm; 13.89 cm. 14 . 2 mi. 16 . 136.9 cm. 16 . 
4/ -h PP'; interchange values of s and s'. 17 . 82 14.29 cm; real, inverted; 

4.29 cm. 18 . p » 4 cm; p' « — 8 cm; /*/'=» 12 cm. 19 . 82 « 7.77 cm; 
fi » 0.530. 20 . / » 10.00 cm; p =■ 10cm;p' = —6.25 cm. 21 . sa' « 580 cm; 
150 cm. 22 . (a) p =* 1.836 mm; p' =» —4.40 mm; / = 139.7 mm; (b) 4-7.4 D; 
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rair 


(c) 43.6 mm; -104.6 mm. 23.;^ — u , ,0 i\ 

(rti — — Tlvil 4" 911(2/11 —712 ~~ U9* 

5.08 mm; 50.8 mm. 26 . p = 5.75 cm; p' = —7.58 cm; / *= 27.0 cm. 


24 . 


Chapter 4, pa«e 51 

1. (L.S.A.)d = 5.32 mm; sine coiul. = 3.15 mm; coma = —2.17 mm; 
chrom. F-C 1.60 mm. 2. (a) —0.697; (5) 0.613 cm. 3. Ri * 7.00 cm; R 2 — 
— 5.25 cm. 4. (a) hV/2f(n — l)**^; (5) K*{n^ — 2n^ + 2)/2n/(n — 1)^. 6. (a) 
si' = 43.3 cm; S2' — 208.3 cm; (6) I — 3.06 cm. 6. 7.85 cm; —12.81 cm. 
7, 3 f/x\ object must be distant enough .so that chromatic displacements 
in principal focus F are negligible. 


Chapter 5, page 59 

1 . 2 ft 11 in.; bottom edge 2 ft 8 in. above the floor. 2 . 30 mm. 3 . 6.67; 
//3.33. 4 . (a) The rim of the first lens; 1.50-cm radius; 12 cm to left of sec- 
ond lens; 2.25-cm radius; (5) //3.43; (c) 24 cm to right of first lens; 3.0-cm 
radius; second lens; 1-cm radius. 6. Entrance pupil at objective; exit pupil 
3.2 cm to left of eyepiece, 0.5-cm radius; 7^ O'; 34° 42'. 6. (o) Objective, 20- 
mm diam.; (b) 16.25 mm to right of eyepiece, 1.67-mm diam.; (c) diaphragm, 
7-mm diam.; (d) 2° 13'. 8. (a) 4.77; (6) 2.44; because this varies somewhat 
with location of object. 9. 4.35 meters to 9.70 meters. 


Chapter 6, page 72 

1 . 28.8 ft-c. 2 . 100 ft-c. 3 . (a) 22.2 ft-c; (b) 0.309 lumen. 4 . 6.29 ft-c. 
6 . (a) 17.48 millilamberts; (b) 5.57 X 10~® cp/cm.^ 6. 64 sec. 7 . 0.65 ft-c. 
8 . 162 ft-c. 9 . (a) 70.7%; (b) 67.9%. 


Chapter 7, page 98 

1 . (a) —1.71 D; (b) 18.9 cm from eye. 2 . 15.3 cm to 755 cm. 3 . -f-3.28 D. 
4 . -h 10.43 D. 6 . 200 cm. 6. 1.12 ft. 7 . 0.8 cm from first lens. 8 . —1.5 cm. 
9 . (o) 6 cm; (b) 30 cm. 10 . 2.67 mm. 11 . (a) 12.5; (b) 53.33; (c) 667. 12 . 
11.96 cm. 13 . 10.67 cm; -2.67 cm. 14 . (a) 6.67; (b) 1.43 in. 16 . 5.55 cm. 
16 . 1.539. 18 . 74° 36' 42". 19 . (a) 3° 11'; (b) 5.56 cm. 20 . 3° 46'. 21 . 5° 7'; 
1°58'. 22 . 60° 24'. 23 . R > lO'^; recip. disp. « 12.5 A/mm; desirable R^ 
20,000; recip. disp. ^ 6 A/mm. 24 . (a) 31.3; (b) 2.71 mm beyond eye lens, 
0.8-mm diam.; (c) 2° 16'; (d) 5.53". 


Chapter 8, page 105 

1 . 332.5 cm. 2 . 3.33 cm; 0.6; 0.4. 3 . (a) 447 meters; 4530 meters. 4 . Right 
eye: -f 7,87 D.S., A5.9 base out; left eye: same. 



ANSWERS TO PROBLEMS 


439 


Chapter 9, page 114 

1. 42'‘ 28"^ 57.2‘\ 2. 23.4 km. 3. See Anderson, Journal of the Optical So- 
ciety of America, 31, 187 (1941). 4. 1.97(>0 X 10^*^ cm/sec; 1.9418 X 10^^^ cm/ 
sec; 1.8421 X 10^^’ cm sec; 1.7841 X 10*” cm/sec. 

Chapter 10, page 154 

1. 13.99 st{i1 volt s/cm. 2. 5.893 X 10“"* cm. 3. 41.0 X 10 cm. 4. 2.30 
X 10 cm. 6. 70.5 cm. 6. 55.2 cm. 7. (a) Max. int. when 2/ cos </> = 
(m -f J^)X; mill. w’h(‘ii 2t cos0 = wX; interchange max. and min. if ni < wo 
< (b) at thin w(‘dg(‘; at infinity; (c) selective interfer('iic(‘ (channelled spec- 

trum with few fringes). 8. In microns; 0.007; 0.572; 0.500; 0.445; 0.400. 
9. 0.107 dark purple; more visual reflectance and bluer color. 10. 127.3. 
11. In microns; 0.572; 0.545; 0.522; 0.500. 12. 18.5 m. 14. {sin ttDw) / {ttDw): 
see Michelson, Studies in Opticas, page 37. 16. (a) (h) 0.088 cm‘*; 

0.022 A. 16. 703,000. 


Chapter 11, page 191 

1. (o) 0.091 cm; 1.34; 0.139 cm; 0.78; (ft) 12.25 cm: 1.34; 18.71 cm; 0.78. 
3. Fraunhofer pattern: same distribution law but narrower maxima as the slit 
is widened. Fresnel pattern: (change in distribution from diffusion, through 
outer bands, to mner bands. The extent of the patt(‘rn naii’ows, then widens, 
as the slit width incr(‘ases. 4. 24.4 cm. 6. 3.80 in. 6. 4.88 X 10 Mn. diam. 
7. (a) 1.74 in.; 21,2. 8. 488-cm diam. 9.1.05'. 10. //32.8. 11. Take sum 
of squares of x and y comi)onents of chords of vibration circle. 12 . (a) 0.516 
in.; (6) 35.0. 13. 32.0 cm. 14. R > 235,720; D > 1.105 X 10® rad/cm with- 
out magnification. 16. (a) 4.80 cm; (5) 11.11 meters. 16. 14® 44'; 30® 33'. 
17. 19® 57'; 28® 51'; 17® 11'. 

Chapter 12, page 225 

1. Ordinary ray; i > 07® 21'. 2. (a) 1.732:1; (b) 3:1. 3. Z = ya-0.00548 
mm. 4. Wave* lengths of minimum intensity equal to optical path difference 
divided by .sm^cessive intc^gers; (b) path difference* is (m 2 — mi)/ as comparcHi 
with 2 m/. 6. (a) 0.088; 0.492; 0.383 m; {b) 0.573; 0.430 m- 6. (a) 0.00023 mm; 
(6) 150® 33'. 7. 5® 48' 48". 8. (a) 0.10038; (5) 29® 37' 10". Derive formula 
or see Schuster, The Theory of Optics. 9. 11 ® 37' 30". 10 and 11. See Drude, 
Theory of Optics. 

Chapter 13, page 231 

1. 75.33 gm/lit. 2. 5.00 X lO”*^. 3. (o) 4.14 mm; (6) 04.1®. 4. 98.82%. 
6. 1.0038 mm; borosilicate crown; 1.0199 mm. 

Chapter 14, page 241 

1. (a) 0.158; 0.152; (b) 1.000317. 2. 1.000431; 85 X lO"® low. 3. 1.84 X 
10® as compared with 2.036 X 10®. 4. (a) Page ItK); (6) 3.05 X 10'’®. 6. (a) 
6.24'; (6) 0.900 cm. 
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Chaptek 15, PAGE 257 

1 . 77.8%. 2 . 154°. 3 . 40° 50' 20" or 55° 52' 30". 4 . 76° 49'; 26° 50', 

6. (a) 157° 37'; (b) (p + 0.938)X/2, /> = 0, 1, 2, 3, • • •. 

Chapter 16, page 269 

1 . T < 2741 °K. 2 . ux = - 1) relatively higher at 

shorter wave longtiis. 3 . U)00°K. 4 . (a) 375.1 erg/cm®; (6) 8.956 X 10*^ 
ergs/cnr sec. 6. 6.695 X 10 erg sec; 1.395 X erg/deg K. 

Chapter 17, page 298 

1 . Lymair. 82,258 cm" ’ ; 1215.6 A; 109,677 cm 91 1.7 A. Balmer: 15,234 
ern"^; 6564.1 A; 27,419 em~^; 3646.7 A. Pascheii: 5332 cm~ 18,754 A; 
12,187 cm-^ 8205.1 A. 2 . (a) 4.14 cm-^ (b) 1.784 A. 3 . 1.76034 X 10^ 
oiiiu/gm. 4 . 40,468 cm 4.77469; 40,138.3 cin~^ 

Chapter 18, page 311 

“ n HU + 7 ) ■ 30.$H)XU; ( 6 ) oonstani = 

— X 10“ XU/kv. 4 . 2i.ri%. 6 . 8.08 X 10 * erg; 0.34 X 10 * erg. 
e 

Chapter 19, page 324 

1 . (p) 0, rhl'6; (s) 1, ±7/6, ±4/3 for - ^1)2. 2 . 78,000 volts/cm' 
3 . 22,200 gauss. 

Chapter 20, page 330 

1 . 0.143; 0.256; 0.083. x = 0.298; y = 0.530; « * 0.172. 2 . 511.0 m/x; 

34.9%; 0.256. 3 . 0.041 ; 0.605; 0.354. 4 . See Hardy, Handbook of Colorimetry 
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Ablje, numerical aperture, 66 
sine condition, 36 
Aberrations, 38 

Absorption, bands in liquids and sol- 
ids, 294 

Bouguer’s law, 8 
cell-thickness measurement, 389 
Lambert’s law, 8 
relation to dispersion, 237 
Absorption coefficient, 9, 245 
Absorptivity, 380 
Accommodation, 74 
amplitude of, 75 
Achromatic doublet, 50 
Allen, electron multiplier tubes, 443 
Aluminum, for mirrors, 8, 434 
interferometer, 152 
table of reflectance, 434 
Ametropia, 75 

Anderson, speed of light, 112 
Andrews, diffraction experiments, 185 
Angle of projection, 53 
Angular aperture, 53 
Angular magnification, 16 
Angular momentum, Bohr unit, 273, 
276 

Angular scale collimator, 342 
Aniseikonia, 81 
Anisometropia, 81 

Anisotropic media, 109, 203, 210, 218 
Apertures of optical systems, 53 
Aperture stop, 53 
Aplanatic surface, 6 
Arkadiev, diffraction photographs, 
156 

Astigmatic difference, 47 
Astigmatism, 45 
measurement of, 343 


Astigmatism, of eye, 78 
of thin lens, 47 

Atomic structure, Bohr theory, 272 
characteristic x-rays, 299 
line s[j(^ctra, 271 

Axes, of elliptically polarized light, 
219, 406 

optic, of crystals, 203 
orientation of, 407 
Axial ratios, 188 

B 

Babinet compensator, 220, 408 
Bacher and Goudsmit, atomic energy 
states, 279 

Biicklin, x-ray sixjctra, 310 
Band spectra, 270, 286 
P, Q, and R branches, 292 
Bartholinus, double refraction, 202 
Beam of light, 1 

Beams, electro-optical shutter, 320 
Beer’s law, 348 
Bending of lens, 43 
Bessel functions, 162 
Betelgeuse, diameter of, 123 
Biaxial crystals, 203 
Bibliography, 441-444 
Binocular vision, 101 
Binormals, 207 
Biquartz, 231, 351 
Birefringence, 217 
Birge, physical constants, 431 
Black-body radiation, 259 
Bolir, theory of atomic spectra, 272 
Bouguer’s law, 82 
Bradley, aberration of light. 111 
Bragg, correction for refraction, 190 
diffraction formula, 189, 409 
Brewster angle, 201, 253 
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Brewster’s law, 201 
Brightness, of images, 64 
of surfaces, 63 

Brode, iron-spectrurn charts, 396 
Bruhat, interferometry, 153 
Bunsen-Kirchhoff law, 270 
Bunsen-Roscoe reciprocity law, 426 

C 

Cadmium standard line, 146 
Canal rays, 319 
Candle power, 62 
measurement of, 344 
Cardinal points, 17 
experimental location of, 338 
of combinations, 24 
Cassegrainian telescope, 90 
Cauchy formula, 93, 356 
Channelled spectrum, 127 
experiment, 338 

Chemical effects on x-ray emission, 
310 

Chief rays, 55 
Chromatic aberration, 49 
measurement of, 341 
Chromaticity, 327 
Circle of confusion, 56 
Circular aperture diffraction, 161, 182 
Circularly polarized light, 218 
interference in, 221 
Coblentz galvanometer, 380 
Coddington, factors, 39 
formula for astigmatism, 46 
Coherent waves, 117 
Collinear transformation, 11 
Collision broadening, 145 
Color, measurement of, 325 
Colorimetry, 348 
Colors of thin films, 127 
Color temperature, 268 
Color triangle, 328 
Coma, 41 

Combinations of optical systems, 24 
Compound microscope, 85 
Compton and Allison, x-rays, 301, 417 
Computation of focal length, 31 
Concave grating. Eagle mounting, 385 


Concave grating, experiment, 383 
measurement of wave lengths, 386 
Paschen mounting, 385 
Rowland mounting, 385 
Concurrent systems, 18 
Conical refraction, 211 
Conjugate foci, 10, 15 
Conrady, trigonometric ray tracing, 21 
Constant deviation prism, 94 
Contracurrent systems, 18 
Cornu-Jellet prism, 230 
Cornu spiral, 177 
Critical angle, 254, 256 
exfHjriment, 362 
Crystals, lattice constant, 410 
optics of, 203 
structure of, 203, 417 
body-centered cubic, 420 
face-centered cubic, 420 
families of planes, 186 
powder method, 417 
systems, 203 
Curvature of image, 49 
Cylinders, 78 

D 

DeBroglie wave length, 279 
Debye-Sherrer-Hull method, 417 
Densitometer, 399 
Density, of absorber, 380 
photographic, 400 
Depolarization factor, 334 
Depth, of field, 56 
of focus, 56 

Deuterium, atomic weight of, 374 
dissociation of, by light, 324 
Deviation by prism, 92 
Diaphragms, 53 
Dichroic media, 104, 212 
Dielectric displacement, 107, 194 
Dielectric polarization, 232 
Diffraction, 156-192 
circular aperture, 161 
straightedge, 180 
Diffraction grating, 168, 171 
Diffuse reflection, 8, 434 
Diopters, 29 
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Discontinuous spectra, 270 
Dispersion, 93 
electron theory, 235 
experiment, 356 
of grating, 172 
of prism spectroscope, 95 
quantum theory of, 238 
x-ray, 239 

Dispersive i)ower, 50 
Distinctness of interference fringes, 
12f), 140 
Distortion, 43 
Distribution, spectral, 260 
Dominant wave length, 329 
Doppler-Fizeau broadening, 145 
Doppler-Fizeau effect, 270 
Dorsey, speed of light, 112 
Double refraction, 210 
Double slit, diffraction by, 164 
Young’s experiment, 115 
Doublet, achromatic, 50 
Doubly refracting media, 202 
Drude, ray velocity surface, 208 
Duboscq colorimeter, 348 
Duffendack, arc source, 285 

E 

Einstein, photoelectric equation, 322 
theory of relativity, 140 
Electrical conductivity, 242, 247, 249 
Electromagnetic theory, 106, 194 
reflection and refraction, 199 
speed of waves, 196 
Electronic bands, 291 
Electron microscope, 87 
Electron theory of dispersion, 235 
Elliptically polarized light, 218 
by oblique metallic reflection, 252 
experimental analysis of, 406 
sense of rotation, 409 
Ellipticity at Brewster angle, 254 
Emission, line spectra, 270 
thermal radiation, 259 
ultraviolet, 391 
x-ray, 299 
Emissivity, 259 
Empty magnification, 87 


Enantiomorphic structures, 230 
Energy d(*.nsity, 260 
Energy distribution curve, 265 
determination of, 382 
Energy-level diagrams, 277 
mercury, 278 
sodium, 277 
x-ray, 302 
Entrance port, 56 
Entrance pupil, 53 
Ether drift, 138 

Eye, stru(5ture and cardinal points of, 
73 

Eyepieces, 83 
Exit port, 56 
Exit pupil, 54 

Experiments in optics, 338-421 
bibliography, 441-444 
Extraordinary ray, 212 

F 

Fabry-Perot interferometer, 147 
adjustment of, 373 
experiment, 373 
wave-length ratio by, 152, 374 
Faraday effect, 312 
Far point, 75 

Farwell, aplanatic surfaces, 5 
Fermat’s principle, 3 
Field of view, 55 
Films, interference in, 124 
Fine structure, in line spt?ctra, 276 
in x-ray spectra, 303 
First order theory, 22 
Fizeau, speed of light, 113 
Floating spot, 104 
Flux into optical system, 64 
/-number, 54, 67 
Focal length, 10, 15 
combination of systems, 24 
measurement, diverging lens, 339 
thick lens, 342 
ratio, 24 

thick-lens formulas, 28 
Focus, 10 
Foot-candle, 63 
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Forsythe, measurement of radiant en- 
ergy, 442 

Foucault, rotating mirror. 111 
Fractional exc(*ss, 152 
Fraunhofer diffraction phenomena, 
157 

Fraunhofer lines in solar spectrum, 
281 

wave lengths of, 432 
Frequency, 108 
Fresnel, crystal optics, 207 
formulas, 201 

reflection formulas, 1 24, 201 
experimental test, 404 
Fresnel biprism, 1 1 9 
Fresnc‘1 diffraction phenomena, 157, 
172 

Fresnel integrals, 176 
Fresnel mirrors, 119 
Fresnel prism, 228 
Fresnel rhomb, 257 
Fresnel zones, 182 
Fringes, of constant inclination, 127 
of constant thickness, 128 
Fuessner spark source, 286 
Fundamental physical constants, 431 

G 

Galilean telescope, 88 
Gas interferometer, 123 
Gauss eyepiece, 358 
Gauss points, 17 
General x-radiation, 226 
Geneva lens gauge, 30 
Geometrical optics, bibliography, 441 
postulates, 1, 3 
( 7 -factor, 318 

Ghosts in grating spectrum, 171 
Glancing angle, 189 
Glass, optical constants, 435 
Gold, optical constants, 245 
Gratings, reflection, 364 
transmission, 168, 364 
Gray body, 267 
Grimaldi, diffraction, 156, 173 
Group velocity, 109 
Gthmey, latent image, 422 


H 

Haidinger’s fringes, 127 
Half-sliade angle, 350 
Half-shades for polarimetry, 230 
Half width of spectral lines, 142 
Hardy, color mt'asurement, 325 
sources for colorimetry, 444 
Hardy and Perrin, applied optics, 441 
Hariiwell, hydrogen light source, 376 
electrodeless discharge, 444 
Hartley, persistent lines, 281 
Hartmann, dispei’sion formula, 93 
int(‘rpolation formula, 396 
Henney and Dudley, phot,ography, 
444 

Herapathite, 212 

Herzberg, width of spectral lines, 145 
Herschelian telescope, 90 
Hilger cliarts of the iron siTectrum, 
396 

Hdnl, x-ray di^^ion, 240 
Homologous lijl^irs, 283 
Hiifncr specircJlpIiotometer, 378 
Hurter and Drifflcdd curves, 424 
Huyg(ins eyepiec(‘, 83 
Huygens principle, 156, 210 
Hydrogen source for absorption, 401 
Hyperfine structure, 145, 295 
Hyperfocal distance, 57 
Hyperopia, 77 

I 

Ideal optical systems, 10, 22 
Illuminance, 62 
measurement of, 346 
of images, 66 

Images, real and virtual, 10 
Imago space, 11 
Independence of light rays, 3 
Index, ellipsoid, 205 
of absorption, 237, 244 
of refraction, absolute, 2, 109 
measurement of, by critical an- 
gle, 362 

by minimum deviation, 357 
relative, 2, 109 
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Index surface, 208 
Infrared plates, 426 
Infrared spectrometer, 380 
Infrared thermal radiation, 263 
Intensity of source, 62 
Interference, constructive, 116 
destructive, 116 
in films and platens, 124 
with large path differencie, 133 
with polarized light, 215 
Interferometer, Fabry-Perot, 147 
Jamin, 146 
Michelson, 134, 368 
Michelson stellar, 121 
liayleigh gas, 123 
Internal standard lines, 399 
International angstrom unit, 146 
Inverse square law, 63 
Iron-arc standard lines, 394 
Isochromatic lines, 218 
Isoclinics, 217 
Isotropic media, 109 

J 

Jacobs, optical manufacture and as- 
sembly, 89, 444 

Jamin, elliptic! ty at polarizing angle, 
254 

Jamin interferometer, 146 
Jenkins and White, interference? si)ec- 
troscopes, 153 
physical optics text, 441 
Johannson gauge blocks, 128, 154, 258 

K 

Katoptric systems, 17 
Kellner eyepiece, 84 
Kellstrom, x-ray diffraction, 186 
Kerr cell, 321 

Kerr electro-optic effect, 319 
Kerr magnetic effect, 313 
Ketteler’s formulas for metals, 246 
King, microwave absorption, 295 
Kingslake, photographic objectives, 
48 

Kirchhoff, diffraction theory, 173, 183 
radiation law, 259 


Kirchhoff, solution of the wave equa- 
tion, 156, 173, 183 
Kramers, x-ray dispersion, 238 
K series, 302 

Kundt, thin metallic films, 247 
L 

Lagrange’s law, 23 
Ijambt'rt, cosine law, 64 
unit of luminance, 63 
Ijamb(?rt-Beer absorption law', 349 
I^amKi splitting factor, 317 
Larsson, x-ray dispersion, 240 
x-ray spectrometer adjustment, 413 
liaurent plate, 231, 351 
Lieber and Liebt?r, relativity, 140 
Light, flux, 61 
nature of, 106, 323 
vector, 107, 203 
Light sources, a-c art?, 285 
(?olor temperatures, 269 
Fuessner spark, 286 
r-f discharge, 376 
hydrogen arc, 401 
Lindh, x-ray spc»ctra, 310 
Linear interpolation in spectra, 396 
Linear magnification, 14 
Line sptjctra, 270 
Lippich half-shade, 230, 351 
Littrow' quartz sptictrograph, 394 
Localization of fringes, 128, 137 
Longitudinal magnification, 18 
Lorentz split ting, unit, 317 
L series, 302, 305 
Lumen, 61 
Luminance, 63 
Luminosity, 327 

Lummer-Brodhun photometer, 344 
Lummer-Gehreke plate, 153 
Lundquist, x-ray spectra, 310 
Lux, 63 

I-.yman series, 272 
M 

Macbeth illuminometer, 346 

Mach interferometer, 146 

Mack and Martin, photography, 444 
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Magnetic double refraction, 313 
Magneto- and electro-optics, 312 
Magnification by spectacle lenses, 80 
Magnifications related, 18 
Magnifying glass, 81 
Magnifying powers of telescopic sys- 
tems, 32 

Malus, cosine squared law, 193 
Maas absorption coc^fficiont, 302 
Maxwell’s equations, 194 
for conducting media, 242 
Mean spherical candle power, 02 
Meggers, standard wave length, 146 
Mercury, arc sj^ectrum, 279, 433 
energy levels, 278 
198 isotope, 146 
Zeeman effect, 314 
Mesons, 324 
Metallic media, 242 
measurement of indices, 407 
Metals and insulators compared, 253 
Meyer, diffraction grating, 171 
Michelson, ether drift experiment, 138 
star diametei-s, 121 
studies in optics, 112, 142 
Michelson echelon grating, 153 
Michelson interferometer, 134 
adjustment of, 368 
white light fringes, 371 
Microphotometer, 399 
Microscope, 85 
Microwave absorption, 294 
Microwave diffraction, 185 
Miller, chemical deposition of silver, 
443 

ether drift experiment, 138 
Miller indices, 187 
by powder method, 418 
Minimum de^dation, 92 
measurement of, 359 
Mirrors, aspheric, 4 
reflection from, 7, 23 
Molecular beams, 296 
Monk, evaporation of metals, 443 
mounting of cross-hairs, 443 
Moseley’s law, 300 
Mott, latent image, 422 
Mtdtiplicity in line apectfa, 276 


Myopia, 75 

N 

Near point, 75 
Neutrons, 324 
Newtonian t(d('scoj>e, 90 
Newton’s color scale, 127 
Newton’s rings, 131 
Nicol prism, 213 
Nodal points, 17 
Nodal slide, 338 
Non-diagram lines, 307 
Normal brightness, 68 
Normal magnification, 69 
Normal reflection by metals, 247 
Normal slit width, 97 
Nuclear magnetic moment, 297 
Nmnerical aperture, 66, 86 

O 

Oblique reflection, by insulators, 199 
by metals, 250 
Oculars, 83 
Opacity, 380 
Ophthalmic lenses, 75 
Optical activity, 227 
Optical btmch, 338 
Optical constants of metals, 243 
Optical flats, 129, 353 
Optical instruments, 73-100 
Optical path, 3 
Optic axis, 207 
Object space, 1 1 
Orthoscopic Icms, 43 
Ostwald branch, 79 

P 

Page, linear oscillator, 265 

Paraxial rays, 22 

Paschen-Back effect, 319 

Paschen series, 272 

Pease and Pearson, speed of light, 112 

Pellin-Broca prism, 94 

Pencil of rays, 1 

Period, 108 

Persistent lines, 281 

Perspective, binocular, 101 
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Perspective, monocular, 58 
Petzval, condition for flatness, 49 
Petzval surface, 47 
Pfund, channelled spectrum, 389 
Pfund arc, 394 
Pfund n^fractometer, 362 
Pfund series, 272 
Phaser, 108 

Phas(} shift, beyond critical angle, 256 
by metals, 248 
on reflection, 125, 201 
Phot, 63 

Photcxdasticity, 217, 218, 225 
Photot)lectric cells, 322 
conduction, 323 
emission, 322 
Photoelectric effect, 322 
Photographic process, 421-429 
densitometry, 284, 424 
development, 423 
fixation, 424 
granularity, 427 
latent image, 423 
latitude, 426 
objectives, 36, 48 
photometry, 421, 429 
reciprocity law, 428 
sensitometry, 425 
Photometry, 61, 344 
Photon, 323 
Photov<3ltaic cells, 323 
Physical limits to image quality, 36 
Physical optics, bibliography, 441 
Planck’s distribution law, 265 
Plane, of incidence, 2 
of polarization, 107 
Plane grating, 168, 365 
Plane wave, equation, 107 
Plate calibration, 284 
Polarimetry, 230 
experiment, 349 
Polariscope, circular, 221 
plane, 215 

Polarization by scattering, 333 
Polarization ovaloid, 204 
Polarized light, 193 
Polarizing angle, 201 
Polaroid, 203, ‘212 


Porro prisms, 89 
Power of a lens, 29 
Poynting’s vector, 198 
Prentice’s rule, 79 
Presbyopia, 75 
Primary colors, 325 
Primary focus, 46 
Principal angle of incidence, 252 
Princij>al axes, 194 
Principal azimuth, 252 
Principal foci, 13 

Princii)al maxima in diffraction, 169 
Principal planes, of crystal, 210 
of lens, 14, 29 
Principal section, 214 
Principal vibration directions, 212 
Prism diopters, 79 
Prisms, Cornu, 392 
Fresnel, 228 
ophthalmic, 79 
Pellin-Broca, 94 
Porro, 89 
quartz, 392 
rock-salt, 380 
spectrometer, 91 
Prism spectrograph, 91 
Prism spectrometer, 91 
adjustment of, 358 
Prism 8pectrosco[)e, 91 
Purity factor, 98 

Q 

Qualitative spectrochemical analysis, 
281, 388 

Quantitative spectrochemical analy- 
sis, 283, 398 
plate calibration, 429 
Quantum mechanics, 279 
Quantum numbers, 276 
Quantum theory, 106 
band spectra, 286-294 
dispersion, 238 
line spectra, 270-286 
photoelectricity, 322 
thermal radiation, 267 
Zeeman effect, 317 
Quarter-wave plate, 219 
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Quartz spectrograph, 391 
R 

Rabi, molecular beam experiments, 
297 

Radiant flux, 198 
Radiation and spectra, 259-293 
bibliography, 442 
Radius of stereoscopic vision, 101 
Raman effect, 335 
Ramsden eyepiece, 84 
Ratio, of focal lengths, 24 
of wave lengths, 152, 370 
Rayleigh gas interferom(»ter, 123 
Rayl6igh-Jeans formula, 2G7 
Rayleigh scattering, 331 
Rays, 1, 207 

Ray velocity surface, 207 
Rectilinear lens, 44 
Rectilinear pn)pagation, 1 
Reflecting telescopes, 90 
Reflection, and conductivity, 249 
by metals, 247 
normal, 248 
oblique, 250 

electromagnetic theory, 199 
laws of, 2, 199 
of polarized light, 404 
total, 254 

Reflection coefficient, 8 
Reflectivity, diffuse, table, 434 
specular, table, 434 
Refraction, at single surface, 22 
at spherical surface, 20 
electromagnetic theory, 199 
electron theory, 232 
laws of, 2, 6, 200 
of x-rays, 240 
quantum theory, 238 
Refractive indices, tables, 434, 435 
Refractivity, 233 
Refractometer, parallel plate, 362 
Relative aperture, 54, 68 
Relativity theory, 140 
Resolving power, of Fabry-Perot in- 
terferometer, 150 
of grating, 171, 367 
of instrumentd, 163 


Resolving iK)wer, of microscope, 86 
of spectroscope, 95, 360 
Retina, 74 

Rt'versibility principle, 7 

Rochon prism, 226 

R(K‘mer, speed of light, 114 

Rosa and Dorsey, speed of light, 112 

Rotational bands, 287 

Rotatory disiwrsion, 231 

Rowland circle, 385 

Rydberg constant, 275 

Rydberg series formula, 275 

S 

Sagittal focus, 46 
Sawyer, spectroscopy, 399, 400 
Scattering of light, 331 
Schmidt telescope, 90 
Schrodinger, wave mechanics, 279 
Schuster, elliptically polarized light, 
407 

spectral purity, 97 
Screening constant, 300 
Sc'condary beta rays, 323 
Si'ctor photom(»try, 401 
intermittency effect, 403, 428 
St'idel’s abi»rration theory, 39 
Selection rules, 277, 280 
Selective thermal radiation, 267 
Sensitive lines, 281 
Sensitizing for ultraviolet, 426 
Series, spectral, 271-279 
Shape of fringes, 138 
Shillalier, microscopy, 87 
Siegbahn transposition method, 413 
Siegbahn vacuum spectrometer, 416 
Sign convention, for ideal systems, 13, 
17 

for mirrors, 23 

for single refracting surfaces, 20 
Simple lens, 27 
Sine condition, 36 
Single-slit diffraction, 157, 181 
Sky, color of, 333 
Slope angle, 16 

Snell’s law, from electromagnetic the- 
ory, 200 

from Fermat^s principle, 7 
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Soliel-Babinet compensator, 221 
Sommerfeld, fine structure, 276 
Sonnar lens, astigmatism, 48 
Sources for spectrochemical analysis, 
281, 286 

Sources of light, a-c arc, 285 
color temperatures, 269 
Fuessner spark, 286 
r-f discharge, 376 
hydrogen arc, 401 
Specific intensity, 259 
Specific refractivity, 233 
Specific rotatory power, 227, 352 
Spectacle lenses, 75 
Spectral series, 271 
Spectrochemical analysis, 270, 281 
Spectrographs, 91-98 
grating, 383 
Littrow, 394 
quartz, 392 

Spectrometer adjustment, 358 
Spectrophotomc^try, 377 
SpectroscofX) calibration by interfer- 
ence, 389 

Spectroscopic terms, 274 
Spectrum line curvature, 95 
Speed indices for plates and films, 425 
Spherical aberration, 39 
measurement of, 341 
Spherical mirror, 23 
Sphero-cylinders, 78 
Spherometer, 30 

Speed, of electromagnetic waves, 112 
of light, 1 1 2 

Standai^ illuminants, 325 
Star, contrast, 71 
diameter of, 123 
Stefan-Boltzmann law, 266 
Stereoscopic camera, 101 
Stereoscopic viewer, 102 
Stereoscopy, 101-105 
Stops, 53 

Straight-edge diffraction, 180 
Strong, coating of mirrors, 443 
filters, 443 
sources of light, 444 
Sturm’s conoid, 45 
Subjective brightness, 68 
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Surface testing by interference, 129, 
352 

T 

Tangential focus, 46 
Taylor, mirrors by sputtering, 443 
Telescopes, 87 
Telescopic systems, 31 
Terms, spectroscopic, 275 
Terrestrial telesc^ope, 89 
Thermal radiation, 259-269 
Thick lens, 28 

Thickness by interferometer, 371 
Third order aberrations, 38 
Thomson, scattering formula, 332 
Tolansky, interferometry, 153 
light sources, 444 

Toothed disk, spewd of light by, 113 
Total refl(M;tion, 254 
Transmissivity, 379 
measununent of, 401 
Transposition, 78 
Transverse magnification, 14 
Transverse waves, 197 
Trichromatic coloriiiujtry, 325 
Trigonometrical ray tracing, 20 
Tscherning ellipse, 79 
Tyndall effect, 331 

U 

Ultraviolet, absorption, 391, 401 
emission, 391 
Uniaxial crystals, 203 
Unpolarized light, 108 
Urey, hydrogen tube, 401, 444 

V 

Valasek, optical constants of metals, 
247 

x-ray spectra, 310 

Van Vleck, absorption of microwaves, 
295 

Vectographs, 104 
Vertex focal length, 30 
Vertex power, 30, 77 
Vibration-rotation bands, 289 



454 


INDEX 


Vignetting, 56 
Virtual focus, 10 

Visibility, of interference fringes, 140, 
369 

Visibility function for eye, 61, 436 
Visible spectrum, 108 
Von Seidel formulas, 39 

W 

Wadsworth mirror, 94 
Wave front, 108 
Wave lengths, 108 
M.I.T. tables, 282 
measurement of, by grating, 365 
by interpolation, 393 
mercury arc, 357, 432, 433 
ratio by interferometer, 4 53, 374 
standard, 146 
useful values, 432 
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